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Preface

This college textbook describes the theory, operating characteristics, and design
features of solid-state lasers. The book is intended for students who want to famil-
iarize themselves with solid-state lasers beyond the level of a general textbook.

Although the book is aimed at students who are thinking of entering this fas-
cinating field, it might also be used by practicing scientists and engineers who
are changing their technical direction and want to learn more about this particu-
lar class of lasers. After studying the material presented in this book, the reader
should be able to follow the scientific and technical literature and have an under-
standing of the basic principles and engineering issues of solid-state lasers, as well
as an appreciation of the subtleties, richness of design, and operating possibilities
afforded by these systems.

Solid-state lasers and systems represent a one-billion dollar industry, and they
are the dominant class of lasers for research, industrial, medical, and military
applications. Given the importance of solid-state lasers, a graduate text is required
that deals explicitly with these devices.

Following the demonstration of the first laser over 40 years ago, an extraordi-
nary number of different types of lasers have been invented using a wide variety
of active media and pump techniques to create an inversion. As a sign of a matur-
ing industry, laser research and engineering has developed into many specialized
disciplines depending on the laser medium (solid-state, semiconductor, neutral or
ionized gas, liquid) and excitation mechanism (optical pumping, electric current,
gas discharge, chemical reaction, electron beam).

The development of solid-state systems represents a multidisciplinary effort
and is the result of the interaction of professionals from many branches of science
and engineering, such as spectroscopy, solid-state and laser physics, optical de-
sign, and electronic and mechanical engineering. Today, solid-state laser systems
are very sophisticated devices, and the field has developed so far that it is difficult
for a professional to enter it without prior familiarization with the basic concepts
and technology of this class of lasers.

For historical reasons, solid-state lasers describe a class of lasers in which ac-
tive ions in crystal or glass host materials are optically pumped to create a pop-
ulation inversion. Other types of lasers that employ solid-state gain media are
semiconductor lasers and optical fiber lasers and amplifiers. However, since these
lasers employ very specialized technologies and design principles, they are usu-
ally treated separately from conventional bulk solid-state lasers.

The design and performance characteristics of laser diode arrays are discussed
in this book because these devices are employed as pump sources for solid-state
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vi Preface

lasers. Fiber lasers are very similar to conventional solid-state lases as far as the
active material and pump source is concerned. However, they are radically dif-
ferent with respect to beam confinement, mode structure, coupling of pump and
laser beams, and the design of optical components.

The content and structure of this textbook follow closely the book by Wal-
ter Koechner entitled Solid-State Laser Engineering which is currently in its 5th
edition. In this college text the material has been streamlined by deleting cer-
tain engineering and hardware-related details, and more emphasis is placed on
a tutorial presentation of the material. Also, each chapter includes tutorial exer-
cises prepared by Professor Michael Bass to help the student reinforce the dis-
cussions in the text. A complete solutions manual for instructors is available from
textbook@springer-ny.com.

After a historical overview, the books starts with a review of the basic concepts
of laser physics (chapter 1), followed by an overview of the different classes and
properties of solid-state laser materials (chapter 2). Analytical expressions of the
threshold condition, and gain and output of laser oscillators are derived in chap-
ter 3. An oscillator followed by one or more amplifiers is a common architecture
in pulsed solid-state laser systems to boost output energy. Energy storage and gain
of amplifiers is discussed in chapter 4. Beam divergence and line width of an os-
cillator are strongly dependent on the spatial and longitudinal mode structure of
the resonator. Resonator configuration and characteristics are presented in chap-
ter 5. Different pump source configurations for transferring pump radiation to the
active medium are discussed in chapter 6. Thermal gradients set up as a result of
heat removal from the active medium have a profound impact on beam quality
and output power limitations. Thermal effects and cooling techniques are treated
in chapter 7. The output from a laser can be changed temporally or spectrally by
Q-switching, mode-locking, and frequency conversion via nonlinear phenomena.
These techniques are discussed in the last three chapters.

We would like to thank Judy Eure and Renate Koechner for typing the new
material and the editor, Dr. Hans Koelsch, for suggesting a college text on the
subject of solid-state lasers. We also thank Prof. D. Hagan for suggestions related
to the nonlinear optics exercises and Drs. Bin Chen and Jun Dong and Mrs. Hong
Shun and Teyuan Chung for testing the exercises.

Special thanks are due to our wives Renate Koechner and Judith Bass, who
have been very patient and supportive throughout this project.

Herndon, Virginia Walter Koechner
Orlando, Florida Michael Bass
September 2002
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Introduction

Overview of the History, Performance
Characteristics, and Applications of
Solid-State Lasers

Major Milestones in the Development of Solid-State Lasers
Typical Performance Parameters and Applications

In this Introduction we will provide a short overview of the important milestones
in the development of solid-state lasers, discuss the range of performance pa-
rameters possible with these lasers, and mention major applications. Besides the
compactness and benign operating features, it was the enormous flexibility in de-
sign and output characteristics which led to the success of solid-state lasers over
the last 40 years.

Major Milestones in the Development of Solid-State Lasers

Historically, the search for lasers began as an extension of stimulated ampli-
fication techniques employed in the microwave region. Masers, coined from
Microwave Amplification by Stimulated Emission of Radiation, served as sen-
sitive preamplifiers in microwave receivers. In 1954 the first maser was built by
C. Townes and utilized the inversion population between two molecular levels of
ammonia to amplify radiation at a wavelength around 1.25 cm.

In 1955 an optical excitation scheme for masers was simultaneously proposed
by N. Bloembergen, A.M. Prokorov, and N.G. Basov. A few years later, masers
were mostly built using optically pumped ruby crystals. In 1958 A. Schawlow and
C. Townes proposed extending the maser principle to optical frequencies and the
use of a Fabry–Perot resonator for feedback. However, they did not find a suitable
material or the means of exciting it to the required degree of population inversion.

This was accomplished by T. Maiman who built the first laser in 1960. It was a
pink ruby crystal (sapphire with trivalent chromium impurities), optically pumped
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2 Introduction

by a helical flashlamp that surrounded the cylindrical laser crystal. The parallel
ends of the ruby crystal were silvered, with a small hole at one end for observing
the radiation. The reflective surfaces comprised the optical resonator. The output
wavelength was 694 nm. It was T. Maiman who coined the name “laser,” in anal-
ogy to maser, as an abbreviation of Light Amplification by Stimulated Emission
of Radiation.

In early ruby laser systems the output consisted of a series of irregular spikes,
stretching over the duration of the pump pulse. A key discovery made by R.W.
Hellwarth in 1961 was a method called Q-switching for concentrating the out-
put from the ruby laser into a single pulse. The Q-switch is an optical shutter
which prevents laser action during the flashlamp pulse, therefore the population
inversion can reach large values. If the shutter is suddenly opened, stored energy
will be released in a time characterized by a few round trips between the res-
onator mirrors. Hellwarth initially proposed a Kerr cell, a device which rotates
the plane of polarization when voltage is applied. This Q-switch, which consisted
of a cell filled with nitrobenzene, required very high voltages for Q-switching;
it was soon replaced by spinning one of the resonator mirrors. A further refine-
ment was the insertion of a spinning prism between the fixed mirrors of the res-
onator.

The earliest application of the laser was in active range-finding by measuring
the time of flight of a laser pulse reflected from a target. Investigations in this
direction started immediately after the discovery of the ruby laser. Four years
later, fully militarized rangefinders containing a flashlamp-pulsed ruby laser with
a spinning prism Q-switch went into production. For about 10 years ruby-based
rangefinders were manufactured; afterward the ruby laser was replaced by the
more efficient neodymium doped yttrium aluminum garnet (Nd : YAG) laser.

Beside the use in range finders, the ruby laser was basically a research tool
and, for the next 15 years, ruby lasers became the standard high-power radiation
source in the visible region for research at university, government, and industrial
laboratories. Applications in an industrial environment were rare, in large part
due to the low-pulse repetition rate of the ruby laser (a pulse every few seconds),
high cost of the equipment, and the unfamiliarity of the industry with this new
radiation source. Some of the specialized applications included drilling holes in
diamonds that are used as dies for drawing wires, or spot welding in vacuum
through the glass envelope of vacuum tubes. Another application was stress anal-
ysis by means of double pulse holography, in which surface deformation due to
stress or temperature is measured interferometrically between two pulses.

The discovery of the ruby laser triggered an intensive search for other ma-
terials, and in rapid succession laser action in other solids, gases, semiconduc-
tors, and liquids was demonstrated. Following the discovery of the ruby laser, the
next solid-state material was uranium-doped calcium fluoride which was lased
in late 1960. The first solid-state neodymium laser was calcium tungstate doped
with neodymium ions. This laser, discovered in 1961, was used in research facil-
ities for a number of years until yttrium aluminate garnet, as a host material for
neodymium, was discovered.



Introduction 3

In 1961, E. Snitzer demonstrated the first neodymium glass laser. Since
Nd : glass could be made in much larger dimensions and with better quality
than ruby, it promised to deliver much higher energies. It was quickly realized
that high energy, short pulses produced from large Nd : glass lasers possessed the
potential to heat matter to thermonuclear temperatures, thus generating energy in
small controlled explosions. Large budgets have been devoted to the development
and installation of huge Nd : glass laser systems which became the world-wide
systems of choice for laser fusion research and weapons simulation. The most
powerful of these systems, the NOVA laser, completed in 1985, produced 100 kJ
of energy in a 2.5 ns pulse. Systems with energies ten times larger are currently
under construction.

Using a ruby laser, P.A. Franken demonstrated second harmonic generation in
crystal quartz in 1961. Generation of harmonics is caused by the nonlinear behav-
ior of the refractive index in the presence of a very high electric field strength. The
conversion of the fundamental wavelength to the second harmonics was extremely
small because the interaction length of the beams was only a few wavelengths and
the nonlinearity of quartz is very low.

Soon after these first nonlinear optics experiments were conducted it was re-
alized that efficient nonlinear interactions require a means of achieving phase-
velocity matching of the interacting waves over a distance of many wavelengths.
Within a year, two basic approaches to achieve efficient harmonic generation were
published in the literature. One approach, namely the use of birefringence to off-
set dispersion, is still the preferred method for most nonlinear processes in use
today. Efficient harmonic generation was soon achieved in birefringence com-
pensated potassium dihydrogen phosphate (KDP) crystals, a crystal which is still
employed today for the generation of the third harmonic of large Nd : glass lasers.
The other method, namely the use of a periodic modulation of the sign of the
nonlinear coefficient to restore the optical phase, could only be realized 30 years
later. In the early 1990s, lithographic processing techniques enabled the fabrica-
tion of quasi-phase-matched small crystals using electric field poling of lithium
niobate.

In 1962 the idea of parametric amplification and generation of tunable light was
conceived, and a few years later the first experiment demonstrating parametric
gain was achieved. Commercial parametric oscillators based on lithium niobate
were introduced in 1971. Damage of the nonlinear material and the appearance
of tunable dye lasers led to a decline in interest in optical parametric oscillators
(OPOs) for almost 20 years. The discovery of damage-resistant nonlinear crystals
with large nonlinear coefficients in the early 1990s revived interest in OPOs, and
today tunable solid-state lasers covering the wavelength range from the visible
to the near-infrared have found widespread applications in spectroscopy, remote
sensing, and wherever a tunable radiation source is required.

The possibility of laser action in a semiconductor was explored rather early.
Initially, intrinsic semiconductors pumped by an electron beam or by optical ra-
diation were considered. However, at the end of 1962, several groups succeeded
in producing pulsed output from gallium–arsenide p–n junctions cooled to cryo-
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genic temperatures. About 10 years later, continuous operation at room tempera-
ture was achieved.

The first optical fiber amplifier was demonstrated in 1963 using a 1 m long
neodymium-doped glass fiber wrapped around a flashlamp. However, the con-
cept received little attention until the 1980s when low-loss optical fibers became
available and the fiber-optic communications industry explored these devices for
amplification of signals.

In 1964 the best choice of a host for neodymium ions, namely yttrium alu-
minum garnet (YAG), was discovered by J. Geusic. Since that time, Nd : YAG
remains the most versatile and widely used active material for solid-state lasers.
Nd : YAG has a low threshold which permits continuous operation, and the host
crystal has good thermal, mechanical, and optical properties and can be grown
with relative ease.

An immediate application was the replacement of ruby with Nd : YAG in mili-
tary rangefinders. Since the system efficiency was about a factor of 10 higher with
Nd : YAG as compared to ruby, the weight of storage capacitors and batteries was
drastically reduced. This allowed the transition from a tripod-mounted unit, the
size of a briefcase, to a hand-held device only slightly larger than a binocular.

Continuously pumped, repetitively Q-switched Nd : YAG lasers were the first
solid-state lasers which found applications in a production environment, mainly in
the semiconductor industry for resistor trimming, silicon scribing, and marking.
The early systems were pumped with tungsten filament lamps and Q-switched
with a rotating polygon prism. Reliability was a big issue because lamp-life was
short—on the order of 40 hours—and the bearings of the high-speed motors
employed in the rotating Q-switches did wear out frequently. The mechanical
Q-switches were eventually replaced by acousto-optic Q-switches, and krypton
arc lamps replaced tungsten filament lamps.

Up to this point, solid-state lasers were capable of generating very impressive
peak powers, but average power was still limited to a few watts or at most a few
tens of watts. However, at the end of the 1960s, continuously pumped Nd : YAG
lasers with multihundred watts output power became commercially available.

During the first years of laser research, a particular effort was directed toward
generation of short pulses from Nd : glass and ruby lasers. With Q-switching, sev-
eral round trips are required for radiation to build up. Given the length of the res-
onator and available gain of these early systems, the pulses were on the order of 10
to 20 ns. The next step toward shorter pulses was a technique called cavity dump-
ing, whereby the radiation in the resonator, as it reached its peak, was quickly
dumped by a fast Q-switch. Pulses with a duration on the order of one round
trip (a few nanoseconds) in the resonator could be generated with this method. In
1965, a technique termed “mode-locking” was invented. Mode-locking is a tech-
nique whereby passive loss modulation, with a fast response saturable absorber,
or by active loss of frequency modulation, a fixed relationship among the phases
of the longitudinal modes is enforced. With either passive or active mode-locking,
pulses much shorter than a resonator round trip time can be generated; typically,
pulses are on the order of 20 to 100 ps.
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By the end of the 1960s, most of the important inventions with regard to solid-
state laser technology had been made. Nd : YAG and Nd : glass proved clearly
superior over many other solid-state laser materials; short-pulse generation by
means of Q-switching and mode-locking, as well as frequency conversion with
harmonic generators and parametric oscillators, was well understood. Xenon-
filled flashlamps and krypton arc lamps had been developed as pump sources and
laser diodes were recognized as an ideal pump source, but due to a lack of suitable
devices the technology could not be implemented.

To gain wider acceptance in manufacturing processes, the reliability of the laser
systems needed improvement and the operation of the lasers had to be simplified.
During the 1970s, efforts concentrated on engineering improvements, such as an
increase in component and system lifetime and reliability. The early lasers often
worked poorly and had severe reliability problems. At the component level, dam-
age resistant optical coatings and high-quality laser crystals had to be developed;
and the lifetime of flash lamps and arc lamps had to be drastically improved.
On the system side, the problems requiring solutions were associated with water
leaks, corrosion of metal parts by the cooling fluid, deterioration of seals and other
parts in the pump cavity due to the ultraviolet radiation of the flashlamps, arcing
within the high-voltage section of the laser, and contamination of optical surfaces
caused by the environment.

The application of solid-state lasers for military tactical systems proceeded
along a clear path since there is no alternative for rangefinders, target illuminators,
and designators. At the same time construction of large Nd : glass lasers began at
many research facilities. Also solid-state lasers were readily accepted as versatile
research tools in many laboratories.

Much more difficult and rather disappointing at first was the acceptance of the
solid-state lasers for industrial and medical applications. Despite improvement in
systems reliability and performance, it took more than two decades of develop-
ment and engineering improvements before solid-state lasers moved in any num-
bers out of the laboratory and onto the production floor or into instruments used
in medical procedures. Often applications that showed technical feasibility in the
laboratory were not suitable for production because of economic reasons, such
as high operating costs or limited processing speeds. Also, other laser systems
provided strong competition for a relatively small market. The CO2 laser proved
to be a simpler and more robust system for many industrial and medical appli-
cations. Also, the argon ion laser was readily accepted and preferred over solid-
state lasers for retinal photocoagulation. The dye laser was the system of choice
for tunable laser sources. The entry of solid-state lasers into manufacturing pro-
cesses started with very specialized applications, either for working with difficult
materials, such as titanium, or for difficult machining operations, such as drilling
holes in slanted surfaces; for example, in jet fuel nozzles or for precision material
removal required in the semiconductor and electronics industry.

In the latter part of the 1970s, and into the 1980s, a number of tunable lasers
were discovered, such as alexandrite, titanium-doped sapphire, and chromium-
doped fluoride crystals. The most important tunable laser, Ti : sapphire, discov-
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ered in the mid-1980s, is tunable between 660 and 980 nm. This laser must be
pumped with another laser in the blue–green wavelength region. Alexandrite,
first operated in 1979, has a smaller tunable output but can be flashlamp-pumped.
Chromium-doped fluoride crystals such as lithium strontium aluminum fluoride
and lithium calcium aluminum fluoride are of interest because they can be pumped
with laser diodes.

In the late 1980s, the combination of broad band tunable lasers in combina-
tion with ultrafast modulation techniques, such as Kerr lens mode-locking, led to
the development of mode-locked lasers with pulse widths on the order of femto-
seconds. The pulse width limit of a mode-locked laser is inversely proportional to
the bandwidth of the laser material. For neodymium-based lasers, the lower limit
for the pulse width is a few picoseconds. Laser media with a much larger gain
bandwidth, such as Ti : sapphire, can produce much shorter pulses compared to
neodymium lasers.

Over the years, the performance of diode lasers has been constantly improved
as new laser structures and new material growth and processing techniques were
developed. This led to devices with longer lifetimes, lower threshold currents, and
higher output powers. In the 1970s, diode lasers capable of continuous operation
at room temperature were developed. In the mid-1980s, with the introduction of
epitaxial processes and a greatly increased sophistication in the junction struc-
ture of GaAs devices, laser diodes became commercially available with output
powers of several watts. These devices had sufficient power to render them useful
for the pumping of Nd : YAG lasers. The spectral match of the diode laser output
with the absorption of neodymium lasers results in a dramatic increase in system
efficiency, and a reduction of the thermal load of the solid-state laser material.
Military applications and the associated research and development funding pro-
vided the basis for exploring this new technology. Since the early laser diodes
were very expensive, their use as pump sources could only be justified where
diode pumping provided an enabling technology. Therefore the first applications
for diode-pumped Nd : YAG lasers were for space and airborne platforms, where
compactness and power consumption is of particular importance.

As diode lasers became less expensive, these pump sources were incorpo-
rated into smaller commercial solid-state lasers. At this point, laser diode-pumped
solid-state lasers began their rapid evolution that continues today. Diode pump-
ing offers significant improvements in overall systems efficiency, reliability, and
compactness. In addition, diode pumping has added considerable variety to the
design possibilities of solid-state lasers. In many cases laser diode arrays were
not just a replacement for flashlamps or arc lamps, but provided means for de-
signing completely new laser configurations.They also led to the exploration of
several new laser materials. Radiation from laser diodes can be collimated; this
provides great flexibility of designing solid-state lasers with regard to the shape
of the laser medium and orientation of the pump beam. In end-pumped lasers, the
pump beam and resonator axis are collinear which led to highly efficient lasers
with excellent beam quality. In monolithic lasers, the active crystal also provides
the resonator structure leading to lasers with high output stability and excellent
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spatial and temporal beam quality. New laser materials, such as Yb : YAG and
Nd : YVO4, that could not be pumped efficiently with flashlamps, are very much
suited to laser diode pumping.

In this historical perspective we could sketch only briefly those developments
that had a profound impact on the technology of solid-state lasers. Laser emission
has been obtained from hundreds of solid-state crystals and glasses. However,
most of these lasers are of purely academic interest. There is a big difference
between laser research and the commercial laser industry, and there are many
reasons why certain lasers did not find their way into the market or disappeared
quickly after their introduction. Most of the lasers that did not leave the labora-
tory were inefficient, low in power, difficult to operate or, simply, less practical
to use than other already established systems. Likewise, many pump schemes,
laser configurations, and resonator designs did not come into use because of their
complexity and commensurate high manufacturing and assembly costs or their
difficulty in maintaining performance.

Typical Performance Parameters and Applications

Solid-state lasers provide the most versatile radiation source in terms of output
characteristics when compared to other laser systems. A large range of output
parameters, such as average and peak power, pulse width, pulse repetition rate,
and wavelength, can be obtained with these systems.

Today we find solid-state lasers in industry as tools in many manufacturing
processes, in hospitals and in doctors’ offices as radiation sources for therapeutic,
aesthetic, and surgical procedures, in research facilities as part of the diagnostic
instrumentation, and in military systems as rangefinders, target designators, and
infrared countermeasure systems. The flexibility of solid-state lasers stems from
the fact that:

• The size and shape of the active material can be chosen to achieve a particular
performance.

• Different active materials can be selected with different gain, energy storage,
and wavelength properties.

• The output energy can be increased by adding amplifiers.
• A large number of passive and active components are available to shape the

spectral, temporal, and spatial profile of the output beam.

In this section we will illustrate the flexibility of these systems and indicate the
major applications that are based on particular performance characteristics.

Average Output Power. The majority of solid-state lasers available commer-
cially have output powers below 20 W. The systems are continuously pumped,
typically equipped with a Q-switch, and often combined with a wavelength con-
verter. Continuously pumped, repetitively Q-switched lasers generate a continu-
ous stream of short pulses at repetition rates between 5 and 100 kHz depending
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on the material. Since the peak power of each pulse is at least three orders of mag-
nitude above the average power, breakdown of reflective surfaces and subsequent
material removal by melting and vaporization is facilitated.

The electronics and electrical industry represents the largest market for applica-
tions such as soldering, wire bonding and stripping, scribing of wavers, memory
repair, resistor and integrated circuit trimming. In addition, industry-wide, these
lasers found uses for marking of parts, precision spot and seam welding, and for
general micromachining tasks. In the medical fields solid-state lasers have found
applications in ophthomology for vision correction and photocoagulation, skin
resurfacing, and as replacements for scalpels in certain surgical procedures. In
basic research, solid-state lasers are used in scientific and biomedical instrumen-
tation, Raman and laser-induced breakdown spectroscopy. Application for these
lasers are far too broad and diverse to provide a comprehensive listing here.

Higher power solid-state lasers with output powers up to 5 kW are mainly
employed in metals working, such as seam and spot welding, cutting, drilling,
and surface treatment. In particular, systems with output powers of a few hun-
dred watts have found widespread applications in the manufacturing process. The
higher power levels allow for faster processing speed and working with thicker
materials.

At the low end of the power scale are very small lasers with output powers
typically less than 1 W. These lasers are pumped by diode lasers and have in
most cases the resonator mirrors directly coated onto the crystal surfaces. The
neodymium-doped crystals are typically only a few millimeters in size. These
lasers have an extremely stable, single frequency output and are employed in in-
terferometric instruments, spectroscopic systems, and instruments used in analyt-
ical chemistry. They also serve as seed lasers for larger laser systems.

The majority of solid-state lasers with outputs up to 20 W are pumped with
diode arrays, whereas systems at the multihundred watt level are for the most part
pumped by arc lamps because of the high cost of laser diode arrays, although
diode-pumped systems with up to 5 kW of output power are on the market.

Peak Power. Pulsed systems with pulsewidths on the order of 100 µs and ener-
gies of several joules are employed in manufacturing processes for hole drilling.
The peak power of these systems is on the order of several tens of kilowatts. Sub-
stantially higher peak powers are obtained with solid-state lasers that are pulse-
pumped and Q-switched. For example, military systems such as rangefinders and
target designators have output energies of 10 to 200 mJ and pulsewidths of 10
to 20 ns. Peak power for these systems is on the order of several megawatts.
Laser generated plasmas investigated in research facilities require peak powers
in the gigawatt regime. Typically, lasers for this work have output energies of
several joules and pulsewidths of a few nanoseconds. The highest peak powers
from solid-state lasers are generated in huge Nd : glass lasers employed for iner-
tial confinement fusion experiments. The largest of these systems had an energy
output around 100 kJ and pulsewidth of 1 ns which resulted in a peak power of
100 TW.
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Pulse Width. Solid-state lasers can span the range from continuous operation
to pulses as short as one cycle of the laser frequency which is on the order of
1 fs. Long pulses in the milli- and microsecond regime are generated by adjust-
ing the length of the pump pulse. Hole drilling and surface hardening of metals is
typically performed with pulses around 100 µs in duration. Continuously pumped
Q-switched Nd : YAG lasers generate pulses with pulsewidths on the order of hun-
dreds of nanoseconds.

A reduction in pulsewidth is achieved in lasers that are pulse-pumped and
Q-switched. These lasers have pulsewidths from a few nanoseconds to about
20 ns. All military rangefinders and target designators fall into this category. The
pulsewidth of pulse-pumped Q-switched lasers is shorter than their continuously
pumped counterparts because a higher gain is achieved in pulse-pumped systems.
The technique of mode-locking the longitudinal modes provides a means of gener-
ating pulses in the picosecond regime with neodymium lasers. Since pulsewidth
and gain-bandwidth are inversely related, even shorter pulses are obtained with
tunable lasers due to their broad spectrum. For example, with Ti : sapphire lasers,
pulses in the femtosecond regime are generated. These short pulses enable re-
searchers, for example, to study dynamic processes that occur during chemical
reactions.

Pulse Repetition Rate. At the low end are lasers employed in inertial fusion ex-
periments. In these systems laser pulses are single events with a few experiments
conducted each day because the heat generated during each pulse has to be dissi-
pated between shots. Also, some hand-held rangefinders for surveillance purposes
are single-shot devices. Most military rangefinders and target designators operate
at 20 pulses per second. Welders and drillers, if they are pulse-pumped, gener-
ate pulses at a repetition rate of a few hundred pulses per second. Continuously
pumped and Q-switched lasers provide a continuous train of pulses between 5
and 100 kHz. A large number of materials-processing applications fall into this
mode of operation. Mode-locking generates pulses with repetition rates of sev-
eral hundred megahertz. These systems are mainly used in photochemistry or in
specialized materials processing application. In the latter application, material is
removed by ablation that prevents heat from penetrating the surrounding area.

Linewidth. The linewidth of a laser is the result of the gain-bandwidth of the
laser material and the number of longitudinal modes oscillating within the res-
onator. The output of a typical laser is comprised of many randomly fluctuating
longitudinal modes, each mode representing a spectral line within the bandwidth
of the output beam. The typical linewidth of an Nd : YAG laser is on the order of
10 GHz or 40 pm. Compared to the wavelength, lasers are very narrow-bandwidth
radiation sources, and therefore for most applications the linewidth of the laser is
not important. Exceptions are applications of the laser in coherent radar systems
or in interferometric devices. Also, in lasers that operate at peak powers close to
the damage threshold of optical components, it is beneficial to restrict operation
to a single longitudinal mode to avoid power spikes as a result of the random
superposition of the output from several modes.



10 Introduction

Single mode operation of solid-state lasers is most readily achieved with small
monolithic devices, having resonators which are so short as to allow only one
longitudinal mode to oscillate. Only a few lasers, such as used in interferometers
designed for gravitational wave detection, require close to quantum noise-limited
performance. Careful temperature and vibration control combined with feedback
systems have reduced the bandwidth of these lasers to a few kilohertz.

Spectral Range. A direct approach to tunable output is the use of a tunable laser,
such as Ti : sapphire or the alexandrite laser. However, these sources are limited
to the spectral region between 600 and 900 nm.The most well-developed and ef-
ficient lasers, such as the neodymium-based systems, are essentially fixed wave-
length radiation sources with output around 1 µm. Nonlinear crystals employed
in harmonic generators will produce second, third, and fourth harmonics, thus
providing output in the visible and ultraviolet spectrum. Tunable spectral cov-
erage can be obtained from optical parametric oscillators that convert a portion
of the output beam into two beams at longer wavelength. Depending on the re-
gion over which tunable output is desired, the optical parametric oscillator can
be pumped directly with the fundamental beam of the laser or with one of its
harmonics.

The limits of the spectral range for solid-state lasers in the ultraviolet region is
reached by quadrupled neodymium lasers at around 266 nm. The longest wave-
length at useful power levels is produced around 4 µm by neodymium or erbium
lasers operating at 1 or 2 µm, that are shifted to the longer wavelength with op-
tical parametric oscillators. The limits at the short and long wavelengths are de-
termined mainly by a lack of nonlinear crystals with a sufficiently high-damage
threshold or nonlinear coefficient.

Many industrial, medical, and military applications require a different wave-
length than the fundamental output available from standard lasers. For ex-
ample, most materials have higher absorption at shorter wavelengths, therefore
frequency-doubled neodymium lasers are often preferred over fundamental op-
eration. Also, the smallest spot size diameter that can be achieved from a laser
is proportional to the wavelength. The fine structures of integrated circuits and
semiconductor devices require operation of the laser at the shortest wavelength
possible. Also, by matching the wavelength of a laser to the peak absorption
of a specific material, the top layer of a multilayer structure can be removed
selectively without damage to the layers underneath.

All Nd : glass lasers employed in inertial confinement fusion experiments are
operated at the third harmonic, i.e., 352 nm, because the shorter wavelength is
more optimum for pellet compression compared to the fundamental output. Med-
ical applications require solid-state lasers operating in a specific spectral range
for control of the absorption depth of the radiation in the skin, tissue, or blood
vessels. Frequency agility is required from lasers employed in instruments used
for absorption measurements, spectroscopy, sensing devices, analytical chemistry,
etc. A fixed or tunable laser in conjunction with harmonic generators and/or an
optical parametric oscillator is usually employed to meet these requirements.
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Military rangefinders need to operate in a region that does not cause eye dam-
age because most of the time these systems are employed in training exercises.
A wavelength of 1.5 µm poses the least eye hazard. This wavelength is obtained
from Q-switched erbium lasers or from neodymium lasers that are wavelength-
shifted with an optical parametric oscillator or Raman cell. Lasers designed to
defeat missile threats, so-called infrared countermeasure lasers, have to operate
in the 2 to 4 µm region. Output in this spectral range can be obtained from
neodymium or erbium lasers, wavelength-shifted with one or two optical para-
metric amplifiers.

Spatial Beam Characteristics. Virtually all laser applications benefit from a
diffraction-limited beam. Such a beam has the lowest beam divergence and pro-
duces the smallest spot if focused by a lens. However, there is a trade-off between
output power and beam quality. Lasers in the multihundred or kilowatt output
range employed for metal cutting or welding applications have beams that are
many times diffraction-limited. On the other hand, lasers that are employed for
micromachining applications and semiconductor processing, where a minimum
spot size and kerf-width is essential, are mostly operated very close to the diffrac-
tion limit.

Future Trends. The replacements of flashlamps and arc lamps with laser diode
arrays will continue even for large solid-state lasers because the increase in sys-
tems efficiency, beam quality and reliability, is compelling. Also, the push for
solid-state lasers, with ever higher average output powers will continue. Concepts
for lasers at the 100 kW level are already being developed. Most smaller lasers
have output beams that are close to the diffraction limit. A particular challenge is
to improve the beam quality of solid-state lasers with output powers in the multi-
hundred or kilowatt regime.

The trend for smaller lasers, certainly for military lasers, is toward systems
which do not require liquid cooling. Also, the search continues for new nonlin-
ear crystals with high-damage thresholds and large nonlinear coefficients, par-
ticularly for the infrared and ultraviolet regions. Even with diode pumping, solid-
state lasers are not particularly efficient radiation sources, converting at best about
10% of electric input into useful output. Further improvements in the efficiency
of diode pump sources as a result of refinements in diode structure and process-
ing techniques, coupled with a further optimization of laser materials and designs,
could increase the efficiency of solid-state lasers to about 20 or 30%.
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In this chapter we shall outline the basic ideas underlying the operation of solid-
state lasers. In-depth treatments of laser physics can be found in [1], [2].

1.1 Optical Amplification

To understand the operation of a laser we have to know some of the principles
governing the interaction of radiation with matter.

Atomic systems such as atoms, ions, and molecules can exist only in discrete
energy states. A change from one energy state to another, called a transition, is
associated with either the emission or the absorption of a photon. The wavelength
of the absorbed or emitted radiation is given by Bohr’s frequency relation

E2 − E1 = hν21, (1.1)

where E2 and E1 are two discrete energy levels, ν21 is the frequency, and h is
Planck’s constant. An electromagnetic wave whose frequency ν21 corresponds to
an energy gap of such an atomic system can interact with it. To the approximation
required in this context, a laser medium can be considered an ensemble of very

12



1.1. Optical Amplification 13

many identical atomic systems. At thermal equilibrium, the lower energy states
in the medium are more heavily populated than the higher energy states. A wave
interacting with the laser system will raise the atoms (ions, molecules) from lower
to higher energy levels and thereby experience absorption.

The operation of a laser requires that the energy equilibrium of a laser material
be changed such that more atoms (ions, molecules) populate higher rather than
lower energy states. This is achieved by an external pump source that supplies the
energy required to transfer atoms (ions, molecules) from a lower energy level to a
higher one. The pump energy thereby causes a “population inversion.” An electro-
magnetic wave of appropriate frequency, incident on the “inverted” laser material,
will be amplified because the incident photons cause the atoms (ions, molecules)
in the higher level to drop to a lower level and thereby emit additional photons.
As a result, energy is extracted from the atomic system and supplied to the radia-
tion field. The release of the stored energy by interaction with an electromagnetic
wave is based on stimulated or induced emission.

Stated very briefly, when a material is excited in such a way as to provide
more atoms (or molecules) in a higher energy level than in some lower level, the
material will be capable of amplifying radiation at the frequency corresponding
to the energy level difference. The acronym “laser” derives its name from this
process: “Light Amplification by Stimulated Emission of Radiation.”

A quantum mechanical treatment of the interaction between radiation and mat-
ter demonstrates that the stimulated emission is, in fact, completely indistinguish-
able from the stimulating radiation field. This means that the stimulated radia-
tion has the same directional properties, same polarization, same phase, and same
spectral characteristics as the stimulating emission. These facts are responsible
for the extremely high degree of coherence which characterizes the emission from
lasers. The fundamental nature of the induced or stimulated emission process was
already described by Albert Einstein and Max Planck.

Common to all laser amplifiers are at least two elements: a laser medium in
which a population inversion among atoms, ions, or molecules can be achieved,
and a pump process to supply energy to the system in order to maintain a nonequi-
librium state. For a laser oscillator, additionally a feedback mechanism is required
for radiation to build up. Typically, two mirrors facing each other provide this
feedback.

Whether a population inversion occurs within atoms, ions, or molecules, and
whether the pump energy supplied to the medium is in the form of optical radia-
tion, electrical current, kinetic energy due to electron impact in a gas discharge,
or an exothermic reaction, depends on the type of laser and the type of active
medium, i.e., solid-state, liquid, semiconductor, or gas.

Given below are a few examples of different laser media and excitation
methods.

In solid-state lasers, the subject treated in this book, the active medium is a
crystal or glass host doped with a relatively small percentage of ions from the rare
earth, actinide, or iron groups of the periodic table. The energy levels and asso-
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ciated transition frequencies result from the different quantum energy levels of
allowed states of the electrons orbiting the nuclei of atoms. Population inversion
occurs within inner, incomplete electron shells of ions embedded in the crystalline
or glass host. Excitation is by means of pump radiation from a light source such
as a flashlamp, continuous-wave (cw) arc lamp, or diode laser. Pump radiation
absorbed by the active ions raises the electrons to higher energy levels.

In a liquid or dye laser, the active medium is an organic dye in a liquid sol-
vent. Intense optical pumping creates a population inversion of electron transi-
tions within the dye molecule.

In semiconductor lasers, also referred to as injection lasers, radiation is emit-
ted as a consequence of carrier injection in a forward-biased semiconductor p–n
junction. Since the junction defines a diode, the laser is commonly called a diode
laser. Energy levels in a semiconductor are defined by the conduction band and
the valence band separated by a band gap. The p–n junction is made of p-type
semiconductor material which accepts electrons (or produces holes or positive
carriers) and n-type material which is a donor of excess electrons (or negative
carriers). The n-type material with a large electron density in the conduction band
is brought into intimate contact with the p-type material with a large hole density
in the valence band. In a forward biased p–n junction, current will flow, electrons
in the n-type material are injected into the p-type region, while positive holes
from the p-region are injected into the n-type region. When an electron meets a
positive hole, they recombine, the electron transitions from the conduction band
to the valence band, emitting a photon equal to the band gap energy. From a laser
point of view, injected electrons in the p-type region (so-called minority carri-
ers) and holes injected into the n-region represent a population inversion. Diode
lasers are used as pump sources for solid-state lasers; therefore their design and
performance characteristics will be discussed later in this book.

In gases, the various particles have the mobility to excite higher energy levels
by collision. In most common gas lasers, inversion is achieved by passing current
through the gas to create a discharge. The active species can be a neutral atom
such as in the helium–neon laser or an ion such as in the argon ion laser. The most
typical of the neutral atomic gas lasers is the He–Ne laser. When an He atom,
excited to a higher state by electric discharge, collides with an Ne atom in the
ground state, the excitation energy of the He is transferred to Ne, and as a result
the distribution of Ne atoms at the higher energy state increases. Lasing action is
the result of electron transitions in the neutral atom Ne.

In molecular gas lasers the transition between the energy levels of a molecule
is exploited for laser action. For example, in a CO2 laser, the multiatom molecule
CO2 exhibits energy levels that arise from the vibrational and rotational motions
of the molecule as a whole. Since CO2 is a triatomic linear molecule, it has a sym-
metrical stretching and two bending vibration modes. In the vibrational–rotational
molecular lasers, such as CO2, the motion of the molecule rather than electronic
transitions are responsible for laser action. Pump energy to raise the molecules to
higher energy levels is provided by the electrical energy of a gas discharge.
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In some molecular lasers, a population inversion is achieved on electronic tran-
sitions within the molecule, rather than on vibrational–rotational energy levels.
An example is the excimer laser. An excimer, which is a contraction of an excited
dimer, is a molecule consisting of two atoms that can exist only in the excited
state. Population inversion involves transitions between different electronic states
of the diatomic molecule. An example of this family of lasers is the xenon fluoride
laser.

In the lasers discussed so far, electrical energy is used to drive the pump mech-
anism which creates a population inversion. In chemical lasers a population inver-
sion is directly produced by an exothermic reaction of two gases. In the helium
fluoride and deuterium fluoride laser, the gases enter a chamber through a set
of nozzles. As soon as they are mixed together they react and a fraction of the
chemical energy released in the exothermic reaction goes into excitation of the
molecules to form vibrationally excited HF or DF.

1.2 Interaction of Radiation with Matter

Many of the properties of a laser may be readily discussed in terms of the absorp-
tion and emission processes which take place when an atomic system interacts
with a radiation field. In the first decade of the last century Planck described the
spectral distribution of thermal radiation, and in the second decade Einstein, by
combining Planck’s law and Boltzmann statistics, formulated the concept of stim-
ulated emission. Einstein’s discovery of stimulated emission provided essentially
all of the theory necessary to describe the physical principle of the laser.

1.2.1 Blackbody Radiation

When electromagnetic radiation in an isothermal enclosure, or cavity, is in ther-
mal equilibrium at temperature T , the distribution of radiation density �(ν) dν,
contained in a bandwidth dν, is given by Planck’s law

�(ν) dν = 8πν2 dν

c3

hν

ehν/kT − 1
, (1.2)

where �(ν) is the radiation density per unit frequency [J s/cm3], k is Boltzmann’s
constant, and c is the velocity of light. The spectral distribution of thermal ra-
diation vanishes at ν = 0 and ν → ∞, and has a peak which depends on the
temperature.

The factor

8πν2

c3
= pn (1.3)

in (1.2) gives the density of radiation modes per unit volume and unit frequency
interval. The factor pn can also be interpreted as the number of degrees of freedom
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associated with a radiation field, per unit volume, per unit frequency interval. The
expression for the mode density pn [modes s/cm3] plays an important role in
connecting the spontaneous and the induced transition probabilities.

For a uniform, isotropic radiation field, the following relationship is valid

W = �(ν)c

4
, (1.4)

where W is the blackbody radiation [W/cm2] which will be emitted from an open-
ing in the cavity of the blackbody. Many solids radiate like a blackbody. There-
fore, the radiation emitted from the surface of a solid can be calculated from (1.4).

According to the Stefan–Boltzmann equation, the total blackbody radiation is

W = σT 4, (1.5)

where σ = 5.68 × 10−12 W/cm2 K4. The emitted radiation W has a maximum
which is obtained from Wien’s displacement law

λmax

µm
= 2893

T/K
. (1.6)

For example, a blackbody at a temperature of 5200 K has its radiation peak at
5564 Å, which is about the center of the visible spectrum.

1.2.2 Boltzmann’s Statistics

According to a basic principle of statistical mechanics, when a large collection of
similar atoms is in thermal equilibrium at temperature T, the relative populations
of any two energy levels E1 and E2, such as the ones shown in Fig. 1.1, must be
related by the Boltzmann ratio

N2

N1
= exp

(−(E2 − E1)

kT

)
, (1.7)

FIGURE 1.1. Two energy levels with population N1, N2 and degeneracies g1, g2, respec-
tively.
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where N1 and N2 are the number of atoms in the energy levels E1 and E2, re-
spectively. For energy gaps large enough that E2 − E1 = hν21 � kT , the ratio
is close to zero, and there will be very few atoms in the upper energy level at
thermal equilibrium. The thermal energy kT at room temperature (T ≈ 300 K)
corresponds to an energy gap hν with ν ≈ 6 × 1012 Hz, which is equivalent in
wavelength to λ ≈ 50µm. Therefore, for any energy gap whose transition fre-
quency ν21 lies in the near-infrared or visible regions, the Boltzmann exponent
will be very small at normal temperatures. The number of atoms in any upper
level will then be very small compared to the lower levels. For example, in ruby
the ground level E1 and the upper laser level E2 are separated by an energy gap
corresponding to a wavelength of λ ≈ 0.69µm. Since h = 6.6 × 10−34 W s2,
then E2 − E1 = hν = 2.86 × 10−19 W s. With k = 1.38 × 10−23 W s K and
T = 300 K, it follows that N2/N1 ≈ exp(−69). Therefore at thermal equilibrium
virtually all the ions will be in the ground level.

Equation (1.7) is valid for atomic systems having only nondegenerate levels. If
there are gi different states of the atom corresponding to the energy Ei , then gi is
defined as the degeneracy of the i th energy level.

We recall that atomic systems, such as atoms, ions, and molecules, can exist
only in certain stationary states, each of which corresponds to a definite value
of energy and thus specifies an energy level. When two or more states have the
same energy, the respective level is called degenerate, and the number of states
with the same energy is the multiplicity of the level. All states of the same energy
level will be equally populated, therefore the number of atoms in levels 1 and 2
is N1 = g1 N ′

1 and N2 = g2 N ′
2, where N ′

1 and N ′
2 refer to the population of any

of the states in levels 1 and 2, respectively. It follows then from (1.7) that the
populations of the energy levels 1 and 2 are related by the formula

N2

N1
= g2

g1

N ′
2

N ′
1

= g2

g1
exp

(−(E2 − E1)

kT

)
. (1.8)

At absolute zero temperature, Boltzmann’s statistics predict that all atoms will be
in the ground state. Thermal equilibrium at any temperature requires that a state
with a lower energy be more densely populated than a state with a higher energy.
Therefore N2/N1 is always less than unity for E2 > E1 and T > 0. This means
that optical amplification is not possible in thermal equilibrium.

1.2.3 Einstein’s Coefficients

We can most conveniently introduce the concept of Einstein’s A and B coeffi-
cients by loosely following Einstein’s original derivation. To simplify the discus-
sion, let us consider an idealized material with just two nondegenerate energy
levels, 1 and 2, having populations of N1 and N2, respectively. The total number
of atoms in these two levels is assumed to be constant

N1 + N2 = Ntot. (1.9)



18 1. Energy Transfer Between Radiation and Atomic Transitions

Radiative transfer between the two energy levels, which differ by E2−E1 = hν21,
is allowed. The atom can transfer from state E2 to the ground state E1 by emitting
energy; conversely, transition from state E1 to E2 is possible by absorbing energy.
The energy removed or added to the atom appears as quanta of hν21. We can
identify three types of interaction between electromagnetic radiation and a simple
two-level atomic system.

Absorption. If a quasi-monochromatic electromagnetic wave of frequency ν21
passes through an atomic system with energy gap hν21, then the population of the
lower level will be depleted at a rate proportional both to the radiation density
�(ν) and to the population N1 of that level

∂N1

∂t
= −B12�(ν)N1, (1.10)

where B12 is a constant of proportionality with dimensions cm3/s2 J.
The product B12�(ν) can be interpreted as the probability per unit frequency

that transitions are induced by the effect of the field.

Spontaneous Emission. After an atom has been raised to the upper level by ab-
sorption, the population of the upper level 2 decays spontaneously to the lower
level 1 at a rate proportional to the upper level population

∂N2

∂t
= −A21 N2, (1.11)

where A21 is a constant of proportionality with dimension s−1. The quantity A21,
being a characteristic of the pair of energy levels in question, is called the sponta-
neous transition probability because this coefficient gives the probability that an
atom in level 2 will spontaneously change to a lower level 1 within a unit of time.

Spontaneous emission is a statistical function of space and time. With a large
number of spontaneously emitting atoms there is no phase relationship between
the individual emission processes; the quanta emitted are incoherent. Spontaneous
emission is characterized by the lifetime of the electron in the excited state, after
which it will spontaneously return to the lower state and radiate away the energy.
This can occur without the presence of an electromagnetic field.

Equation (1.11) has a solution

N2(t) = N2(0) exp

(−t

τ21

)
, (1.12)

where τ21 is the lifetime for spontaneous radiation of level 2. This radiation life-
time is equal to the reciprocal of the Einstein coefficient,

τ21 = A−1
21 . (1.13)

In general, the reciprocal of the transition probability of a process is called its
lifetime.
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Stimulated Emission. Emission takes place not only spontaneously but also un-
der stimulation by electromagnetic radiation of the appropriate frequency. In this
case, the atom gives up a quantum to the radiation field by “induced emission”
according to

∂N2

∂t
= −B21�(ν21)N2, (1.14)

where B21 again is a constant of proportionality.
Radiation emitted from an atomic system in the presence of external radia-

tion consists of two parts. That part whose intensity is proportional to A21 is the
spontaneous radiation; its phase is independent of that of the external radiation.
The part whose intensity is proportional to �(ν)B21 is the stimulated radiation;
its phase is the same as that of the stimulating external radiation. The probability
of induced transition is proportional to the energy density of external radiation in
contrast to spontaneous emission.

The quantum that is emitted to the field by the induced emission is coherent
with it. The useful parameter for laser action is the B21 coefficient; the A21 coef-
ficient represents a loss term and introduces into the system photons that are not
phase-related to the incident photon flux of the electric field. Thus the spontaneous
process represents a noise source in a laser.

If we combine absorption, spontaneous, and stimulated emission, as expressed
by (1.10), (1.11), and (1.14) we can write, for the change of the upper- and lower-
level populations in our two-level model,

∂N1

∂t
= −∂N2

∂t
= B21�(ν)N2 − B12�(ν)N1 + A21 N2. (1.15)

The relation

∂N1

∂t
= −∂N2

∂t
(1.16)

follows from (1.9).
In thermal equilibrium, the number of transitions per unit time from E1 to E2

must be equal to the number of transitions from E2 to E1. Certainly, in thermal
equilibrium

∂N1

∂t
= ∂N2

∂t
= 0. (1.17)

Therefore we can write

N2 A21
Spontaneous
emission

+ N2�(ν)B21
Stimulated
emission

= N1�(ν)B12
Absorption

. (1.18)

Using the Boltzmann equation (1.8) for the ratio N2/N1, we then write the above
expression as
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�(ν21) = (A21/B21)

(g1/g2)(B12/B21) exp(hν21/kT )− 1
. (1.19)

Comparing this expression with the blackbody radiation law (1.2), we see that

A21

B21
= 8πν2hν

c3
and B21 = g1 B12

g2
. (1.20)

The relations between the A’s and B’s are known as Einstein’s relations. The
factor 8πν2/c3 in (1.20) is the mode density pn given by (1.3).

In solids the speed of light is c = c0/n, where n is the index of refraction and
c0 is the speed of light in vacuum.

For a simple system with no degeneracy, that is, one in which g1 = g2, we
see that B21 = B12. Thus, the Einstein coefficients for stimulated emission and
absorption are equal. If the two levels have unequal degeneracy, the probability
for stimulated absorption is no longer the same as that for stimulated emission.

1.2.4 Phase Coherence of Stimulated Emission

The stimulated emission provides a phase-coherent amplification mechanism for
an applied signal. The signal extracts from the atoms a response that is directly
proportional to, and phase-coherent with, the electric field of the stimulating sig-
nal. Thus the amplification process is phase-preserving. The stimulated emission
is, in fact, completely indistinguishable from the stimulating radiation field. This
means that the stimulated emission has the same directional properties, same po-
larization, same phase, and same spectral characteristics as the stimulating emis-
sion. These facts are responsible for the extremely high degree of coherence
that characterizes the emission from lasers. The proof of this fact is beyond the
scope of this elementary introduction, and requires a quantum mechanical treat-
ment of the interaction between radiation and matter. However, the concept of in-
duced transition, or the interaction between a signal and an atomic system, can be
demonstrated, qualitatively, with the aid of the classical electron-oscillator model.

Electromagnetic radiation interacts with matter through the electric charges in
the substance. Consider an electron that is elastically bound to a nucleus. One can
think of electrons and ions held together by spring-type bonds which are capable
of vibrating around equilibrium positions. An applied electric field will cause
a relative displacement between the electron and nucleus from their equilibrium
position. They will execute an oscillatory motion about their equilibrium position.
Therefore, the model exhibits an oscillatory or resonant behavior and a response
to an applied field. Since the nucleus is so much heavier than the electron, we
assume that only the electron moves. The most important model for understanding
the interaction of light and matter is that of the harmonic oscillator. We take as
our model a single electron, assumed to be bound to its equilibrium position by a
linear restoring force. We may visualize the electron as a point of mass suspended
by springs. Classical electromagnetic theory asserts that any oscillating electric
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charge will act as a miniature antenna or dipole and will continuously radiate
away electromagnetic energy to its surroundings.

1.3 Absorption and Optical Gain

In this section we will develop the quantitative relations that govern the absorption
and amplification processes in substances. This requires that we increase the real-
ism of our mathematical model by introducing the concept of atomic lineshapes.
Therefore, the important features and the physical processes that lead to different
atomic lineshapes will be considered first.

1.3.1 Atomic Lineshapes

In deriving Einstein’s coefficients we have assumed a monochromatic wave with
frequency ν21 acting on a two-level system with an infinitely sharp energy gap
hν21. We will now consider the interaction between an atomic system having a
finite transition linewidth �ν and a signal with a bandwidth dν.

Before we can obtain an expression for the transition rate for this case, it is
necessary to introduce the concept of the atomic lineshape function g(ν, ν0). The
distribution g(ν, ν0), centered at ν0, is the equilibrium shape of the linewidth-
broadened transitions. Suppose that N2 is the total number of ions in the upper
energy level considered previously. The spectral distribution of ions per unit fre-
quency is then

N (ν) = g(ν, ν0)N2. (1.21)

If we integrate both sides over all frequencies we have, to obtain N2 as a result,∫ ∞

0
N (ν) dν = N2

∫ ∞

0
g(ν, ν0) dν = N2. (1.22)

Therefore, the lineshape function must be normalized to unity∫ ∞

0
g(ν, ν0) dν = 1. (1.23)

If we know the function g(ν, ν0), we can calculate the number of atoms N (ν) dν
in level 1 which are capable of absorbing in the frequency range ν to ν + dν, or
the number of atoms in level 2 which are capable of emitting in the same range.

From (1.21) we have

N (ν) dν = g(ν, ν0) dν N2. (1.24)

From the foregoing it follows that g(ν, ν0) can be defined as the probability of
emission or absorption per unit frequency. Therefore g(ν) dν is the probability
that a given transition will result in an emission (or absorption) of a photon with
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energy between hν and h(ν + dν). The probability that a transition will occur
between ν = 0 and ν = ∞ has to be 1.

It is clear from the definition of g(ν, ν0) that we can, for example, rewrite (1.11)
in the form

−∂N2

∂t
= A21 N2g(ν, ν0) dν, (1.25)

where N2 is the total number of atoms in level 2 and ∂N2/∂t is the number of
photons spontaneously emitted per second between ν and ν + dν.

The linewidth and lineshape of an atomic transition depends on the cause of line
broadening. Optical frequency transitions in gases can be broadened by lifetime,
collision, or Doppler broadening, whereas transitions in solids can be broadened
by lifetime, dipolar or thermal broadening, or by random inhomogeneities. All
these linewidth-broadening mechanisms lead to two distinctly different atomic
lineshapes, the homogeneously and the inhomogeneously broadened line.

The Homogeneously Broadened Line

The essential feature of a homogeneously broadened atomic transition is that ev-
ery atom has the same atomic lineshape and frequency response, so that a signal
applied to the transition has exactly the same effect on all atoms in the collection.
This means that within the linewidth of the energy level each atom has the same
probability function for a transition.

Differences between homogeneously and inhomogeneously broadened transi-
tions show up in the saturation behavior of these transitions. This has a major
effect on the laser operation. The important point about a homogeneous lineshape
is that the transition will saturate uniformly under the influence of a sufficiently
strong signal applied anywhere within the atomic linewidth.

Mechanisms which result in a homogeneously broadened line are lifetime
broadening, collision broadening, dipolar broadening, and thermal broadening.

Lifetime Broadening. This type of broadening is caused by the decay mecha-
nisms of the atomic system. Spontaneous emission or fluorescence has a radiative
lifetime. Broadening of the atomic transition due to this process is related to the
fluorescence lifetime τ21 by �ωaτ21 = 1, where ωa is the bandwidth.

Actually, physical situations in which the lineshape and linewidth are deter-
mined by the spontaneous emission process itself are vanishingly rare. Since
the natural or intrinsic linewidth of an atomic line is extremely small, it is the
linewidth that would be observed from atoms at rest without interaction with one
another.

Collision Broadening. Collision of radiating particles (atoms or molecules) with
one another and the consequent interruption of the radiative process in a random
manner leads to broadening. Since an atomic collision interrupts either the emis-
sion or the absorption of radiation, the long wave train that otherwise would be
present becomes truncated. The atom restarts its motion after the collision with
a completely random initial phase. After the collision, the process is restarted
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without memory of the phase of the radiation prior to the collision. The result
of frequent collisions is the presence of many truncated radiative or absorptive
processes.

Since the spectrum of a wave train is inversely proportional to the length of the
train, the linewidth of the radiation in the presence of collision is greater than that
of an individual uninterrupted process.

Collision broadening is observed in gas lasers operated at higher pressures,
hence the name pressure broadening. At higher pressures, collisions between gas
atoms limit their radiative lifetime. Collision broadening, therefore, is quite sim-
ilar to lifetime broadening, in that the collisions interrupt the initial state of the
atoms.

Dipolar Broadening. Dipolar broadening arises from interactions between the
magnetic or electric dipolar fields of neighboring atoms. This interaction leads to
results very similar to collision broadening, including a linewidth that increases
with increasing density of atoms. Since dipolar broadening represents a kind of
coupling between atoms, so that excitation applied to one atom is distributed or
shared with other atoms, dipolar broadening is a homogeneous broadening mech-
anism.

Thermal Broadening. Thermal broadening is brought about by the effect of the
thermal lattice vibrations on the atomic transition. The thermal vibrations of the
lattice surrounding the active ions modulate the resonance frequency of each ion
at a very high frequency. This frequency modulation represents a coupling mech-
anism between the ions, therefore a homogeneous linewidth is obtained. Thermal
broadening is the mechanism responsible for the linewidth of the ruby laser and
Nd : YAG laser.

The lineshape of homogeneous broadening mechanisms lead to a Lorentzian
lineshape for atomic response. For the normalized Lorentz distribution, the equa-
tion

g(ν) =
(
�ν

2π

)[
(ν − ν0)

2 +
(
�ν

2

)2
]−1

(1.26)

is valid. Here, ν0 is the center frequency and �ν is the width between the half-
power points of the curve. The factor �ν/2π assures normalization of the area
under the curve according to (1.23). The peak value for the Lorentz curve is

g(ν0) = 2

π�ν
. (1.27)

The Inhomogeneously Broadened Line

Mechanisms which cause inhomogeneous broadening tend to displace the cen-
ter frequencies of individual atoms, thereby broadening the overall response of a
collection without broadening the response of individual atoms. Different atoms
have slightly different resonance frequencies on the same transition, for example,
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owing to Doppler shifts. As a result, the overall response of the collection is broad-
ened. An applied signal at a given frequency within the overall linewidth interacts
strongly only with those atoms whose shifted resonance frequencies lie close to
the signal frequency. The applied signal does not have the same effect on all the
atoms in an inhomogeneously broadened collection.

Since, in an inhomogeneously broadened line, interaction occurs only with
those atoms whose resonance frequencies lie close to the applied signal frequency,
a strong signal will eventually deplete the upper-laser level in a very narrow fre-
quency interval. The signal will eventually “burn a hole” in the atomic absorp-
tion curve. Examples of inhomogeneous frequency-shifting mechanisms include
Doppler broadening and broadening due to crystal inhomogeneities.

Doppler Broadening. The apparent resonance frequencies of atoms undergoing
random motions in a gas are shifted randomly so that the overall frequency re-
sponse of the collection of atoms is broadened. A particular atom moving with
a velocity component ν relative to an observer in the z-direction will radiate at
a frequency measured by the observer as ν0(1 + v/c). When these velocities are
averaged, the resulting lineshape is Gaussian. Doppler broadening is one form
of inhomogeneous broadening since each atom emits a different frequency rather
than one atom having a probability distribution for emitting any frequency within
the linewidth. In the actual physical situation, the Doppler line is best visualized
as a packet of homogeneous lines of width �νn, which superimpose to give the
observed Doppler shape. The He–Ne laser has a Doppler-broadened linewidth.
Most visible and near-infrared gas laser transitions are inhomogeneously broad-
ened by Doppler effects.

Line Broadening Due to Crystal Inhomogeneities. Solid-state lasers may be
inhomogeneously broadened by crystalline defects. This happens only at low tem-
peratures where the lattice vibrations are small. Random variations of disloca-
tions, lattice strains, and so forth, may cause small shifts in the exact energy level
spacings and transition frequencies from ion to ion. Like Doppler broadening,
these variations do not broaden the response on an individual atom, but they do
cause the exact resonance frequencies of different atoms to be slightly different.
Thus random crystal imperfection can be a source of inhomogeneous broadening
in a solid-state laser crystal.

A good example of an inhomogeneously broadened line occurs in the fluores-
cence of neodymium-doped glass. As a result of the so-called glassy state, there
are variations, from rare earth site to rare earth site, in the relative atomic positions
occupied by the surrounding lattice ions. This gives rise to a random distribution
of static crystalline fields acting on the rare earth ions. Since the line shifts cor-
responding to such crystal-field variations are larger, generally speaking, than the
width contributed by other factors associated with the transition, an inhomoge-
neous line results.

The inhomogeneous-broadened linewidth can be represented by a Gaussian fre-
quency distribution. For the normalized distribution, the equation
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FIGURE 1.2. Gaussian and Lorentz lines of common linewidth (Gp and Lp are the peak
intensities).

g(ν) = 2

�ν

(
ln 2

π

)1/2

exp

[
−
(
ν − ν0

�ν/2

)2

ln 2

]
(1.28)

is valid, where ν0 is the frequency at the center of the line and�ν is the linewidth
at which the amplitude falls to one-half. The peak value of the normalized Gaus-
sian curve is

g(ν0) = 2

�ν

(
ln 2

π

)1/2

. (1.29)

In Fig. 1.2 the normalized Gaussian and Lorentz lines are plotted for a common
linewidth.

1.3.2 Absorption by Stimulated Transitions

We assume a quasi-collimated beam of energy density �(ν) incident on a thin
absorbing sample of thickness dx; as before, we consider the case of an optical
system that operates between only two energy levels as illustrated schematically
in Fig. 1.1. The populations of the two levels are N1 and N2, respectively. Level
1 is the ground level and level 2 is the excited level. We consider absorption of
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radiation in the material and emission from the stimulated processes but neglect
the spontaneous emission. From (1.15) and (1.20) we obtain

−∂N1

∂t
= �(ν)B21

(
g2

g1
N1 − N2

)
. (1.30)

As we recall, this relation was obtained by considering infinitely sharp energy
levels separated by hν21 and a monochromatic wave of frequency ν21.

We will now consider the interaction between two linewidth-broadened energy
levels with an energy separation centered at ν0, and a half-width of �ν charac-
terized by g(ν, ν0) and a signal with center frequency νs and bandwidth dν. The
situation is shown schematically in Fig. 1.3. The spectral width of the signal is
narrow, as compared to the linewidth-broadened transition. If N1 and N2 are the
total number of atoms in levels 1 and 2, then the number of atoms capable of
interacting with a radiation of frequency νs and bandwidth dν are(

g2

g1
N1 − N2

)
g(νs, ν0) dν. (1.31)

The net change of atoms in energy level 1 can be expressed in terms of energy
density �(ν) dν by multiplying both sides of (1.30) with photon energy hν and
dividing by the volume V . We will further express the populations N1 and N2 as
population densities n1 and n2.

Equation (1.30) now becomes

− ∂

∂t
[�(νs) dν] = �(νs) dν B21hνg(νs, ν0)

(
g2

g1
n1 − n2

)
. (1.32)

FIGURE 1.3. Linewidth-broadened atomic transition line centered at ν0 and narrow-band
signal centered at νs.
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This equation gives the net rate of absorbed energy in the frequency interval dν
centered around νs. In an actual laser system the wavelength of the emitted radi-
ation, corresponding to the signal bandwidth dν in our model, is very narrow as
compared to the natural linewidth of the material. Ruby, for example, has a flu-
orescence linewidth of 5 Å, whereas the linewidth of the laser output is typically
0.1 to 0.01 Å. The operation of a laser, therefore, can be fairly accurately charac-
terized as the interaction of linewidth-broadened energy levels with a monochro-
matic wave. The photon density of a monochromatic radiation of frequency ν0
can then be represented by a delta function δ(ν − ν0). After integrating (1.32)
in the interval dν, we obtain, for a monochromatic signal of frequency νs and a
linewidth-broadened transition,

−∂�(νs)

∂t
= �(νs)B21hνsg(νs, ν0)

(
g2

g1
n1 − n2

)
. (1.33)

The signal will travel through the material of thickness dx in time dt = dx/c =
(n0/c0) dx . Then, as the wave advances from x to x + dx , the decrease of energy
in the beam is

−∂�(νs)

∂x
= hνs�(νs)g(νs, ν0)B21

(
g2

g1
n1 − n2

)
1

c
. (1.34)

Integration of (1.34) gives

�(νs)

�0(νs)
= exp

[
−hνsg(νs, ν0)B21

(
g2

g1
n1 − n2

)
x

c

]
. (1.35)

If we introduce an absorption coefficient α0(νs),

α0(νs) =
(

g2

g1
n1 − n2

)
σ21(νs), (1.36)

where

σ21(νs) = hνsg(νs, ν0)B21

c
. (1.37)

Then we can write (1.35) as

�(νs) = �0(νs) exp[−α0(νs)x]. (1.38)

Equation (1.38) is the well-known exponential absorption equation for the ther-
mal equilibrium condition n1g2/g1 > n2. The energy of the radiation decreases
exponentially with the depth of penetration into the substance. The maximum
possible absorption occurs when all atoms exist in the ground state n1. For equal
population of the energy states n1 = (g1/g2)n2, the absorption is eliminated and
the material is transparent. The parameter σ21 is the cross section for the radiative
transition 2 → 1. The cross section for stimulated emission σ is related to the
absorption cross section σ12 by the ratio of the level degeneracies,
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σ

σ12
= g1

g2
. (1.39)

The cross section is a very useful parameter to which we will refer in the following
chapters. If we replace B21 by the Einstein relation (1.20), we obtain σ21 in a form
which we will find most useful:

σ(νs) = A21λ
2
0

8πn2
0

g(νs, ν0). (1.40)

As we will see later, the gain for the radiation building up in a laser resonator
will be highest at the center of the atomic transitions. Therefore, in lasers we
are mostly dealing with stimulated transitions which occur at the center of the
linewidth.

If we assume ν ≈ νs ≈ ν0, we obtain, for the spectral stimulated emission
cross section at the center of the atomic transition for a Lorentzian lineshape,

σ = A21λ
2
0

4π2n2
0�ν

, (1.41)

and for a Gaussian lineshape,

σ = A21λ
2
0

4πn2
0�ν

(
ln 2

π

)1/2

. (1.42)

Here we have introduced into (1.40) the peak values of the lineshape function, as
given in (1.27) and (1.29) for the Lorentzian and Gaussian curves, respectively.
For example, in the case of the R1 line of ruby, where λ0 = 6.94 × 10−5 cm,
n0 = 1.76, τ21 = (1/A21) = 3 ms, and �ν = 11 cm−1 one finds, according
to (1.41), σ = 4.0 × 10−20 cm2. In comparing this value with the data provided
in Table 2.2 (page 58), we have to distinguish between the spectroscopic cross
section and the effective stimulated emission cross section. (This will be discussed
in Section 2.3.1 for the case of Nd : YAG.) The effective stimulated emission cross
section is the spectroscopic cross section times the occupancy of the upper laser
level relative to the entire manifold population. In ruby, the upper laser level is
split into two sublevels, therefore the effective stimulated emission cross section
is about half of the value calculated from (1.41).

1.3.3 Population Inversion

According to the Boltzmann distribution (1.7), in a collection of atoms at thermal
equilibrium there are always fewer atoms in a higher-lying level E2 than in a
lower level E1. Therefore the population difference N1 − N2 is always positive,
which means that the absorption coefficient α0(νs) in (1.36) is positive and the
incident radiation is absorbed (Fig. 1.4).
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FIGURE 1.4. Relative populations in two energy levels as given by the Boltzmann relation
for thermal equilibrium.

Suppose that it were possible to achieve a temporary situation such that there
are more atoms in an upper energy level than in a lower energy level. The normally
positive population difference on that transition then becomes negative, and the
normal stimulated absorption, as seen from an applied signal on that transition, is
correspondingly changed to stimulated emission or amplification of the applied
signal. That is, the applied signal gains energy as it interacts with the atoms and
hence is amplified. The energy for this signal amplification is supplied by the
atoms involved in the interaction process. This situation is characterized by a
negative absorption coefficient α(νs) according to (1.36). From (1.34) it follows
that ∂�(ν)/∂x > 0.

The essential condition for amplification is that there are more atoms in an
upper energy level than in a lower energy level; i.e., for amplification,

N2 > N1 if E2 > E1, (1.43)

as illustrated in Fig. 1.5. The resulting negative sign of the population difference
(N2 − g2 N1/g1) on that transition is called a population inversion. Population
inversion is clearly an abnormal situation; it is never observed at thermal equi-
librium. The point at which the population of both states is equal is called the
“inversion threshold.”

Stimulated absorption and emission processes always occur side by side inde-
pendently of the population distribution among the levels. So long as the popula-
tion of the higher energy level is smaller than that of the lower energy level, the
number of absorption transitions is larger than that of the emission transitions, so
that there is an overall attenuation of the radiation. When the numbers of atoms
in both states are equal, the number of emissions becomes equal to the number
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FIGURE 1.5. Inverted population difference required for optical amplification.

of absorptions; the material is then transparent to the incident radiation. As soon
as the population of the higher level becomes larger than that of the lower level,
emission processes predominate and the radiation is enhanced collectively during
passage through the material. To produce an inversion requires a source of energy
to populate a specified energy level; we call this energy the pump energy.

In Section 1.4 we will discuss the type of energy level structure an atomic sys-
tem must possess in order to make it possible to generate an inversion. Techniques
by which the ions of a solid-state laser can be raised or pumped into upper energy
levels are discussed in Section 6.1. Depending on the atomic system involved, an
inverted population condition may be obtainable only on a transient basis, yield-
ing pulsed laser action; or it may be possible to maintain the population inversion
on a steady-state basis, yielding cw laser action.

The total amount of energy which is supplied by the atoms to the light wave is

E = �Nhν, (1.44)

where �N is the total number of atoms which are caused to drop from the upper
to the lower energy level during the time the signal is applied. If laser action is
to be maintained, the pumping process must continually replenish the supply of
upper-state atoms. The size of the inverted population difference is reduced not
only by the amplification process but also by spontaneous emission that always
tends to return the energy level populations to their thermal equilibrium values.

1.4 Creation of a Population Inversion

We are concerned in this section with how the necessary population inversion
for laser action is obtained in solid-state lasers. We can gain considerable under-
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standing on how laser devices are pumped and how their population densities are
inverted by studying some simplified but fairly realistic models.

The discussion up to this point has been based on a hypothetical 2 ↔ 1 tran-
sition and has not been concerned with how the levels 2 and 1 fit into the energy
level scheme of the atom. This detached point of view must be abandoned when
one tries to understand how laser action takes place in a solid-state medium. As
already noted, the operation of the laser depends on a material with narrow en-
ergy levels between which electrons can make transitions. Usually these levels
are due to impurity ions in a host crystal. The pumping and laser processes in
real laser systems typically involve a very large number of energy levels, with
complex excitation processes and cascaded relaxation processes among all these
levels. Operation of an actual laser material is properly described only by a many-
level energy diagram. The main features can be understood, however, through the
familiar three- or four-level idealizations of Figs. 1.6 and 1.7. More detailed en-
ergy level diagrams of some of the most important solid-state laser materials are
presented in Chapter 2.

1.4.1 The Three-Level System

Figure 1.6 shows a diagram that can be used to explain the operation of an op-
tically pumped three-level laser, such as ruby. Initially, all ions of the laser ma-
terial are in the lowest level 1. Excitation is supplied to the solid by radiation of
frequencies that produce absorption into the broad band 3. Thus, the pump light
raises ions from the ground state to the pump band, level 3. In general, the “pump-
ing” band, level 3, is actually made up of a number of bands, so that the optical
pumping can be accomplished over a broad spectral range. Most of the excited
ions are transferred by fast radiationless transitions into the intermediate sharp
level 2. In this process the energy lost by the electron is transferred to the lattice.

FIGURE 1.6. Simplified energy level diagram of a three-level laser.
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Finally, the electron returns to the ground level by the emission of a photon. It is
this last transition that is responsible for the laser action. If pumping intensity is
below laser threshold, atoms in level 2 predominantly return to the ground state
by spontaneous emission. Ordinary fluorescence acts as a drain on the population
of level 2. After the pump radiation is extinguished, level 2 is emptied by fluores-
cence at a rate that varies from material to material. In ruby, at room temperature,
the lifetime of level 2 is 3 ms. When the pump intensity is above laser threshold,
the decay from the fluorescent level consists of stimulated as well as spontaneous
radiation; the stimulated radiation produces the laser output beam. Since the ter-
minal level of the laser transition is the highly populated ground state, a very
high population must be reached in the E2 level before the 2 → 1 transition is
inverted.

It is necessary, in general, that the rate of radiationless transfer from the upper-
most level to the level at which the laser action begins is fast compared with the
other spontaneous transition rates in a three-level laser. Therefore, the lifetime of
the E2 state should be large in comparison with the relaxation time of the 3 → 2
transition, that is,

τ21 � τ32. (1.45)

The number of ions N3 in level E3 is then negligible compared with the number
of ions in the other two states, i.e., N3 � N1, N2. Therefore,

N1 + N2 ≈ Ntot. (1.46)

A vital aspect of the three-level system is that the ions are in effect pumped di-
rectly from level 1 into the metastable level 2 with only a momentary pause as
they pass through level 3. With these conditions, we can calculate as if only two
levels were present. In order that an equal population is achieved between the E2
and E1 levels, one-half of all ions must be excited to the E2 level:

N2 = N1 = Ntot

2
. (1.47)

In order to maintain a specified amplification, the population of the second level
must be larger than that of the first level. In most cases that are of practical im-
portance, however, the necessary inversion (N2 − N1) is small compared with the
total number of all ions. The pump power necessary for maintaining this inversion
is also small compared with the power necessary for achieving equal population
of the levels.

The disadvantage of a three-level system is that more than half of the ions in
the ground state must be raised to the metastable level E2. There are thus many
ions present to contribute to the spontaneous emission. Moreover, each of the
ions which participate in the pump cycle transfer energy into the lattice from the
E3 → E2 transition. This transition is normally radiationless, the energy being
carried into the lattice by phonons.
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1.4.2 The Four-Level System

The four-level laser system, which is characteristic of the rare earth ions in glass
or crystalline host materials, is illustrated in Fig. 1.7. Note that a characteristic of
the three-level laser material is that the laser transition takes place between the
excited laser level 2 and the final ground state 1, the lowest energy level of the
system. This leads to low efficiency. The four-level system avoids this disadvan-
tage. The pump transition extends again from the ground state (now level E0) to
a wide absorption band E3. As in the case of the three-level system, the ions so
excited will proceed rapidly to the sharply defined level E2. The laser transition,
however, proceeds now to a fourth, terminal level E1, which is situated above the
ground state E0. From here the ion undergoes a rapid nonradiative transition to
the ground level. In a true four-level system, the terminal laser level E1 will be
empty. To qualify as a four-level system a material must possess a relaxation time
between the terminal laser level and the ground level which is fast compared to
the fluorescence lifetime, that is, τ10 � τ21. In addition, the terminal laser level
must be far above the ground state so that its thermal population is small. The
equilibrium population of the terminal laser level 1 is determined by the relation

N1

N0
= exp

(−�E

kT

)
, (1.48)

where�E is the energy separation between level 1 and the ground state, and T is
the operating temperature of the laser material. If �E � kT, then N1/N0 � 1,
and the intermediate level will always be relatively empty. In some laser materials
the energy gap between the lower laser level and the ground state is relatively
small and, therefore, they must be cooled to function as four-level lasers. In a four-
level system an inversion of the 2 → 1 transition can occur even with vanishingly
small pump power, and the high pump rate, necessary to maintain equilibrium

FIGURE 1.7. Simplified energy level diagram of a four-level laser.



34 1. Energy Transfer Between Radiation and Atomic Transitions

population in the aforementioned three-level system, is no longer needed. In the
most favorable case, the relaxation times of the 3 → 2 and 1 → 0 transitions in
the four-level system are short compared with the spontaneous emission lifetime
of the laser transition τ21. Hence we can also carry out the calculations as if only
the E1 and E2 states were populated.

1.4.3 The Metastable Level

After this brief introduction to the energy level structure of solid-state lasers we
can ask the question, “What energy level scheme must a solid possess to make
it a useful laser?” As we have seen in the previous discussion, the existence
of a metastable level is of paramount importance for laser action to occur. The
relatively long lifetime of the metastable level provides a mechanism by which
inverted population can be achieved. Most transitions of ions show rapid non-
radiative decay, because the coupling of the internal atomic oscillations to the
surrounding lattice is strong. Radiative decay processes can occur readily, but
most have short lifetimes and broad linewidths. Only a few transitions of selected
ions in solids turn out to be decoupled from the lattice vibrations. These transi-
tions have a radiative decay that leads to relatively long lifetimes.

In typical laser systems with energy levels, such as illustrated by Figs. 1.6 and
1.7, the 3 → 2 transition frequencies, as well as the 1 → 0 transition frequen-
cies, all fall within the frequency range of the vibration spectrum of the host
crystal lattice. Therefore, all these transitions can relax extremely rapidly by di-
rect nonradiative decay, that is, by emitting a phonon to the lattice vibrations,
with τ32, τ10 ≈ 10−8 to 10−11 s. However, the larger 3 → 0, 3 → 1, 2 → 0,
and 2 → 1 energy gaps in these ions often correspond to transition frequencies
that are higher than the highest possible vibration frequency of the crystal lat-
tice. Such transitions cannot relax via simple single-phonon spontaneous emission
since the lattice simply cannot accept phonons at those high frequencies. These
transitions must then relax either by radiative (photon) emission or by multiple-
phonon processes. Since both these processes are relatively weak compared to
direct single-phonon relaxation, the high-frequency transitions will have much
slower relaxation rates (τ21 ≈ 10−5 to 10−3 s in many cases). Therefore, the vari-
ous levels lumped into level 3 will all relax mostly into level 2 while level 2 itself
is metastable and long-lived because there are no other levels located close below
it into which it can decay directly.

The existence of metastable levels follows from quantum mechanical consid-
erations that will not be discussed here. However, for completeness we will at
least explain the term “forbidden transition.” As we have seen in Section 1.2.4,
the mechanism by which energy exchange takes place between an atom and the
electromagnetic fields is the dipole radiation. As a consequence of quantum-
mechanical considerations and the ensuing selection rules, transfer between cer-
tain states cannot occur due to forbidden transitions. The term “forbidden” means
that a transition among the states concerned does not take place as a result of the
interaction of the electric dipole moment of the atom with the radiation field. As
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a result of the selection rules, an atom may get into an excited state from which
it will have difficulty returning to the ground state. A state from which all dipole
transitions to lower energy states are forbidden is metastable; an atom entering
such a state will generally remain in that state much longer than it would in an
ordinary excited state from which escape is comparatively easy.

In the absence of a metastable level, the ions which become excited by pump
radiation and are transferred to a higher energy level will return either directly
to the ground state by spontaneous radiation or by cascading down on interme-
diate levels, or they may release energy by phonon interaction with the lattice.
In order for the population to increase at the metastable laser level, several other
conditions have to be met. Let us consider the more general case of a four-level
system illustrated in Fig. 1.7. (Note that a three-level system can be thought of
as a special case of a four-level scheme where levels 1 and 0 coincide.) Pumping
takes place between two levels and laser action takes place between two other
levels. Energy from the pump band is transferred to the upper laser level by fast
radiative transitions. Energy is removed from the lower laser level again by fast
radiationless transitions.

For electrons in the pump band at level 3 to transfer to level 2 rather than re-
turn directly to the ground state, it is required that τ30 � τ32. For population to
build up, relaxation out of the lower level 1 has to be fast, τ21 � τ10. Thus, as a
first conclusion, we may say that if the right relaxation time ratio exists between
any two levels (such as 3 and 2) in an energy level system, a population inversion
should be possible. If so, then obtaining a large enough inversion for successful
laser operation becomes primarily a matter of the right pumping method. The op-
tical pumping method is generally feasible only in laser materials that combine a
narrow laser emission line with a broad absorption transition, so that a broadband
intense light source can be used as the pump source. An exception is a solid-
state laser that is pumped by another laser, such as a diode laser for example. In
this case the requirement for a broad absorption range for the pump band can be
relaxed.

Having achieved population inversion in a material by correct combination of
relaxation times and the existence of broad pump bands, the linewidth of the laser
transition becomes very important. In Chapter 2 we will see that the optical gain
for a given population inversion is inversely proportional to linewidth. Therefore,
the metastable level should have a sufficiently narrow linewidth.

1.5 Laser Rate Equations

The dynamic behavior of a laser can be described with reasonable precision by
a set of coupled rate equations. In their simplest forms, a pair of simultaneous
differential equations describe the population inversion and the radiation density
within a spatially uniform laser medium. We will describe the system in terms
of the energy-level diagrams shown in Figs. 1.6 and 1.7. As we have seen in the
preceding discussions, two energy levels are of prime importance in laser action:
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the excited upper laser level E2 and the lower laser level E1. Thus, for many
analyses of laser action, an approximation of the three- and four-level systems by
a two-level representation is very useful.

The rate-equation approach used in this section involves a number of simpli-
fying assumptions; in using a single set of rate equations we are ignoring lon-
gitudinal and radial variations of the radiation within the laser medium. In spite
of these limitations, the simple rate-equation approach remains a useful tool and,
properly used, provides a great deal of insight into the behavior of real solid-state
laser devices. We will derive from the rate equations the threshold condition for
laser actions, and obtain a first-order approximation of the relaxation oscillations
in a solid-state laser. Furthermore, in Chapter 4 we will use the rate equations to
calculate the gain in a laser amplifier.

In general, the rate equations are useful in predicting the gross features of the
laser output, such as average and peak power, Q-switched pulse-envelope shape,
threshold condition, and so forth. On the other hand, many details of the nature of
the laser emission are inaccessible from the point of view of a simple rate equa-
tion. These include detailed descriptions of the spectral, temporal, and spatial dis-
tributions of the laser emission. Fortunately, these details can often be accounted
for independently.

In applying the rate equations to the various aspects of laser operation, we will
find it more convenient to express the probability for stimulated emission �(ν)B21
by the photon density φ and the stimulated emission cross section σ .

With (1.37) we can express the Einstein coefficient for stimulated emission B21
in terms of the stimulated emission cross section σ(ν),

B21 = c

hνg(ν)
σ (ν), (1.49)

where c = c0/n0 is the speed of light in the medium. The energy density per unit
frequency �(ν) is expressed in terms of the lineshape factor g(ν), the energy hν,
and the photon density φ [photons/cm3] by

�(ν) = hνg(ν)φ. (1.50)

From (1.49) and (1.50) we obtain

B21�(ν) = cσ(ν)φ. (1.51)

1.5.1 Three-Level System

In order to approximate the three-level system with a two-level scheme, we as-
sume that the transition from the pump band to the upper laser level is so fast that
N3 ≈ 0. Therefore pumping does not affect the other processes at all, except to al-
low a mechanism of populating the upper level and thereby obtaining population
inversion (N2 > N1).
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Looking at Fig. 1.6, this assumption requires that the relaxation time ratio
τ32/τ21 be very small. In solid-state lasers τ32/τ21 ≈ 0 is a good approximation.
Spontaneous losses from the pump band to the ground state can be expressed by
the quantum efficiency ηQ. This parameter, defined as

ηQ =
(

1 + τ32

τ31

)−1

≤ 1, (1.52)

specifies what fraction of the total atoms excited to level 3 drop from there to
level 2, thus becoming potentially useful for laser action. A small ηQ obviously
requires a correspondingly larger pump power.

The changes in the electron population densities in a three-level system, based
on the assumption that essentially all of the laser ions are in either levels 1 or 2,
are

∂n1

∂t
=
(

n2 − g2

g1
n1

)
cφσ + n2

τ21
− Wpn1 (1.53)

and

∂n2

∂t
= −∂n1

∂t
, (1.54)

since

ntot = n1 + n2, (1.55)

where Wp is the pumping rate [s−1].
The terms of the right-hand side of (1.53) express the net stimulated emission,

the spontaneous emission, and the optical pumping.
The time variation of the population in both levels due to absorption, sponta-

neous, and stimulated emission is obtained from (1.15). Note that the populations
N1 and N2 are now expressed in terms of population densities n1 and n2. To take
into account the effect of pumping, we have added the term Wpn1, which can be
thought of as the rate of supply of ions to the metastable level 2. More precisely,
Wpn1 is the number of ions transferred from the ground level to the upper laser
level per unit time per unit volume. The pump rate Wp is related to the pump
parameter W13 in Fig. 1.6 by

Wp = ηQW13. (1.56)

The negative sign in front of Wpn1 in (1.53) indicates that the pump mechanism
removes atoms from the ground level 1 and increases the population of level 2.

If we now define the inversion population density by

n = n2 − g2n1

g1
, (1.57)



38 1. Energy Transfer Between Radiation and Atomic Transitions

we can combine (1.53), (1.54), and (1.57) to obtain

∂n

∂t
= −γ nφσc − (n + ntot)(γ − 1)

τ f
+ Wp(ntot − n), (1.58)

where

γ = 1 + g2

g1
and τ f = τ21. (1.59)

In obtaining (1.58) we have used the relations

n1 = ntot − n

1 + g2/g1
and n2 = n + (g2/g1)ntot

1 + g2/g1
. (1.60)

Another equation, usually regarded together with (1.58), describes the rate of
change of the photon density within the laser resonator,

∂φ

∂t
= cφσn − φ

τc
+ S, (1.61)

where τc is the decay time for photons in the optical resonator and S is the rate at
which spontaneous emission is added to the laser emission.

If we consider for the moment only the first term on the right, which is the
increase of the photon density by stimulated emission, then (1.61) is identical to
(1.33). However, for the time variation of the photon density in the laser resonator
we must also take into account the decrease of radiation due to losses in the system
and the increase of radiation due to a small amount of spontaneous emission that
is added to the laser emission. Although very small, this term must be included
because it provides the source of radiation which initiates laser emission.

An important consideration for initiation of laser oscillation is the total number
p of resonant modes possible in the laser resonator volume V since in general
only a few of these modes are initiated into oscillations. This number is given by
the familiar expression (1.3),

p = 8πν2�νV

c3
, (1.62)

where ν is the laser optical frequency and �ν is the bandwidth of spontaneous
emission. Let pL be the number of modes of the laser output. Then S can be
expressed as the rate at which spontaneous emission contributes to stimulated
emission, namely,

S = pLn2

pτ21
. (1.63)

The reader is referred to Chapter 3 for a more detailed description of the factor
τc which appears in (1.61). For now we only need to know that τc represents all
the losses in an optical resonator of a laser oscillator. Since τc has the dimension
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of time, the losses are expressed in terms of a relaxation time. The decay of the
photon population in the cavity results from transmission and absorption at the
end mirrors, “spillover” diffraction loss due to the finite apertures of the mirrors,
scattering and absorptive losses in the laser material itself, etc. In the absence of
the amplifying mechanism, (1.61) becomes

∂φ

∂t
= − φ

τc
, (1.64)

the solution of which is φ(τ) = φ0 exp(−t/τc).

The importance of (1.61) should be emphasized by noting that the right-hand
side of this equation describes the net gain per transit of an electromagnetic wave
passing through a laser material.

1.5.2 Four-Level System

We will assume again that the transition from the pump band into the upper laser
level occurs very rapidly. Therefore the population of the pump band is negligible,
that is, n3 ≈ 0. With this assumption the rate of change of the two laser levels in
a four-level system is

dn2

dt
= Wpng −

(
n2 − g2

g1
n1

)
σφc −

(
n2

τ21
+ n2

τ20

)
, (1.65)

dn1

dt
=
(

n2 − g2

g1
n1

)
σφc + n2

τ21
− n1

τ10
, (1.66)

ntot = ng + n1 + n2 (1.67)

where ng is the population density of the ground level 0. From (1.65) it follows
that the upper laser level population in a four-level system increases because of
pumping and decreases because of stimulated emission and spontaneous emis-
sions into levels 1 and 0. The lower level population increases because of stimu-
lated and spontaneous emission and decreases by a radiationless relaxation pro-
cess into the ground level. This process is characterized by the time constant τ10.
In an ideal four-level system the terminal level empties infinitely fast to the ground
level. If we let τ10 ≈ 0, then it follows from (1.66) that n1 = 0. In this case the
entire population is divided between the ground level 0 and the upper level of the
laser transition. The system appears to be pumping from a large source that is
independent of the lower laser level. With τ10 = 0 and n1 = 0, we obtain the
following rate equation for the ideal four-level system

n = n2 (1.68)

and

ntot = ng + n2 ≈ ng since n2 � ng. (1.69)
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Therefore, instead of (1.58), we have

∂n2

∂t
= −n2σφc − n2

τf
+ Wp(ng − n2). (1.70)

The fluorescence decay time τf of the upper laser level is given by

1

τf
= 1

τ21
+ 1

τ20
. (1.71)

In the equation for the rate of change of the upper laser level we have again taken
into account the fact that not all ions pumped to level 3 will end up at the upper
laser level. It is

Wp = ηQW03, (1.72)

where the quantum efficiency ηQ depends on the branching ratios that are the
relative relaxation rates for the ions along the various possible downward paths,

ηQ =
(

1 + τ32

τ31
+ τ32

τ30

)−1

≤ 1. (1.73)

Strictly speaking the definition of ηQ given in (1.73) is the pump quantum effi-
ciency that addresses the fact that some of the absorbed pump photons will decay
to levels other than the upper laser level. The general definition of ηQ as given in
Chapters 3 and 7 also includes losses from the upper laser level as a result of non-
radiative decay. These losses caused by quenching processes reduce the inversion
available for laser action.

Summary

In thermal equilibrium lower energy states of ions or atoms are more heavily
populated than higher energy states according to Boltzmann’s statistics. In order
for stimulated emission rather than absorption to occur, the population between
two energy states has to be inverted, such that the higher energy level is more
heavily populated compared to the lower level. Energy to achieve this population
inversion is supplied by a pump source.

In a three-level laser the ground state of the electronic transition is also the
lower laser level. At thermal equilibrium the majority of ions are in this level.
Thus, at least half of the ions at the ground level must be transferred to the upper
laser level before laser action is possible.

In a four-level laser, the lower laser level lies at an energy level that is above the
ground state. Since the number of thermally excited ions in the lower laser level is
small, the population can be easily inverted by pumping a relatively small number
of ions into the upper laser level. Therefore it requires less energy to generate a
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population inversion in a four-level laser and the threshold will be lower compared
to a three-level system.

For both systems there must be a fast process that transfers excited ions from
the pump level to the upper laser level. Futhermore in a four-level system, the
lower laser level has to drain rapidly to the ground state to prevent laser action to
cease.

The rate equation applicable to three- and four-level systems can be expressed
by a single pair of equations, namely, (1.58) and (1.61), where γ = 1+g2/g1 for a
three-level system and γ = 1 for a four-level system. The factor γ can be thought
of as an “inversion reduction factor” since it corresponds to the net reduction
in the population inversion after the emission of a single photon. In a four-level
system, see (1.70), we have γ = 1 since the population inversion density is only
reduced by one for each photon emitted. For a three-level system (see (1.58)), we
have γ = 2 if we assume no degeneracy, that is, g2/g1 = 1. This reflects the fact
that in this case the population inversion is reduced by two for each stimulated
emission of a photon because the emitting photon is not only lost to the upper
laser level, but also increases the lower laser level by one.
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Exercises

1. A pretty good classical model of matter results when you think of an atom as
having an electron attached to a massive nucleus by a spring so that it can un-
dergo damped harmonic motion. Electrons, being charged particles, are driven
to move under these constraints by applied electric fields. Since light is an
electromagnetic wave phenomenon having an electric field transverse to the
direction of propagation, we can try to understand light–matter interactions by
asking how such a field causes the matter to react.

Solve for the motion of the driven, damped harmonic oscillator shown be-
low, where the driving electric field propagating in the z-direction and polar-
ized in the y-direction is E = E0 exp(i(ωt−kz))ay whereω is the frequency of
the driving field, k is its wave vector, and ay is a unit vector in the y-direction.

(a) Find the resonant frequency for the electron by solving for the motion of
the electron when it is not driven. When there is no damping, the resonant
frequency is called the natural frequency of the oscillator.

(b) What is the effect of damping on the motion (mathematically and in
words)?

(c) A material interacts with an electromagnetic wave by becoming polarized
and that polarization then radiates an electromagnetic wave. The polar-
ization of a material is proportional to the sum of the dipole moments of
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z 

An electron of charge −e and mass m
attached to a massive nucleus fixed at
the origin and constrained to move
along the y axis. Its motion is damped
with a damping constant γ .

the atoms in the material. Recall that the dipole moment is just the charge
on the electron times its displacement from equilibrium. From the gen-
eral solution to the driven, damped harmonic oscillator we are discussing,
identify the terms related to Einstein’s A and B coefficients and explain
why you made each identification. In other words, show that Einstein’s
model is actually a classical model of light–matter interactions.

(Hint: The equation for a damped harmonic oscillator is

d2y

dt2
+ γ

m

dy

dt
+ k

m
y = 0

and, when a force, F , drives it we have

d2 y

dt2
+ γ

m

dy

dt
+ k

m
y = F

m
.

You solve the first homogeneous equation and find the natural motion of
the oscillator. Then you solve the driven oscillator by assuming a solution
at the frequency of the driving field. The general solution is the sum of the
solutions.)

2. Equation (1.20) gives a relation between the stimulated and spontaneous emis-
sion coefficients. Recall the implication of spontaneous emission on the ex-
cited state population and explain how this relation affects the possibility of
making short wavelength lasers.

3. Consider two different materials each having an emission line centered at fre-
quency ν0 with the same line width, �ν (full width at half-maximum). You
know that one is homogeneously broadened and the other is inhomogeneously
broadened. A friend suggests that to tell which is which you measure the line
strengths at say, three times �ν. Which will be stronger and by how much?



Exercises 43

4. Is it possible to achieve an inverted population in a purely two-level system
(assume equal degeneracy)? If so, then find the threshold for lasing in such a
system. If not, describe the interaction of a beam of light having a frequency
corresponding to the energy difference between the two levels when its photon
density gets very high? When this happens, what is the population of each
level?

5. Under what circumstances and at what temperature will the rate of transition
due to thermal background radiation (proportional to the photon density times
the Einstein B coefficient) be equal to the rate of spontaneous transition (pro-
portional to the Einstein A coefficient) for a two-level system?
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Materials for laser operation must possess sharp fluorescent lines, strong absorp-
tion bands, and a reasonably high quantum efficiency for the fluorescent transition
of interest. These characteristics are generally shown by solids (crystals or glass)
that incorporate in small amounts elements in which optical transitions can occur
between states of inner, incomplete electron shells. Thus the transition metals, the
rare earth (lanthanide) series, and the actinide series are of interest in this con-
nection. The sharp fluorescence lines in the spectra of crystals doped with these
elements result from the fact that the electrons involved in transitions in the op-
tical regime are shielded by the outer shells from the surrounding crystal lattice.
The corresponding transitions are similar to those of the free ions. In addition to
a sharp fluorescence emission line, a laser material should possess pump bands

44
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within the emission spectrum of readily available pump sources such as arc lamps
and laser diode arrays.

The three principal elements leading to gain in a solid-state laser are:

• The host material with its macroscopic mechanical, thermal and optical prop-
erties, and its unique microscopic lattice properties.

• The activator/sensitizer ions with their distinctive charge states and free-ion
electronic configurations.

• The optical pump source with its particular geometry, spectral irradiance, and
temporal characteristic.

These elements are interactive and must be selected self-consistently to achieve a
given system performance.

In this chapter we consider the properties of various host materials and activa-
tor/sensitizer combinations.

2.1 Overview

The conditions for laser action at optical frequencies were first described by
Schawlow and Townes [1] in 1958. The first demonstration of laser action by
Maiman [2] was achieved in 1960 using ruby (Cr3+ : Al2O3), a crystalline solid
system. The next step in the development of solid-state lasers was the operation
of trivalent uranium in CaF2 and divalent samarium in CaF2.

Laser action in neodymium-doped glass and the first continuously operating
crystal laser using Nd3+ : CaWO4 were reported in 1961. Since then laser action
has been achieved from trivalent rare earths (Nd3+, Er3+, Ho3+, Ce3+, Tm3+,
Pr3+, Gd3+, Eu3+, Yb3+), divalent rare earths (Sm2+, Dy2+, Tm2+), transition
metals (Cr3+, Ni2+, Co2+, Ti3+, V2+), and the actinide ion U3+ embedded in
various host materials. Optically pumped laser action has been demonstrated in
hundreds of ion-host crystal combinations covering a spectral range from the vis-
ible to the mid-infrared.

The exceptionally favorable characteristics of the trivalent neodymium ion for
laser action were recognized at a relatively early stage in the search for solid-state
laser materials. Thus, Nd3+ was known to exhibit a satisfactorily long fluores-
cence lifetime and narrow fluorescence linewidths in crystals with ordered struc-
tures, and to possess a terminal state for the laser transition sufficiently high above
the ground state so that cw operation at room temperature was readily feasible.
Therefore, this ion was incorporated as a dopant in a variety of host materials, that
is, glass, CaWO4, CaMoO4, CaF2, LaF3, and so forth, in an effort to make use
of its great potential. However, most of these early hosts displayed undesirable
shortcomings, either from the standpoint of their intrinsic physical properties or
because of the way in which they interacted with the Nd3+ ions. Finally, yttrium
aluminum garnet (YAG) was explored by Geusic et al. [3] as a host for Nd3+, and
its superiority to other host materials was quickly demonstrated.
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2.1.1 Host Materials

Solid-state host materials may be broadly grouped into crystalline solids and
glasses. The host must have good optical, mechanical, and thermal properties to
withstand the severe operating conditions of practical lasers. Desirable proper-
ties include hardness, chemical inertness, absence of internal strain and refractive
index variations, resistance to radiation-induced color centers, and ease of fabri-
cation.

Several interactions between the host crystal and the additive ion restrict the
number of useful material combinations. These include size disparity, valence,
and spectroscopic properties. Ideally, the size and valence of the additive ion
should match that of the host ion it replaces.

In selecting a crystal suitable for a laser ion host one must consider the follow-
ing key criteria:

(a) The crystal must possess favorable optical properties. Variations in the index
of refraction lead to inhomogeneous propagation of light through the crystal
which results in poor beam quality.

(b) The crystal must possess mechanical and thermal properties that will permit
high-average-power operation. The most important parameters are thermal
conductivity, hardness, and fracture strength.

(c) The crystal must have lattice sites that can accept the dopant ions and that
have local crystal fields of symmetry and strength needed to induce the de-
sired spectroscopic properties. In general, ions placed in a crystal host should
have long radiative lifetimes with emission cross sections near 10−20 cm2.

(d) It must be possible to scale the growth of the impurity-doped crystal, while
maintaining high optical quality and high yield.

Glasses

Glasses form an important class of host materials for some of the rare earths,
particularly Nd3+. The outstanding practical advantage compared to crystalline
materials is the tremendous size capability for high-energy applications. Rods
up to 1 m in length and over 10 cm in diameter, and disks up to 90 cm in diameter
and several centimeters thick have been produced. The optical quality is excellent,
and glass, of course, is easily fabricated and takes a good optical finish. Laser ions
placed in glass generally show a larger fluorescent linewidth than in crystals as a
result of the lack of a unique and well-defined crystalline field surrounding the
individual active atoms. Therefore, the laser thresholds for glass lasers have been
found to run higher than their crystalline counterparts. Also, glass has a much
lower thermal conductivity than most crystalline hosts. The latter factor leads to
a large thermally induced birefringence and optical distortion in glass laser rods
when they are operated at high average powers.

For bulk solid-state lasers, glass doped with Nd3+ or Er3+ is important and will
be discussed in Sections 2.4 and 2.7. In fiber oscillators and amplifiers, Er3+- and
Yb3+-doped glass provides the active medium.
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Oxides

Sapphire. The first laser material to be discovered (ruby laser) employed sap-
phire as a host. The Al2O3 (sapphire) host is hard, with high thermal conductivity,
and transition metals can readily be incorporated substitutionally for the Al. The
Al site is too small for rare earths, and it is not possible to incorporate appreciable
concentrations of these impurities into sapphire. Besides ruby which is still used
today, Ti-doped sapphire has gained significance as a tunable-laser material. The
properties of ruby and Ti-sapphire will be discussed in Sections 2.2 and 2.10.

Garnets. Some of the most useful laser hosts are the synthetic garnets: yttrium
aluminum garnet, Y3Al5O12 (YAG); gadolinium gallium garnet, Gd3Ga5O12
(GGG), and gadolinium scandium aluminum garnet Gd3Sc2Al3O12 (GSGG).
These garnets have many properties that are desirable in a laser host material.
They are stable, hard, optically isotropic, and have good thermal conductivities,
which permits laser operation at high average power levels.

In particular, yttrium aluminum garnet doped with neodymium (Nd : YAG) has
achieved a position of dominance among solid-state laser materials. YAG is a
very hard, isotropic crystal, which can be grown and fabricated in a manner that
yields rods of high optical quality. At the present time, it is the best commercially
available crystalline laser host for Nd3+, offering low threshold and high gain. The
properties of Nd : YAG are discussed in more detail in Section 2.3. Besides Nd3+,
the host crystal YAG has been doped with Tm3+, Er3+, Ho3+, and Yb3+. The
Yb : YAG laser material will be discussed in Section 2.8 and Er : YAG, Tm : YAG,
and Ho : YAG crystals are briefly covered under the appropriate active ion.

In recent years, Nd : GSGG co-doped with Cr3+ has been employed in a num-
ber of laser systems. Cr3+ considerably increases the absorption of flashlamp radi-
ation and transfers the energy very efficiently to Nd. A comparison with Nd : YAG
reveals a lower thermal conductivity and a lower heat capacity for GSGG but, in
general, the materials parameters are fairly close. The stimulated emission cross
section, and therefore the gain of Cr : Nd : GSGG is about half of that in YAG.
This can be an advantage for Q-switch operation since more energy can be stored
before amplified spontaneous emission (ASE) starts to deplete the metastable
level.

Vanadates

Nd3+-doped yttrium orthovanadate (YVO4) has shown a relatively low threshold
at pulsed operation. However, early studies of this crystal were hampered by se-
vere crystal growth problems, and as a result YVO4 was discarded as a host. With
the emergence of diode pumping, Nd : YVO4 has become an important solid-state
laser material (Section 2.6), because it has very attractive features, such as a large
stimulated emission cross section and a high absorption of the pump wavelength,
and the growth problem has been overcome for the small crystals required with
this pump source.
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Fluorides

Doping of fluorides with trivalent rare earth ions requires charge compensation
which complicates the crystal growth process. The important representative of
this crystal family is yttrium fluoride (YLiF4), a uniaxial crystal. YLiF4 is trans-
parent to 150 nm. Therefore, high-current-density xenon flashlamps which emit
strongly in the blue and near-ultraviolet can be used as pump sources without
damage to the material. The most common dopant of YLF is Nd3+. Nd : YLF of-
fers a reduction in thermal lensing and birefringence combined with improved en-
ergy storage relative to Nd : YAG. The thermomechanical properties of Nd : YLF,
however, are not as good as those of Nd : YAG. Details of Nd : YLF are discussed
in Section 2.5.

2.1.2 Active Ions

Before proceeding to a discussion of the active laser ions, we will review briefly
the nomenclature of atomic energy levels.

Different energy states of electrons are expressed by different quantum num-
bers. The electrons in an atom are characterized by a principal quantum number n,
an orbital angular momentum l, the orientation of the angular momentum vector
m, and a spin quantum number s. A tradition from the early days of line-series al-
location has established the following method of designating individual electronic
orbits: a number followed by a letter symbolizes the principal quantum number n
and the angular momentum number l, respectively. The letters s, p, d, f stand for
l = 0, 1, 2, 3, respectively. For example, a 3d electron is in an orbit with n = 3
and l = 2.

To designate an atomic energy term one uses by convention capital letters with
a system of subscripts and superscripts. The symbol characterizing the term is
of the form 2S+1L J , where the orbital quantum numbers L = 0, 1, 2, 3, 4, 5,
are expressed by the capital letters S, P , D, F , G, H , I . A superscript to the
left of the letter indicates the value (2S + 1), that is, the multiplicity of the term
due to possible orientation of the resultant spin S. Thus a one-electron system
(S = 1

2 ) has a multiplicity 2. L and S can combine to a total angular momentum
J , indicated by a subscript to the right of the letter. Thus the symbol 2P3/2 shows
an energy level with an orbital quantum number L = 1, a spin of S = 1

2 , and a
total angular momentum of J = 3

2 . The complete term description must include
the configuration of the excited electron, which precedes the letter symbol. Thus
the ground state of lithium has the symbol 2s 2S1/2.

When an atom contains many electrons, the electrons that form a closed shell
may be disregarded and the energy differences associated with transitions in the
atom may be calculated by considering only the electrons outside the closed shell.

In describing the state of a multielectron atom, the orbital angular momenta
and the spin angular momenta are added separately. The sum of the orbital an-
gular momenta are designated by the letter L , and the total spin is characterized
by S. The total angular momentum J of the atom may then be obtained by vector
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addition of L and S. The collection of energy states with common values of J , L ,
and S is called a term.

In the following section, a qualitative description is given of some of the promi-
nent features of the most important rare earth, actinide, and transition metal ions.

Rare Earth Ions

The rare earth ions are natural candidates to serve as active ions in solid-state laser
materials because they exhibit a wealth of sharp fluorescent transitions represent-
ing almost every region of the visible and near-infrared portions of the electro-
magnetic spectrum. It is a characteristic of these lines that they are very sharp,
even in the presence of the strong local fields of crystals, as a result of the shield-
ing effect of the outer electrons.

The ground state electronic configuration of the rare earth atom consists of a
core that is identical to xenon, plus additional electrons in higher orbits. In xenon,
the shells with quantum numbers n = 1, 2, 3 are completely filled. The shell
n = 4 has its s, p, and d subshells filled, whereas the 4 f subshell capable of
accommodating 14 electrons is completely empty. However, the n = 5 shell has
acquired its first eight electrons which fill the 5s and 5p orbits. The electronic
configuration for xenon is

1s22s22p63s23p63d104s24p64d105s25p6 .

Elements beyond xenon, which has the atomic number 54, have this electronic
structure and, in addition, have electrons in the 4 f , 5d, 6s, etc. orbits. Cesium,
barium, and lanthanum are the elements between xenon and the rare earths. Ce-
sium has one, and barium has two 6s electrons, and lanthanum has in addition
one electron in the 5d orbit. Rare earth elements begin with the filling of the inner
vacant 4 f orbits. For example, the first rare earth element cerium has only one
electron in the f -orbit:

Ce: . . . 4 f 5s25p65d6s2

and the important rare earth neodymium has four electrons in the f orbit

Nd: . . . 4 f 45s25p66s2.

Since the first nine shells and subshells up to 4d10 are completely filled, only the
outer electron configuration is indicated.

In crystals, rare earth ions are normally trivalent, but under appropriate condi-
tions the valence state can also be divalent. When a trivalent ion is formed the
atom gives up its outermost 6s electrons, the atom loses also its 5d electron if it
has one, otherwise one of the 4 f electrons is lost. For example, trivalent cesium
has the electronic configuration

Ce3+: . . . 4 f 5s25p6
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and trivalent neodymium has the configuration

Nd3+: . . . 4 f 35s25p6.

As one can see, the trivalent ions of rare earths have a simpler configuration than
the corresponding atoms. Ions from the rare earths differ in electronic structure
only by the number of electrons in the 4 f shell as illustrated in Table 2.1. When
a divalent rare earth ion is formed, the atom gives up its outermost 6s electrons.

The fluorescence spectra of rare earth ions arise from electronic transitions be-
tween levels of the partially filled 4 f shell. Electrons present in the 4 f shell can
be raised by light absorption into unoccupied 4 f levels. The 4 f states are well-
shielded by the filled 5s and 5p outer shells. As a result, emission lines are rela-
tively narrow and the energy level structure varies only slightly from one host to
another. The effect of the crystal field is normally treated as a perturbation on the
free-ion levels. The perturbation is small compared to spin-orbit and electrostatic
interactions among the 4 f electrons. The primary change in the energy levels is a
splitting of each of the free-ion levels in many closely spaced levels caused by the
Stark effect of the crystal field. In crystals the free-ion levels are then referred to
as manifolds. For example, Figure 2.2 provides a nice illustration of the splitting
of the Nd3+ manifolds into sublevels as a result of the YAG crystal field.

Neodymium. Nd3+ was the first of the trivalent rare earth ions to be used in a
laser, and it remains by far the most important element in this group. Stimulated
emission has been obtained with this ion incorporated in at least 100 different host
materials, and a higher power level has been obtained from neodymium lasers
than from any other four-level material. The principal host materials are YAG and
glass. In these hosts stimulated emission is obtained at a number of frequencies

TABLE 2.1. Electronic configuration of trivalent rare earths.

Element Trivalent Number of Ground
number rare earth 4 f electrons state

58 Cerium, Ce3+ 1 2 F5/2
59 Praseodymium, Pr3+ 2 3 H4
60 Neodymium, Nd3+ 3 4 I9/2
61 Promethium, Pm3+ 4 5 I4
62 Samarium, Sm3+ 5 6 H5/2
63 Europium, Eu3+ 6 7 F0
64 Gadolinium, Gd3+ 7 8S7/2
65 Terbium, Tb3+ 8 7 F6
66 Dysprosium, Dy3+ 9 6 H15/2
67 Holmium, Ho3+ 10 5 I8
68 Erbium, Er3+ 11 4 I15/2
69 Thulium, Tm3+ 12 3 H6
70 Ytterbium, Yb3+ 13 2 F7/2
71 Lutetium, Lu3+ 14 1S0
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within three different groups of transitions centered at 0.9, 1.06, and 1.35µm.
Radiation at these wavelengths results from 4F3/2 → 4I9/2, 4I11/2, and 4I13/2
transitions, respectively.

The nomenclature of the energy levels may be illustrated by a discussion of the
Nd3+ ion. This ion has three electrons in the 4 f subshell. In the ground state their
orbits are so aligned that the orbital angular momentum adds up to 3 + 2 + 1 = 6
atomic units. The total angular momentum L = 6 is expressed by the letter I .
The spins of the three electrons are aligned parallel to each other, providing an
additional 3

2 units of angular momentum, which, when added antiparallel to the
orbital angular momentum, gives a total angular momentum of 6 − 3

2 = 9
2 units.

According to the quantum rules for the addition of angular momenta, the vector
sum of an orbital angular momentum of 6 and a spin angular momentum of 3

2 may
result in the following four values of the total angular momentum: 9

2 , 11
2 , 13

2 , and
15
2 . The levels corresponding to these values are 4I9/2, 4I11/2, 4I13/2, and 4I15/2.

The first of these, which has the lowest energy, is the ground state; the others are
among the first few excited levels of Nd3+. These levels are distinguished by the
orientation of the spins with respect to the resultant orbital angular momentum.
Other excited levels are obtained when another combination of the orbital angu-
lar momenta is chosen. The most important neodymium laser materials, namely
Nd : YAG, Nd : glass, Nd : YLF, and Nd : YVO4 are described later in this chapter.

Erbium. Laser action in erbium has been demonstrated in a variety of garnets,
fluorides, and glasses. Erbium-laser performance is not very impressive in terms
of efficiency or energy output. However, erbium has attracted attention because of
two particular wavelengths of interest. A crystal, such as YAG, highly doped with
erbium produces an output around 2.9µm, and erbium-doped phosphate glass
generates an output at 1.54µm. Both of these wavelengths are absorbed by water,
which leads to interesting medical applications in the case of the 2.9µm lasers,
and to eye safe military rangefinders in the case of the shorter wavelength.

The wavelength at 1.54 µm arises from a transition between the 4I13/2 state
and the 4I15/2 ground state of Er3+. At room temperature all levels of the terminal
4I15/2 manifold are populated to some degree; thus this transition forms a three-
level laser scheme with a correspondingly high threshold. Er : glass is discussed
in Section 2.7. The wavelength at 2.9µm stems from a laser transition from the
4I11/2 to the 4I13/2 state. The lower laser level of this transition is considerably
above the ground state, similar to the 1.06µm transition in Nd3+. Therefore this
transition is four-level in nature. However, complicated energy transfer mech-
anisms between the levels and a lower laser level which has a longer lifetime
compared to the upper laser level has prevented cw operation at this transition.
But with highly concentrated pump beams at 963 nm from quasi-cw laser diodes
average output powers of several watts have been obtained from 50% Er : YAG.

Holmium. Laser action in Ho3+ has been reported in many different host mate-
rials. Because the terminal level is only about 250 cm−1 above ground level, the
lower laser level has a relatively high thermal population at room temperature.
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While Ho : YAG and Ho : YLF have proven to be efficient lasers, operation has
been limited in most cases to cryogenic temperatures, which will depopulate the
lower laser level. Previous efforts in flashlamp-pumped 2µm lasers have concen-
trated on Er : Tm : Ho-doped YAG and YLF.

It was discovered that chromium-sensitized Tm : Ho : YAG offers several ad-
vantages over the erbium-sensitized materials. In a Cr : Tm : Ho : YAG laser, a
very efficient energy transfer process between the co-dopants takes place. Cr3+
acts to efficiently absorb flashlamp energy, which is then transferred to thulium
with a transfer quantum efficiency approaching 2 (two photons in the infrared
for each pump photon). From thulium the energy is efficiently transferred to
holmium. Lasing occurs at the 5I7–5I8 holmium transition at a wavelength of 2080
nm. Laser diode pumping of a Tm : Ho : YAG laser via an absorption line in Tm3+
at 780 nm is also possible. Chromium doping is not necessary in this case.

Thulium. Efficient flashlamp and laser diode-pumped laser operation has been
achieved in Tm3+ : YAG and Tm3+ : YLF co-doped either with Cr3+ or Ho3+.
The output wavelength for the 3F4–3H6 transition is 2.01µm. The thulium ion has
an absorption at 785 nm which is useful for diode pumping. With diode pump-
ing Tm : YAG lasers have been designed with output powers in excess of 100 W.
Cr-doping provides for efficient absorption of the flashlamp radiation. Flashlamp-
pumped Cr : Tm : YAG can achieve tunable output between 1.945 and 1.965µm.

Thulium and thulium-sensitized holmium lasers have outputs in the 2µm re-
gion, a wavelength of interest for coherent radar systems, remote sensing, and
medical applications. The possibility of pumping thulium-doped crystals, with
readily available powerful GaAlAs laser diodes at 785 nm, has stimulated interest
in these materials.

Praseodymium, Gadolinium, Europium, Ytterbium, and Cerium. Laser ac-
tion in these triply ionized rare earths has been reported; however, only marginal
performance was obtained in hosts containing these ions with the exception of yt-
terbium. Diode-pumped Yb : YAG has become an important laser and is described
in Section 2.8.

Samarium, Dysprosium, and Thulium. The divalent rare earths Sm2+, Dy2+,
and Tm2+ have an additional electron in the 4 f shell, which lowers the energy
of the 5d configuration. Consequently, the allowed 4 f –5d absorption bands fall
in the visible region of the spectrum. These bands are particularly suitable for
pumping the laser systems. Tm2+, Dy2+, and Sm2+ have been operated as lasers,
all in a CaF2 host. For laser operation, these crystals must be refrigerated to at
least 77 K.

Actinide Ions

The actinides are similar to the rare earths in having the 5 f electrons partially
shielded by 6s and 6p electrons. Most of the actinide elements are radioactive,
and only uranium in CaF2 has been successfully used in a laser. The host was
doped with 0.05% uranium. Laser action occurred at 2.6µm between a metastable
level and a terminal level some 515 cm−1 above the ground state.
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Transition Metals

Important members of the transition metal group include chromium and titanium.
The chromium atom has 18 electrons in orbitals which make up the filled core.
The outer configuration includes six electrons in the d and s orbitals:

Cr: . . . 3d54s.

The trivalent chromium ion has given up three electrons from these outer two sets
of orbitals

Cr3+: . . . 3d3,

leaving three electrons in the 3d orbitals. These electrons determine the optical
properties of the ion. Since they are unshielded by outer shells of electrons, in con-
trast to rare earth ions, the optical properties of transition metal ions are strongly
influenced by the host crystal field.

The titanium atom has the same electronic configuration as chromium but only
four electrons in the d and s orbitals

Ti: . . . 3d24s2.

The trivalent titanium has only a single electron in the d orbital

Ti3+: . . . 3d.

Transition metal–host crystal combinations which have resulted in important
lasers include ruby (Cr3+ : Al2O3), alexandrite (Cr3+ : BeAl2O4), and Ti : sapphire
(Ti3+ : Al2O3) lasers, which are discussed in separate sections.

In addition, two other lasers based on chromium-doped crystals, Cr : LiSAF
(Cr3+ : LiSrAIF6) and Cr : forsterite (Cr4+ : Mg2SiO4) need to be mentioned.
Cr : LiSAF has found applications as a flashlamp or diode-pumped laser source
with tunable output from 780 to 920 nm. The broadband emissions of Cr : LiSAF
makes this crystal attractive for the generation and amplification of femtosec-
ond mode-locked pulses. Of particular interest is a diode-pumped, all solid-state
tunable source for femtosecond pulse generation.

Systems have been developed which range from small diode-pumped Cr : LiSAF
mode-locked oscillators to very large flashlamp-pumped amplifier stages. Both
pulsed and cw laser operation has been achieved in Cr4+ : Mg2SiO4 with Nd : YAG
lasers at 1.06µm and 532 nm as pump sources. The tuning range covers the spec-
tral region from 1167 to 1345 nm. A distinguishing feature of laser actions in
Cr : Mg2SiO4 is that the lasing ion is not trivalent chromium (Cr3+) as in the case
with other chromium-based lasers, but the active ion in this crystal is tetravalent
chromium (Cr4+) which substitutes for silicon (Si4+) in a tetradedral site.

In the following section we will describe some of the features of the most
prominent laser materials. The ruby laser, still in use today, provides a good il-
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lustration of a three-level system. Nd : YAG, because of its high gain and good
thermal and mechanical properties, is by far the most important solid-state laser
for scientific, medical, industrial, and military applications. Nd : glass is impor-
tant for laser fusion drivers because it can be produced in large sizes. Nd : YLF is
a good material for a number of applications; the crystal exhibits lower thermal
birefringence and has a higher energy storage capability (due to its lower gain
coefficient) compared to Nd : YAG. Nd : YVO4 has become a very attractive ma-
terial for small diode-pumped lasers because of its large emission cross section
and strong absorption at 809 nm. Er : glass is of special importance because the
laser output at 1.55µm is in the eye-safe region of the spectrum. The Yb : YAG
laser has been developed for high-power applications requiring output in the kW
range.

The last two lasers described in this chapter, alexandrite and Ti : sapphire, are
both broadly tunable lasers. Tunability of the emission in solid-state lasers is
achieved when the stimulated emission of photons is intimately coupled to the
emission of vibrational quanta (phonons) in a crystal lattice. In these “vibronic”
lasers, the total energy of the lasing transition is fixed but can be partitioned be-
tween photons and phonons in a continuous fashion. The result is broad wave-
length tunability of the laser output. In other words, the existence of tunable solid-
state lasers is due to the subtle interplay between the Coulomb field of the lasing
ion, the crystal field of the host lattice, and electron–phonon coupling permitting
broadband absorption and emission. Therefore, the gain in vibronic lasers depends
on transitions between coupled vibrational and electronic states; that is, a phonon
is either emitted or absorbed with each electronic transition. In alexandrite and
Ti : sapphire tunability is achieved by the 3d electron of the transition metal ions
Cr3+ and Ti3+.

Overviews of laser host materials and active ions, as well as compilations of
useful laser and materials parameters, can be found in a number of handbooks
and summary articles [4]–[10].

2.2 Ruby

The ruby laser, Cr3+ : Al2O3, is a three-level system, which makes it necessary to
pump the crystal at high intensity to achieve at least inversion. Consequently, the
overall system efficiency is very low, which is the main reason for its limited use
today. Ruby chemically consists of sapphire (Al2O3) in which a small percentage
of the Al3+ has been replaced by Cr3+. This is done by adding small amounts of
Cr2O3 to the melt of highly purified Al2O3. Sapphire has the best thermomechan-
ical properties of all solid-state laser materials. The crystal is very hard, has high
thermal conductivity, and can be grown to very high quality by the Czochralski
method. The Cr3+ ion has three d electrons in its unfilled shell; the ground state
of the free ion is described by the spectroscopic symbol 4A. The amount of doping
is nominally 0.05 wt.% Cr2O3.

A simplified energy level diagram of ruby is given in Fig. 2.1. In ruby lasers,
population inversion with respect to the so-called 2 E level is obtained by opti-
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FIGURE 2.1. Important energy levels of Cr3+ in ruby (separation of 2E levels not to scale).

cally pumping Cr3+ ions from the 4A2 ground state to the broad pump bands 4F2
and 4F1. The lifetime at the pump bands, which are each about 100 nm wide, lo-
cated in the green (18,000 cm−1) and in the violet (25,000 cm−1), is extremely
short, with the ions returning to a metastable state 2E that has a fluorescent life-
time of 3 ms. This metastable level is split into two sublevels with a separation of
�E = 29 cm−1. The upper sublevel is the 2A and the lower one the E sublevel.
The two transitions (E → 4A2 and 2A → 4A2) are referred to as the R1 and R2
lines, which are located at the end of the visible region at 694.3 and 692.9 nm,
respectively. The width of these fluorescent lines is �ν = 11 cm−1 at room tem-
perature and they are homogeneously broadened because of the interaction of the
Cr3+ ions with lattice vibrations. The two R lines are connected to each other by
a very fast nonradiative decay, thermalization of the population occurs, and this
results in the lower-lying E level being the more heavily populated.

At thermal equilibrium the difference in population between the E and 2A level
is determined by the Boltzmann factor κ = exp(�E/kT ). At room temperature
the Boltzmann factor is κ = 0.87. The R1 line attains laser threshold before
the R2 line because of the higher inversion. Once laser action commences in the
R1 line, the E level becomes depleted and population transfer from the nearby
2A level proceeds at such a fast rate that the threshold level is never reached
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for the R2 line. Therefore the entire initial population of the two states decays
through R1 emission. If we compare the energy-level diagram of ruby with our
simplified scheme of a three-level system in Figure 1.6, the levels 4 F1 and 4 F2
jointly constitute level 3, whereas 2E and 4A2 states represent levels 2 and 1,
respectively. We can write

n2 = n2(R1)+ n2(R2) (2.1)

for the metastable level and n1 for the ground level. Threshold and gain in ruby
depends only on the population of level n2(R1). However, in relating gain and
threshold to the population of the ground level n1 or to the total number of Cr3+
ions ntot, one has to take the population of n2(R2) into account. In ruby all levels
are degenerate, that is,

g(n1) = 4, g(R1) = g(R2) = 2. (2.2)

Because of the higher degeneracy of the ground state, amplification occurs
when the R1 level is at least one-half as densely populated as the ground state.
Since

n2(R1)+ n2(R2)+ n1 = ntot , (2.3)

we have the following population at threshold (300 K)

n2(R1) = ntot

3 + κ
= 0.26ntot,

n2(R2) = ntot

3 + κ
= 0.22ntot, (2.4)

n1 = 2ntot

3 + κ
= 0.52ntot.

Thus we must have just under one-half of the atoms in the two upper levels in
order to reach threshold. With a Cr3+ concentration of ntot = 1.58 × 1019 cm3

and a photon energy of hν = 2.86 × 10−19 W s, we obtain for the energy den-
sity at the metastable level required to achieve transparency in ruby according to
(2.4),

Jth =
(
κ + 1

κ + 3

)
ntothν = 2.18 J/cm3. (2.5)

The small-signal gain coefficient in ruby is

g0 = σ

[
n2(R1)− g(R1)n1

g(n1)

]
, (2.6)

where σ is the stimulated emission cross section of the R1 line and n2(R1) is the
population density of the E level.
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Since σ = σ12g(n1)/g(R1), the gain coefficient can be expressed as

g0 = α0

(
2n2

ntot
− 1

)
, (2.7)

where α0 = σ12ntot is the absorption coefficient of ruby. Ruby has an absorption
cross section of σ12 = 1.22 × 10−20 cm2 and an absorption coefficient of α0 =
0.2 cm−1. With all the chromium ions in the ground state (n2 = O) the gain of
the unpumped ruby crystal is g0 = −α0. With all the ions in the upper levels
(n2 = ntot) the maximum gain coefficent is g0 = α0.

The example of ruby illustrates very clearly the drawbacks of a three-level sys-
tem.

(a) Compared to a four-level laser, three-level lasers such as ruby and Er : glass,
and quasi-three-level lasers such as Yb : YAG require high-pump intensities
because a certain amount of pump power is required just to achieve trans-
parency in the material.

(b) Since three- and quasi-three-level lasers absorb at the laser wavelength unless
pumped to inversion, any portion of the laser crystal which is shielded from
the pump light, for example, by the rod holder, will present a high absorption
loss.

Despite these obvious drawbacks, three-level lasers have other redeeming fea-
tures, such as desirable wavelength or a particular efficient pump method, which
makes these lasers attractive. For example, ruby lases in the visible region, it has
broad absorption bands at a wavelength region particularly well-suited for flash-
lamp pumping, and it has a long fluorescent lifetime and a reasonably large stim-
ulated emission cross section.

2.3 Nd : YAG

The Nd : YAG laser is by far the most commonly used type of solid-state laser.
Neodymium-doped yttrium aluminum garnet (Nd : YAG) possesses a combination
of properties uniquely favorable for laser operation. The YAG host is hard, of
good optical quality, and has a high thermal conductivity. Furthermore, the cubic
structure of YAG favors a narrow fluorescent linewidth, which results in high
gain and low threshold for laser operation. In Nd : YAG, trivalent neodymium
substitutes for trivalent yttrium, so charge compensation is not required.

Physical Properties

Pure Y3Al5O12 is a colorless, optically isotropic crystal that possesses a cubic
structure characteristic of garnets. In Nd : YAG about 1% of Y3+ is substituted by
Nd3+. The radii of the two rare earth ions differ by about 3%. Therefore, with
the addition of large amounts of neodymium, strained crystals are obtained—
indicating that either the solubility limit of neodymium is exceeded or that the
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TABLE 2.2. Physical and optical properties of Nd : YAG.

Chemical formula Nd : Y3Al5O12
Weight % Nd 0.725
Atomic % Nd 1.0
Nd atoms/cm3 1.38 × 1020

Melting point 1970◦ C
Knoop hardness 1215
Density 4.56 g/cm3

Rupture stress 1.3–2.6 × 106 kg/cm2

Modulus of elasticity 3 × 106 kg/cm2

Thermal expansion coefficient
[100] orientation 8.2 × 10−6 ◦C−1, 0–250◦ C
[110] orientation 7.7 × 10−6 ◦C−1, 10–250◦ C
[111] orientation 7.8 × 10−6 ◦C−1, 0–250◦ C

Linewidth 120 GHz
Stimulated emission cross section

R2 − Y3 σ = 6.5 × 10−19 cm2

4 F3/2 − 4I11/2 σ = 2.8 × 10−19 cm2

Fluorescence lifetime 230µs
Photon energy at 1.06µm hν = 1.86 × 10−19 J
Index of refraction 1.82 (at 1.0µm)

lattice of YAG is seriously distorted by the inclusion of neodymium. Some of the
important physical properties of YAG are listed in Table 2.2 together with optical
and laser parameters.

Laser Properties

The Nd : YAG laser is a four-level system as depicted by a simplified energy level
diagram in Fig. 2.2. The laser transition, having a wavelength of 1064.1 nm, orig-
inates from the R2 component of the 4F3/2 level and terminates at the Y3 com-
ponent of the 4I11/2 level. At room temperature only 40% of the 4F3/2 popula-
tion is at level R2; the remaining 60% are at the lower sublevel R1 according
to Boltzmann’s law. Lasing takes place only by R2 ions whereby the R2 level
population is replenished from R1 by thermal transitions. The ground level of
Nd : YAG is the 4I9/2 level. There are a number of relatively broad energy levels,
which together may be viewed as comprising pump level 3. Of the main pump
bands shown, the 0.81 and 0.75µm bands are the strongest. The terminal laser
level is 2111 cm−1 above the ground state, and thus the population is a factor of
exp(�E/kT ) ≈ exp(−10) of the ground-state density. Since the terminal level is
not populated thermally, the threshold condition is easy to obtain.

The upper laser level, 4F3/2, has a fluorescence efficiency greater than 99.5%
and a fluorescence lifetime of 230µs. The branching ratio of emission from 4F3/2
is as follows: 4F3/2 → 4I9/2 = 0.25, 4F3/2 → 4I11/2 = 0.60, 4F3/2 → 4I13/2 =
0.14, and 4F3/2 → 4I15/2 < 0.01. This means that almost all the ions transferred
from the ground level to the pump bands end up at the upper laser level, and 60%
of the ions at the upper laser level cause fluorescence output at the 4I11/2 manifold.
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FIGURE 2.2. Energy level diagram of Nd : YAG.

At room temperature the main 1.06µm line in Nd : YAG is homogeneously
broadened by thermally activated lattice vibrations. The spectroscopic cross sec-
tion for the individual transition between Stark sublevels has been measured to
be σ(R2 − Y3) = 6.5 × 10−19 cm2. At a temperature of 295 K, the Maxwell–
Boltzmann fraction in the upper Stark sublevel is 0.427, implying an effective
cross section for Nd : YAG of σ ∗(4F3/2 − 4I11/2) = 2.8 × 10−19 cm2. The effec-
tive stimulated-emission cross section is the spectroscopic cross section times the
occupancy of the upper laser level relative to the entire 4F3/2 manifold population.

Figure 2.3 shows the fluorescence spectrum of Nd3+ in YAG near the region of
the laser output with the corresponding energy levels for the various transitions.
The absorption of Nd : YAG in the range 0.3 to 0.9µm is given in Fig. 2.4(a). In
Fig. 2.4(b) the absorption spectrum is expanded around the wavelength of 808 nm,
which is important for laser diode pumping. Thermal properties of Nd : YAG
are summarized in Table 2.3. Under normal operating conditions the Nd : YAG
laser oscillates at room temperature on the strongest 4F3/2 → 4I11/2 transition
at 1.0641µm. It is possible, however, to obtain oscillation at other wavelengths
by inserting etalons or dispersive prisms in the resonator, by utilizing a specially
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FIGURE 2.3. Fluorescence spectrum of Nd3+ in YAG at 300 K in the region of 1.06µm
[10], [11].

designed resonant reflector as an output mirror, or by employing highly selec-
tive dielectrically coated mirrors. These elements suppress laser oscillation at
the 1.06µm wavelength and provide optimum conditions at the wavelength de-
sired. With this technique laser systems have been built which utilize the 946 and
1330 nm transitions.

2.4 Nd : Glass

There are a number of characteristics that distinguish glass from other solid-state
laser host materials. Its properties are isotropic. It can be doped at very high
concentrations with excellent uniformity, and it can be made in large pieces of
diffraction-limited optical quality. In addition, glass lasers have been made, in a
variety of shapes and sizes, from fibers a few micrometers in diameter to rods 2 m
long and 7.5 cm in diameter and disks up to 90 cm in diameter and 5 cm thick.

The most common commercial optical glasses are oxide glasses, principally sil-
icates and phosphates, that is, SiO2 and P2O5 based. Table 2.4 summarizes some
important physical and optical properties of commercially available silicate and
phosphate glasses. The gain cross sections at 1053 nm of available phosphates
range from 3.0 × 10−20 to 4.2 × 10−20 cm2 and are generally larger than the
1064 nm cross sections of silicate glasses. Silicate and phosphate glasses have flu-
orescent decay times of around 300µs at doping levels of 2×1020 Nd atoms/cm3.

2.4.1 Laser Properties

There are two important differences between glass and crystal lasers. First, the
thermal conductivity of glass is considerably lower than that of most crystal hosts.



2.4. Nd : Glass 61

(a)

(b)

FIGURE 2.4. (a) Absorption spectrum of Nd : YAG from 0.3 to 0.9µm and (b) expanded
scale around 808 nm.

TABLE 2.3. Thermal properties of Nd : YAG.

Property Units 300 K 200 K 100 K

Thermal conductivity W cm−1 K−1 0.14 0.21 0.58
Specific heat W s g−1 K−1 0.59 0.43 0.13
Thermal diffusivity cm2 s−1 0.046 0.10 0.92
Thermal expansion K−1 × 10−6 7.5 5.8 4.25
∂n/∂T K−1 7.3 × 10−6 — —
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TABLE 2.4. Physical and optical properties of Nd-doped glasses.

Glass Type Q–246 Q–88 LHG–5 LHG–8 LG–670 LG–760
Silicate Phosphate Phosphate Phosphate Silicate Phosphate

Spectroscopic properties (Kigre) (Kigre) (Hoya) (Hoya) (Schott) (Schott)

Peak wavelength [nm] 1062 1054 1054 1054 1061 1054
Cross section [×10−20 cm2] 2.9 4.0 4.1 4.2 2.7 4.3
Fluorescence lifetime [µs] 340 330 290 315 330 330
Linewidth FWHM [nm] 27.7 21.9 18.6 20.1 27.8 19.5
Density [gm/cm3] 2.55 2.71 2.68 2.83 2.54 2.60
Index of refraction [Nd] 1.568 1.545 1.539 1.528 1.561 1.503
Nonlinear coefficient

[10−16 cm2/W] 3.74 2.98 3.48 3.10 3.78 2.90
dn/dt (20◦–40◦ C [10−6/◦ C] 2.9 −0.5 8.6 −5.3 2.9 −6.8
Thermal coefficient of optical

path (20◦–40◦ C) [10−6/◦ C] +8.0 +2.7 +4.6 +0.6 8.0 —
Transformation point [◦ C] 518 367 455 485 468 —
Thermal expansion coefficient

(20◦–40◦ [10−7/◦ C] 90 104 86 127 92.6 138
Thermal conductivity

[W/m ◦ C] 1.30 0.84 1.19 —– 1.35 0.67
Specific heat [J/g◦ C] 0.93 0.81 0.71 0.75 0.92 0.57
Knoop hardness 600 418 497 321 497 —
Young’s modulus [kg/mm2] 8570 7123 6910 5109 6249 —
Poisson’s ratio 0.24 0.24 0.237 0.258 0.24 0.27

Second, the emission lines of ions in glasses are inherently broader than in crys-
tals. A wider line increases the laser threshold value of amplification. Neverthe-
less, this broadening has an advantage. A broader line offers the possibility of
obtaining and amplifying shorter light pulses and, in addition, it permits the stor-
age of larger amounts of energy in the amplifying medium for the same linear am-
plification coefficient. Thus, glass and crystalline lasers complement each other.
For continuous or very high repetition-rate operation, crystalline materials pro-
vide higher gain and greater thermal conductivity. Glasses are more suitable for
high-energy pulsed operation because of their large size, flexibility in their phys-
ical parameters, and the broadened fluorescent line.

Unlike many crystals, the concentration of the active ions can be very high in
glass. The practical limit is determined by the fact that the fluorescence lifetime,
and therefore the efficiency of stimulated emission, decreases with higher con-
centrations. In silicate glass, this decrease becomes noticeable at a concentration
of 5% Nd2O3.

Figure 2.5 shows a simplified energy level diagram of Nd : glass. The Nd3+ ion
in glass represents a four-level system. The upper laser level indicated in Fig. 2.5
is the lower-lying component of the 4F3/2 pair with a several hundred microsecond
spontaneous emission lifetime. The terminal laser level is the lower-lying level
of the pair in the 4I11/2 multiplet. The 4I11/2 group empties spontaneously by a
radiationless phonon transition to the 4I9/2 ground state about 1950 cm−1 below.
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FIGURE 2.5. Partial energy level diagram of Nd3+ in glass.

Owing to the large separation of the terminal laser level from the ground state,
even at elevated temperatures there is no significant terminal-state population
and, therefore, no degradation of laser performance. In addition, the fluorescent
linewidth of the neodymium ion in glass is quite insensitive to temperature varia-
tion; only a 10% reduction is observed in going from room temperature to liquid
nitrogen temperature. As a result of these two characteristics, it is possible to op-
erate a neodymium-doped glass laser with little change in performance over a
temperature range of −100◦ to +100◦ C.

Figure 2.6 shows the pump bands of Nd : glass. In comparing Fig. 2.6 with
Fig. 2.4, one notes that the locations of the absorption peaks in Nd : YAG and
Nd : glass are about the same; however, in Nd : glass the peaks are much wider
and have less fine a structure compared to Nd : YAG.

2.5 Nd : YLF

During the last 10 years, the crystal quality of the scheelite-structured host lithium
yttrium fluoride (YLF) has been dramatically improved, and the material has
gained a firm foothold for a number of applications.

The material has advantages for diode laser pumping since the fluorescence
lifetime in Nd : YLF is twice as long as in Nd : YAG. Laser diodes are power
limited; therefore, a larger pump time afforded by the longer fluorescence time
provides for twice the energy storage from the same number of diode lasers.
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FIGURE 2.6. Absorption spectra for two phosphate glasses [12].

Figure 2.7 shows a simplified energy level diagram of Nd : YLF. Depending
on the polarization, two lines each are obtained around 1.05 and 1.3µm. For ex-
ample, with an intracavity polarizer one can select either the 1047 nm (extraordi-
nary) or 1053 nm (ordinary) transition. The same can be done for the two 1.3µm
transitions; however, in addition lasing at the 1.05µm lines has to be suppressed.
All lines originate on the same Stark split 4F3/2 upper level.

1053 nm (σ)

1047 nm (π)

1313 nm (σ)

1321 nm (π)

4F3/2

4I13/2

4I11/2

or or

FIGURE 2.7. Simplified energy level diagram of Nd : YLF.
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TABLE 2.5. Properties of Nd-doped lithium
yttrium fluoride (YLF).

Lasing wavelength [nm] 1053 (σ )
1047 (π)

Index of refraction n0 = 1.4481
λ = 1.06µm ne = 1.4704

Fluorescent lifetime 480µs
Stimulated emission 1.8 × 10−19 (π)

Cross section [cm2] 1.2 × 10−19 (σ )

Density [g/cm3] 3.99 (undoped)
Hardness [Mohs] 4–5
Elastic modulus [N/m2] 7.5 × 1010

Strength [N/m2] 3.3 × 107

Poisson’s ratio 0.33

Thermal conductivity 0.06
[W/cm-K]

Thermal expansion a-axis: 13 × 10−6

coefficient [◦ C−1] c-axis: 8 × 10−6

Melting point [◦ C] 825

Material properties of Nd : YLF are listed in Table 2.5. The relatively large
thermal conductivity allows efficient heat extraction, and its natural birefringence
overwhelms thermally induced birefringence eliminating the thermal depolariza-
tion problems of optically isotropic hosts like YAG. The cross section for YLF
is about a factor of 2 lower than YAG. For certain lasers requiring moderate
Q-switch energies, the lower gain offers advantages in system architecture com-
pared to the higher gain material Nd : YAG.

The energy storage in Q-switched operation of neodymium oscillators and
amplifiers is constrained by the onset of parasitic oscillations. To first order, the
energy storage limit of two materials is inversely proportional to the ratio of the
stimulated emission cross section. Therefore, higher storage densities are obtained
in the lower cross section material Nd : YLF as compared to Nd : YAG.

2.6 Nd : YVO4

Neodymium-doped yttrium vanadate has several spectroscopic properties that are
particularly relevant to laser diode pumping. The two outstanding features are a
large stimulated emission cross section that is five times higher than Nd : YAG,
and a strong broadband absorption at 809 nm.

The vanadate crystal is naturally birefringent and laser output is linearly polar-
ized along the extraordinary π -direction. The polarized output has the advantage
that it avoids undesirable thermally induced birefringence.
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FIGURE 2.8. Output from a Nd: YVO4 and Nd : YAG laser as a function of diode pump
temperature and wavelength [13].

Pump absorption in this uniaxial crystal is also polarization dependent. The
strongest absorption occurs for pump light polarized in the same direction as the
laser radiation. The absorption coefficient is about four times higher compared
to Nd : YAG in the π -direction. The sublevels at the 4F5/2 pump band are more
resolved in Nd : YAG, whereas in Nd : YVO4 Stark splitting is smaller and the
multiple transitions are more compacted. The result is a broader and less spiky
absorption profile of Nd : YVO4 compared to Nd : YAG around the pump wave-
length of 809 nm. Figure 2.8 gives an indication of the broader and smoother
absorption profile of this material as compared to Nd : YAG. From this data it also
follows that Nd : YVO4 laser performance is more tolerant to diode temperature
variations because of the large pump bandwidth. If one defines this bandwidth
as the wavelength range where at least 75% of the pump radiation is absorbed
in a 5 mm thick crystal, then one obtains for Nd : YVO4 a value of 15.7 nm, and
2.5 nm for Nd : YAG.

Table 2.6 summarizes important material parameters for Nd : YVO4. The ma-
terial does have several drawbacks, the principal one being a shorter excited state
lifetime than Nd : YAG. As expressed in (3.65) the pump input power to reach

TABLE 2.6. Material parameters for Nd : YVO4.

Laser cross section 15.6 × 10−19 cm2

Laser wavelength 1064.3 nm
Linewidth 0.8 nm
Fluorescence lifetime 100µs
Peak pump wavelength 808.5 nm
Peak absorption coefficient 37 (π polarization)
at 808 nm [cm−1] 10 (σ polarization)
Nd doping 1% (atomic Nd)
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threshold for cw operation depends on the product of στ f . Therefore, the large
cross section σ of Nd : YVO4 is partially offset by its shorter fluorescence lifetime
τ f . Fluorescence lifetime is also a measure of the energy storage capability in Q-
switched operation. Large energy storage requires a long fluorescence lifetime.
As far as thermal conductivity is concerned, it is only half as high as Nd : YAG
and somewhat lower than Nd : YLF.

The properties of Nd : YVO4 can best be exploited in an end-pumped config-
uration, and a number of commercial laser systems are based on fiber-coupled
diode arrays pumping a small vanadate crystal. Actually, Nd : YVO4 is the mate-
rial of choice for cw end-pumped lasers in the 5 W output region. These systems
are often also internally frequency doubled to provide output at 532 nm. In end-
pumped systems the pump beam is usually highly focused, and it is difficult to
maintain a small beam waist over a distance of more than a few millimeters. In
this case a material such as Nd : YVO4, which has a high absorption coefficient
combined with high gain, is very advantageous.

2.7 Er : Glass

Erbium has been made to lase at 1.54µm in both silicate and phosphate glasses.
Owing to the three-level behavior of erbium, and the weak absorption of pump
radiation, codoping with other rare earth ions is necessary to obtain satisfactory
system efficiency. In fact, erbium must be sensitized with ytterbium if the mate-
rial is to lase at all at room temperature. Pump radiation is absorbed by ytterbium,
which has an absorption band between 0.9 and 1µm, and transferred to the erbium
ions. This transfer is illustrated in Fig. 2.9. In the co-doped erbium, Yb : glass ra-
diation from a flashlamp or laser diode pumps the strong 2F7/2 − 2F5/2 transition
in Yb3+. Because of the good overlap between the upper states of Yb3+ and Er3+,
the excited Yb3+ ions transfer energy to the 4I11/2 level of Er3+. The erbium ions
then relax to the upper laser level 4I13/2 and lasing occurs down to the 4I15/2 man-

Yb3+ Er3+

Pump
940 nm

Energy Transfer

2 F7/2
4I15/2

4I13/2

4I11/2

4I9/2

2 F5/2

Lasing
1540 nm

FIGURE 2.9. Energy level diagram in codoped Er, Yb : glass.
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ifold. For flashlamp pumping, the efficiency of Er : glass can be further improved
by adding Cr3+ in addition to Yb3+. The Cr3+ ions absorb flashlamp radiation
in two broad bands centered at 450 and 640µm, and emit radiation in a broad
band centered at 760 nm. This allows energy to be transferred from Cr3+ to Yb3+
and Er3+. With the development of strained layer InGaAs laser diodes, which
have emission between 0.9 and 1µm, it is now possible to pump the strong Yb3+
transition 2F7/2 − 2F5/2. Diode pumping at 940 nm has dramatically improved the
efficiency and average power achievable from Er : glass lasers.

2.8 Yb : YAG

Although Yb : YAG has been known for decades, interest was not very high in this
material since it lacks any pump bands in the visible spectrum. The crystal has
only a single absorption feature around 942 nm. With conventional pump sources
such as flashlamps, the threshold is very high, which eliminated this material from
any serious consideration. With the emergence of powerful InGaAs laser diodes
that emit at 942 nm, the picture has changed completely and Yb : YAG has become
an important laser material [15]. The relevant energy level diagram of Yb : YAG is
very simple and consists of the 2F7/2 lower level and 2F5/2 excited state manifolds
separated by about 10,000 cm−1. The laser wavelength is at 1.03µm, a represen-
tative emission spectrum for a 5.5 at.% doped sample is shown in Fig. 2.10.

The laser transition 2F5/2 to 2F7/2 has a terminal level 612 cm−1 above the
ground state (see Fig. 2.11). The thermal energy at room temperature is 200 cm−1;
therefore the terminal state is thermally populated making Yb : YAG a quasi-
three-level system. By comparison, the terminal laser level in Nd : YAG is about
2000 cm−1 above the ground state. Being a quasi-three-level laser, Yb : YAG ab-

FIGURE 2.10. Emission spectra of Yb : YAG with 5.5 at.% doping [14].
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FIGURE 2.11. Relevant energy levels in Yb : YAG.

sorbs at 1.03µm unless it is pumped to inversion. At room temperature the ther-
mal population of the lower laser level is about 5.5%. The absorbed pump power
per volume needed to achieve and maintain transparency at the laser wavelength
is I = fanthνp/τf, where fa is the fraction of the total ion density nt occupying
the lower laser level, hνp is the energy per pump photon, and τf is the lifetime
of the upper level. With fa = 0.055, nt = 1.38 × 1020 cm−3 at 1% doping,
hνp = 2.11 × 10−19 J, and τf = 0.95 ms, the absorbed pump power needed to
reach inversion is 1.7 kW/cm3. Of course, a higher power density is required to
overcome optical losses and reach laser threshold, and for an efficient operation
the laser has to be pumped about five to six times above threshold. Typically, in
this laser, small volumes of material are pumped on the order of 10 kW/cm3.

Yb : YAG performance is strongly dependent on temperature and can be im-
proved by cooling the crystal, which reduces the thermal population and increases
the stimulated emission cross section from 2.1 × 10−20 cm2 at room temperature
to twice this value at 220 K.

In most of the large systems built to date the temperature of the crystal is main-
tained between −10◦ C and 20◦ C depending on the particular design and mode
of operation. To maintain the laser crystal at such a temperature under intensive
pump radiation requires, as a minimum, some kind of refrigeration.

Despite these obvious drawbacks, Yb : YAG has a number of redeeming fea-
tures that motivated the development of very powerful systems.

Pumping of Yb : YAG with an InGaAs pump source produces the smallest
amount of crystal heating compared to any other major laser system. Actually
the pump radiation in this material generates only about one-third of the heat
compared to Nd : YAG. The fractional thermal loading, that is, the ratio of heat
generated to absorbed energy, is around 11% for Yb : YAG pumped at 943 nm
and 32% for Nd : YAG pumped at 808 nm. This substantially reduced thermal dis-
sipation is the result of a very small energy difference between the photons of the
pump and laser radiation. This quantum defect or Stokes shift is 9% in Yb : YAG
versus 24% in Nd : YAG. The thermal load generated in a laser medium is of
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TABLE 2.7. Pertinent material parameters for Yb : YAG.

Laser wavelength 1030 nm
Radiative lifetime at room temperature 951µs
Peak emision cross section 2.1 × 10−20 cm2

Peak absorption wavelength 942 nm
Pump bandwidth at 942 nm 18 nm
Doping density (1% at.) 1.38 × 1020 cm3

primary concern for high-power applications. The reduced thermal heat load can
potentially lead to higher-average-power systems with better beam quality than
possible with Nd : YAG. Other unique advantages of Yb : YAG are an absorption
bandwidth of 18 nm for diode pumping, which is about 10 times broader than
the 808 nm absorption in Nd : YAG. This significantly relaxes temperature con-
trol needed for the diode pump source. Yb : YAG has a long lifetime of 951µs,
which reduces the number of quasi-cw pump diodes required for a given energy
per pulse output. As will be discussed in Chapter 6, since laser diodes are power
limited, a long fluorescence time permits the application of a long pump pulse
that, in turn, generates a high-energy output. Important materials parameters of
Yb : YAG are listed in Table 2.7.

The presence of only one excited-state manifold eliminates problems associ-
ated with excited-state absorption and up-conversion processes. Despite the quasi-
three-level behavior of Yb : YAG, the obvious advantages of very low fractional
heating, broad absorption at the InGaAs wavelength, long lifetime combined with
high conductivity, and tensile strength of the host crystal have raised the prospect
of high-power generation with good beam quality.

The major interest lies in large systems at the kilowatt level for industrial ap-
plications.

2.9 Alexandrite

Alexandrite (BeAl2O4 : Cr3+) is the common name for chromium-doped chryso-
beryl. The crystal is grown in large boules by the Czochralski method much like
ruby and YAG. Alexandrite was the first tunable laser considered for practical use.
Alexandrite, and Ti : sapphire, discussed in the next section, belong to the family
of vibronic lasers. These lasers derive their name from the fact that laser transi-
tions take place between coupled vibrational and electronic states. In this case,
the emission of a photon is accompanied by emission of a phonon. Tunability in
alexandrite is achieved by the band of vibrational levels indicated in Fig. 2.12,
which are the result of a strong coupling between the Cr3+ ion and the lattic vi-
brations.

Alexandrite lases at room temperature with flashlamp pumping throughout the
range 701 to 818 nm. The alexandrite absorption bands are very similar to those
of ruby and span the region from about 380 to 630 nm with peaks occurring at
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FIGURE 2.12. Simplified energy level diagram for chromium ions in alexandrite.

410 and 590 nm. Figure 2.13 shows the absorption bands of alexandrite. The laser
gain cross section increases from 7 × 10−21 cm2 at 300 K to 2 × 10−20 cm2 at
475 K, which results in improved laser performance at elevated temperature.

The basic physics of the four-level alexandrite laser can be discussed with ref-
erence to the energy level diagram (Fig. 2.12). The 4A2 level is the ground state,
and 4T2 is the absorption state continuum. Vibronic lasing is due to emission from
the 4T2 state to excited vibronic states within 4A2. Subsequent phonon emission
returns the system to equilibrium. The laser wavelength depends on which vi-
brationally excited terminal level acts as the transition terminus; any energy not
released by the laser photon will then be carried off by a vibrational phonon, leav-
ing the chromium ion at its ground state.

FIGURE 2.13. Absorption spectrum of alexandrite [Allied Corp. Data Sheet].
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Alexandrite can lase both as a four-level vibronic laser and as a three-level sys-
tem analogous to ruby. In the latter mode of operation the laser transition is from
the 2E state, which is coupled to 4T2, down to the ground state 4A2. As a three-
level laser, alexandrite has a high threshold, fixed output wavelength (680.4 nm at
room temperature), and relatively low efficiency. Obviously, the primary interest
of alexandrite lies in its vibronic nature.

2.10 Ti : Sapphire

Since laser action was first reported, the Ti : Al2O3 laser has been the subject of
extensive investigations and today it is the most widely used tunable solid-state
laser. The Ti : sapphire laser combines a broad tuning range of about 400 nm with
a relatively large gain cross section that is half of Nd : YAG at the peak of its tuning
range. The energy level structure of the Ti3+ ion is unique among transition-metal
laser ions in that there are no d state energy levels above the upper laser level.
The simple energy-level structure (3d1 configuration) eliminates the possibility
of excited-state absorption of the laser radiation, an effect which has limited the
tuning range and reduced the efficiency of other transition-metal-doped lasers.

In this material, a Ti3+ ion is substituted for an Al3+ ion in Al2O3. Laser crys-
tals, grown by the Czochralski method, consist of sapphire doped with 0.1% Ti3+

FIGURE 2.14. Absorption and fluorescence spectra of the Ti3+ ion in Al2O3 (sapphire)
[16].
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TABLE 2.8. Laser parameters of Ti : Al2O3.

Index of refraction 1.76
Fluorescent lifetime 3.2µs
Fluorescent linewidth (FWHM) 180 nm
Peak emission wavelength 790 nm
Peak stimulated emission cross section

parallel to c-axis σ‖ ∼ 4.1 × 10−19 cm2

perpendicular to c-axis σ⊥ ∼ 2.0 × 10−19 cm2

Stimulated emission cross section
at 0.795µm (parallel to c-axis) σ‖ = 2.8 × 10−19 cm2

Quantum efficiency of
converting a 0.53µm pump photon
into an inverted site ηQ ≈ 1

Saturation fluence at 0.795µm Es = 0.9 J/cm2

by weight. Crystals of Ti : Al2O3 exhibit a broad absorption band, located in the
blue–green region of the visible spectrum with a peak around 490 nm. The great
interest in this material arises from the broad vibronic fluorescence band that al-
lows tunable laser output between 670–1070 nm, with the peak of the gain curve
around 800 nm.

The absorption and fluorescence spectra for Ti : Al2O3 are shown in Fig. 2.14.
The broad, widely separated absorption and fluorescence bands are caused by the
strong coupling between the ion and host lattice and are the key to broadly tunable
laser operation. The laser parameters of Ti : Al2O3 are listed in Table 2.8.

Besides having favorable spectroscopic and lasing properties, one other advan-
tage of Ti : Al2O3 is the material properties of the sapphire host itself, namely very
high thermal conductivity, exceptional chemical inertness, and mechanical rigid-
ity. Ti : sapphire lasers have been pumped with a number of sources such as argon
and copper vapor lasers, frequency doubled Nd : YAG and Nd : YLF lasers, as
well as flashlamps. Flashlamp pumping is very difficult to achieve in Ti : sapphire
because a very high pump flux is required. The reason for that is the short fluores-
cence lifetime of 3.2µm, which results in a small product of stimulated emission
cross section times fluorescence lifetime (στ f ). The population inversion in a
laser required to achieve threshold is inversely proportional to στ f , as will be
shown in Section 3.1.

Commercial Ti : sapphire lasers are pumped by argon lasers or frequency-
doubled Nd : YAG or Nd : YLF lasers. Figure 2.15 displays the output of a
Ti : sapphire laser pumped at 1 kHz by a frequency-doubled Nd : YLF laser
which had an average output of 1.7 W at 527 nm. A very important applica-
tion of Ti : sapphire lasers is the generation and amplification of femtosecond
mode-locked pulses. Kerr lens mode-locking and chirped pulse amplification
with Ti : sapphire lasers is discussed in Chapter 9.
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FIGURE 2.15. Tuning range of a Ti : sapphire laser pumped by a Nd : YLF laser at 1 kHz
[17].

Summary

In this chapter an overview is given of the laser-related properties of rare earth,
transition metal, and actinide ions embedded in solid hosts. The characteristics of
the most important and highly developed laser materials are discussed in detail.
The active element of a solid-state laser is a crystalline or glass host doped with
a relatively small percentage of ions either from the rare earth, transition met-
als, or actinide group of the periodic table. In terms of the density of active ions,
solid-state laser materials are intermediate to gaseous and semiconductor lasers.
Laser action has been produced in many hundreds of active ion-host combina-
tions. However, only a small fraction of laser materials have been found to be
useful in actual laser systems.

Besides having pump bands that overlap the output spectra of flash lamps or
diode lasers, desirable features of laser ions are a large stimulated emission cross
section, long lifetime, and high quantum efficiency. A large stimulated emission
cross section leads to high gain and low threshold operation, a long lifetime deter-
mines whether the laser can be operated cw or must be pulsed, and the quantum
efficiency is a measure of the competition between radiative and nonradiative de-
cay. The host material must possess favorable optical, thermal, and mechanical
properties and lend itself to an economical growth process.

Important active ions include trivalent Nd, Er, and Yb from the rare earth group
and Cr and Ti from the transition metals. Since the 4F3/2 − 4I11/2 transition of
Nd3+ has the largest cross section of all active ions, it has exhibited laser operation
in the largest number of host crystals and glasses. Optical pumping of the 4F3/2
level is efficient because of the large number of closely spaced levels at higher
energy levels that creates absorption in the visible and near infrared.
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As a host, YAG has particular favorable optical, thermal, and mechanical prop-
erties; this makes Nd:YAG the most widely used ion-host combination for solid
state lasers. The principal advantages offered by a glass over a crystalline host
are the flexibility in size and shape and the excellent optical quality. The major
disadvantage of glass is a low thermal conductivity.

Erbium-doped glass is attractive because the output wavelength of this mate-
rial is of interest for fiberoptic amplifiers and oscillators and for military applica-
tions of lasers. Compared to other materials, ytterbium-doped YAG crystals have a
much smaller energy difference between pump and laser wavelength.This results
in reduced heating of the crystals and makes Yb : YAG attractive for high power
applications. Ti : sapphire and alexandrite are important tunable lasers in the near
infrared. Nd : YVO4 has a large stimulated emission cross section which makes it
a low-threshold and high-gain laser. The longer lifetime of Nd : YLF as compared
to Nd : YAG is beneficial for diode pumping since diode lasers are power limited
and the longer pump pulse duration afforded by the larger upper state lifetime
increases the energy storage capability of the material.
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Exercises

1. Ruby is a three-level laser. This means that it can absorb its own laser emission.
When designing a ruby laser you must be careful to minimize the unpumped
parts of the gain medium to minimize this type of loss. Using the data given
in the text, calculate the peak absorption coefficient of unpumped ruby at its
room temperature lasing frequency. (See (1.36) and (1.37) and the data in Sec-
tion 2.2.)

2. Why were some early ruby lasers cooled to liquid nitrogen temperature
(∼77 K)?

3. The absorption spectrum of most Nd3+-doped materials is made up of narrow
line features. To better utilize the light produced by flashlamp pump sources
some materials are co-doped with Cr3+ that has broad and strong visible ab-
sorption features. When the transfer of energy is efficient, as it is in gadolinium
scandium gallium garnet (Nd, Cr : GSGG) such co-doping can be very useful.
The energy level diagrams of a system with two co-dopants such that energy
absorbed by Species A (the donor species) is transferred to Species B (the ac-
ceptor species) so that Species B can lase as indicated is shown in the figure.
Energy transfer depends on the populations in both the donor and the acceptor
levels involved. Write the rate equations for this process. Explain your terms
and be sure you do not violate any laws of physics.

A B 

Energy 
transfer 
from A 
to B 
excites B 
at a rate 
wAB 

Pump light 
is absorbed 
by species 
A 

Lasing 
takes place  
in species B 

0A 

3A 

2A 

0B 
2B 

3B 
4B 

4. The R1 laser transition of ruby has a good approximation to a Lorentzian shape
with full width at half-maximum (FWHM) of 330 GHz at room temperature.
The measured peak transition cross section is σe = 2.5 × 10−20 cm2. If the
refractive index of ruby is 1.76, what is he radiative lifetime of this transition?
Since the observed lifetime is 3 ms, what is the nonradiative lifetime? What is
the fluorescence quantum efficiency?
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5. The Nd : YAG laser transition at 1.064µm has a Lorentzian shape with FWHM
of 195 GHz at room temperature. The upper state lifetime is 237µs, the flu-
orescence quantum efficiency is 0.42, and the refractive index of Nd : YAG is
1.83. What is the peak laser transition cross section?

6. Given that the five lowest levels of a laser system have relative energies of 0,
134, 197, 311, and 848 cm−1, what percentage of the population lies in each
of these levels at room temperature (300 K)? (These levels actually define the
Stark splitting of the ground state of the Nd : YAG laser.)
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In Chapter 1 we studied the processes which lead to optical amplification in laser
materials. The regenerative laser oscillator is essentially a combination of two
basic components: an optical amplifier and an optical resonator. The optical res-
onator, comprised of two opposing plane-parallel or curved mirrors at right angles
to the axis of the active material, performs the function of a highly selective feed-
back element by coupling back in phase a portion of the signal emerging from the
amplifying medium.

Figure 3.1 shows the basic elements of a laser oscillator. The pump lamp in-
verts the electron population in the laser material, leading to energy storage in
the upper laser level. If this energy is released to the optical beam by stimulated
emission, amplification takes place. Having been triggered by some spontaneous
radiation emitted along the axis of the laser, the system starts to oscillate if the
feedback is sufficiently large to compensate for the internal losses of the system.
The amount of feedback is determined by the reflectivity of the mirrors. Lowering
the reflectivity of the mirrors is equivalent to decreasing the feedback factor. The
mirror at the output end of the laser must be partially transparent for a fraction of
the radiation to “leak out” or emerge from the oscillator.

An optical structure composed of two plane-parallel mirrors is called a Fabry–
Pérot resonator. In Chapter 5 we will discuss the temporal and spatial mode
structures which can exist in such a resonator. For the purpose of this discus-
sion it is sufficient to know that the role of the resonator is to maintain an elec-
tromagnetic field configuration whose losses are replenished by the amplifying

78
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FIGURE 3.1. Major components of an optically pumped solid-state laser oscillator.

medium through induced emission. Thus, the resonator defines the spectral, di-
rectional, and spatial characteristics of the laser radiation, and the amplifying
medium serves as the energy source.

In this chapter we will develop an analytical model of a laser oscillator that is
based mainly on laser system parameters. A number of technical terms, which are
briefly explained here, will be used. The arrangement of flashlamp and laser rod
shown in Fig. 3.1 is referred to as side-pumped or transverse-pumped because the
pump radiation strikes the laser rod from the side with respect to the direction of
propagation of the laser radiation. The flashlamp is often water-cooled by insert-
ing it into a flowtube or cooling jacket. Water or other suitable coolant is pumped
through the annulus between the lamp envelope and the flowtube inner diameter.
The pump cavity can be elliptical in cross section or closely wrapped around the
lamp and laser rod. The latter design of a pump cavity is called close-coupled.

Instead of a flashlamp as shown in Fig. 3.1, laser diode arrays can be placed
along the length of the laser rod. A reflective pump cavity of the type employed
for flashlamps is not necessary since the radiation output from laser diodes is di-
rectional. However, in some cases focusing optics is inserted between the laser
diodes and the laser crystal to shape and/or concentrate the pump beam. Since the
output from laser diodes can be collimated and focused, contrary to flashlamp ra-
diation, the pump radiation can also be introduced through the back mirror shown
in Fig. 3.1. In this so-called end-pumped or longitudinal pump scheme, pump
radiation and laser radiation propagate in the same direction.

The structure of the two mirrors reflecting the laser radiation is generally de-
scribed as the laser resonator. However, in the literature, as well as in this book, the
term cavity or laser cavity is also used. This is in contrast to the pump cavity which
is the enclosure employed to contain the flashlamp radiation. The pump head is the



80 3. Laser Oscillator

structure and mechanical assembly that contains the laser crystal, pump source,
cooling channels, and electrical connections.

3.1 Operation at Threshold

We will calculate the threshold condition of a laser oscillator composed of two
mirrors having the reflectivities R1 and R2 and an active material of length l. We
assume a gain coefficient per unit length of g in the inverted laser material. In
each passage through the material the intensity gains by a factor of exp(gl). At
each reflection a fraction 1 − R1 or 1 − R2 of the energy is lost. Starting at one
point, the radiation will suffer two reflections before it can pass the same point in
the original direction. The threshold condition is established by requiring that the
photon density—after the radiation has traversed the laser material, been reflected
by mirror with R1, and returned through the material to be reflected by mirror
with R2—be equal to the initial photon density. Then on every complete two-way
passage of the radiation through the laser the loss will just equal the gain. We can
express the threshold condition by

R1 R2 exp(2gl) = 1. (3.1)

The regenerative amplifier becomes unstable when the amplification per transit
exceeds the losses. In this case oscillations will build up, starting from a small
disturbance. Clearly, if the round-trip gain

G = R1 R2 exp(2gl) (3.2)

is larger than 1, radiation of the proper frequency will build up rapidly until it
becomes so large that the stimulated transitions will deplete the upper level and
reduce the value of g. The condition of steady state is reached if the gain per
pass exactly balances the internal and external losses. This process, called gain
saturation, will be discussed in Section 3.2. In an oscillator a number of loss
mechanisms are responsible for attenuating the beam; the most important ones
are reflection, scattering, and absorption losses caused by the various optical com-
ponents. It is convenient to lump all losses which are proportional to the length
of the gain medium, such as absorption and bulk scattering, into an absorption
coefficient α. The condition for oscillation is then

R1 R2 exp(g − α)2l = 1. (3.3)

Rearranging (3.3) yields

2gl = − ln R1 R2 + 2αl. (3.4)

Losses such as scattering at interfaces and Fresnel reflections which are not de-
pendent on the length of the gain medium can be thought of as leakage from the
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rear mirror. Hence the reduced reflectivity R2 of the rear mirror R2 = 1 − δM
takes into account the miscellaneous losses. In practice, δM does not exceed a few
percent. With the approximation

ln(1 − δM) ≈ −δM, (3.5)

one can combine the optical losses in the resonator with the losses in the crystal

δ = 2αl + δM, (3.6)

where δ is the two-way loss in the resonator. With the aid of (3.5), (3.6) we can
express the threshold condition (3.3) in the following form:

2gl = δ − ln R1 ≈ T + δ. (3.7)

where T = 1 − R1 is the transmission of the output mirror.
In (1.61), (1.64) the decay time τc of the photon flux in the resonator was in-

troduced. This time constant, determined by photons either scattered, absorbed,
or emitted, can be related to the loss term of (3.7) and the quality factor Q of the
resonator. Since τc represents the average lifetime of the photons in the resonator,
it can be expressed by the round trip time of a photon in the resonator tτ = 2L/c
divided by the fractional loss ε per round trip

τc = tτ /ε = 2L

c(T + δ)
, (3.8)

where ε = T + δ is the loss term in (3.7) and L is the length of the resonator.
Resonators are characterized by the quality factor Q, which is defined as 2π times
the ratio of stored energy Est to dissipated energy Ed per period T0. The resonator
Q defined in this way is Q = 2πEst/Ed where Ed = Est(1 − exp(−T0/τc)) from
which we obtain

Q = 2π

[
1 − exp

(−T0

τc

)]−1

≈ 2πτc

T0
= 2πν0τc, (3.9)

where ω0 = 2πν0 = 2π/T0. In a typical cw Nd : YAG laser, the transmission of
the output mirror is around 10% and the combined losses about 5%. If we assume
a resonator length of 50 cm, we obtain a photon lifetime of τc = 22 ns and a
Q factor for the resonator of Q = 39 × 106. Compared to electronic resonance
circuits, optical resonators have very high values of Q.

As will be further discussed in Section 5.2.3 the finite lifetime of the photons
also determine the minimum bandwidth of the passive resonator according to the
Fourier transform ω = 1/τc. With this relationship the quality factor in (3.9)
can also be defined as Q = ν0/ν. The laser parameters and conditions that lead
to a low threshold will be examined next.

We turn to the rate equation (1.61), which gives the photon density in the am-
plifying medium. It is clear from this equation that for onset of laser emission the
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rate of change of the photon density must be equal to or greater than zero. Thus
at laser threshold for sustained oscillation the condition

∂φ

∂t
≥ 0 (3.10)

must be fulfilled, which enables us to obtain from (1.61) the required inversion
density at threshold,

n ≥ 1

cστc
. (3.11)

In deriving this expression we have ignored the factor S, which denotes the small
contribution from spontaneous emission to the induced emission.

According to (1.36) the gain coefficient g can be expressed by

g = nσ, (3.12)

where n is the population inversion and σ is the stimulated emission cross section.
The expression for threshold (3.11) is identical to (3.7) if we introduce τc from
(3.8) and g from (3.12) into (3.11) and assume that the resonator mirrors are
coated onto the ends of the laser rod, i.e., L = �. If we replace σ with (1.40) we
may write the threshold condition (3.11) in terms of fundamental laser parameters

n >
τf8πν2

0

τcc3g(νs, ν0)
. (3.13)

The lineshape factor g(νs, ν0) and therefore the stimulated emission cross sec-
tion σ are largest at the center of the atomic line. Thus from (3.13) we can see
qualitatively how the linewidth of the laser output is related to the linewidth of
the atomic system. Self-sustained oscillation that develops from noise will occur
in the neighborhood of the resonant frequency because only at a narrow spectral
range at the peak will the amplification be large enough to offset losses. Conse-
quently, the output of the laser will be sharply peaked, and its linewidth will be
much narrower than the atomic linewidth.

It is also obvious from this equation that an increase of the inversion by stronger
pumping will increase the laser linewidth because the threshold condition can
now be met for values of g(νs, ν0) farther away from the center. As we will see
in Chapter 5 the linewidth of an actual laser system is related to the linewidth
of the active material, the level of pump power, and the properties of the optical
resonator. The threshold condition at the center of the atomic line is obtained by
introducing the peak values of the amplification curve into (3.13). If g(νs, ν0) has
a Lorentzian shape with full width at half-maximum ofν centered about νs, then
g(ν0) = 2/πν and

n >
τf4π2νν2

0

τcc3
. (3.14)
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For a Gaussian lineshape, the right-hand expression of (3.14) has to be divided
by (π ln 2)1/2. Again, we have assumed that the laser threshold will be reached
first by a resonator mode whose resonant frequency lies closest to the center of
the atomic line.

From (3.14) we can infer those factors favoring high gain and low threshold
for a laser oscillator. In order to achieve a low-threshold inversion, the atomic
linewidth ν of the laser material should be narrow. Furthermore, the incidental
losses in the laser cavity and crystal should be minimized to increase the photon
lifetime τc. It is to be noted that the critical inversion density for threshold depends
only on a single resonator parameter, namely τc. A high reflectivity of the output
mirror will increase τc and therefore decrease the laser threshold. However, this
will also decrease the useful radiation coupled out from the laser. We will address
the question of optimum output coupling in Section 3.4.

We will now calculate the pumping rate Wp, which is required to maintain the
oscillator at threshold. For operation at or near threshold the photon density φ
is very small and can be ignored. Setting φ = 0 in the rate equation (1.58) and
assuming a steady-state condition of the inversion, ∂n/∂t = 0, as is the case in a
conventional operation of the laser oscillator, we obtain for a three-level system

n

ntot
= Wpτf − g2/g1

Wpτf + 1
(3.15)

and for a four-level system from (1.70)

n2

ng
= Wpτf

Wpτf + 1
≈ Wpτf. (3.16)

Other factors being equal, four-level laser systems have lower pump-power
thresholds than three-level systems. In a four-level system an inversion is achieved
for any finite pumping rate Wp. In a three-level system we have the requirement
that the pumping rate Wp exceeds a minimum or threshold value given by

Wp(th) = g2

τfg1
(3.17)

before any inversion at all can be obtained. Whereas for a four-level material the
spontaneous lifetime has no effect on obtaining threshold inversion, in a three-
level material the pump rate required to reach threshold is inversely proportional
to τf. Thus, for three-level oscillators only materials with long fluorescence life-
times are of interest.

The reader is reminded again that (3.15), (3.16) are valid only for a negligible
photon flux φ. This situation occurs at operation near threshold; it will later be
characterized as the regime of small-signal amplification. We will now calculate
the minimum pump power which has to be absorbed in the pump bands of the
crystal to maintain the threshold inversion. This will be accomplished by first cal-
culating the fluorescence power at threshold, since near above threshold almost
all the pump power supplied to the active material goes into spontaneous emis-
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sion. The fluorescence power per unit volume of the laser transition in a four-level
system is

Pf

V
= hνnth

τf
, (3.18)

where n2 = nth is the inversion at threshold.
In a three-level system at threshold, n2 ≈ n1 ≈ ntot/2 and

Pf

V
≈ hνntot

2τf
. (3.19)

In order that the critical inversion is maintained, the loss by fluorescence from
the upper laser level must be supplied by the pump energy. As a result we obtain,
for the absorbed pump power Pa needed to compensate for population loss of the
laser level by spontaneous emission for a four-level laser

Pa

V
= hνpnth

ηQτf
, (3.20)

where hνp is the photon energy at the pump wavelength and ηQ is the quantum
efficiency as defined in (1.56). In a three-level system, one requires n2 ≈ n1 =
ntot/2 to reach transparency, therefore

Pa

V
= hνpntot

2ηQτf
. (3.21)

3.2 Gain Saturation

In the previous section we considered the conditions for laser threshold. Threshold
was characterized by a steady-state population inversion, that is, ∂n/∂t = 0 in
the rate equations. In doing this we neglected the effect of stimulated emission
by setting φ = 0. This is a good assumption at threshold, where the induced
transitions are small compared with the number of spontaneous processes.

As the threshold is exceeded, however, stimulated emission and photon den-
sity in the resonator build up. Far above threshold we have to consider a large
photon density in the resonator. From (1.58) we can see that ∂n/∂t decreases for
increasing photon density. Steady state is reached when the population inversion
stabilizes at a point where the upward transitions supplied by the pump source
equal the downward transitions caused by stimulated and spontaneous emission.
With ∂n/∂t = 0 one obtains, for the steady-state inversion population in the pres-
ence of a strong photon density φ,

n = ntot

(
Wp − γ − 1

τf

)(
γ cσφ + Wp + 1

τf

)−1

. (3.22)
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The photon density φ is given by the sum of two beams traveling in opposite
directions through the laser material.

We will now express (3.22) in terms of operating parameters. From Section 1.3
we recall that the gain coefficient g = −α is defined by the product of stimulated
emission, cross section, and inversion population. Furthermore, we will define a
gain coefficient that the system would have at a certain pump level in the absence
of stimulated emission. Setting φ = 0 in (3.22) we obtain the small-signal gain
coefficient

g0 = σntot[Wpτf − (γ − 1)](Wpτf + 1)−1, (3.23)

which an active material has when pumped at a level above threshold and when
lasing action is inhibited by blocking the optical beam or by removing one or
both of the resonator mirrors. If feedback is restored, the photon density in the
resonator will increase exponentially at the onset with g0. As soon as the photon
density becomes appreciable, the gain of the system is reduced according to

g = g0

(
1 + γ cσφ

Wp + (1/τf)

)
−1, (3.24)

where g is the saturated gain coefficient. Equation (3.24) was obtained by intro-
ducing (3.23) into (3.22) and using g = σn.

We can express φ by the power density I in the system. With I = cφhν we
obtain

g = g0

1 + I/Is
, (3.25)

where

Is =
(

Wp + 1

τf

)
hν

γ σ
. (3.26)

The parameter Is defines a flux in the active material at which the small-signal
gain coefficient g0 is reduced by one-half.

In a four-level system Wp 	 1/τf and γ = 1, so (3.26) reduces to

Is = hν

στf
. (3.27)

For a three-level system the saturation flux is

Is = hν[Wp + (1/τ21)]
σ [1 + (g2/g1)] . (3.28)

As we can see from (3.23) the small-signal gain depends only on the material
parameters and the amount of pumping power delivered to the active material.
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The large-signal or saturated gain depends in addition on the power density in the
resonator.

Gain saturation as a function of steady-state radiation intensity must be ana-
lyzed for lasers with homogeneous and inhomogeneous line broadening. Equation
(3.25) is valid only for the former case, in which the gain decreases proportion-
ately over the entire transition line. As we have seen in Chapter 2, a ruby laser
has a homogeneously broadened bandwidth, whereas in Nd : glass the interaction
of the active ion with the electrostatic field of the host leads to an inhomogeneous
line. However, in solid-state materials such as Nd : glass, the cross-relaxation rate
is very fast. The latter is associated with any process characteristic of the laser
medium that affects the transfer of excitation within the atomic spectral line so as
to prevent or minimize the departure of this line from the equilibrium distribution.
It has been shown that in the case of a very fast cross-relaxation within the inho-
mogeneous line, the saturated gain is in agreement with that of a homogeneously
broadened bandwidth.

3.3 Circulating Power

In a laser resonator the power density in the active medium increases up to the
point where the saturated gain equals the total losses. This power density I is
obtained from the threshold conditions (3.7) and the expression for saturated gain
(3.25),

I = Is

[
2g0l

δ − ln R1
− 1

]
. (3.29)

The first expression in brackets is a measure of by how much the laser is pumped
above threshold. From (3.29) it follows as one would expect I = 0 at threshold. If
the gain medium is pumped above threshold, g0 and I will increase, whereas the
saturated gain coefficient g will stay constant according to (3.7). As I increases,
so will the output power which is coupled out through mirror R1.

We will now relate the laser output to the power density in the resonator. The
power density I in the laser resonator comprises the power densities of two oppo-
sitely traveling waves. One can think of a circulating power density Icirc, which is
reflected back and forth between the two resonator mirrors. Figure 3.2 illustrates
a standing wave laser resonator, where IL(x) and IR(x) are the intracavity one-
way intensities of the left and right traveling resonator beams as a function of the
intracavity location x . The rear reflector and output coupler are located at x = 0
and x = L , respectively. The rod faces are located at x = a and x = b. Hence,
the length of the active medium is � = b − a.

The beam moving in the (+x) direction in Fig. 3.2 will experience an increase
according to

d IL(x)

dx
= g(x)IL(x). (3.30)
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FIGURE 3.2. Circulating power traveling from left to right (IL) and right to left (IR) in a
laser oscillator.

If the gain coefficient g(x) is replaced by the expression given in (3.25) we obtain

d IL(x)

dx
= g0 IL(x)

1 + [IL(x)+ IR(x)]/Is
(3.31)

An identical equation, but with the sign reversed and IL(x) replaced by IR(x)
is obtained for the wave traveling in the (−x) direction. From (3.31) and the
corresponding equation for IR(x) it follows that the product of the intensities of
the two counterpropagation beams is constant, that is,

IL(x)IR(x) = const. (3.32)

In most solid-state lasers, the internal losses are small and the reflectivity of the
output mirror is high, in this case variations of IL(x) and IR(x) as a function of
x are relatively small. If we treat these changes as a perturbation IL(x)+I and
IR(x)+I in (3.32) we obtain, as an approximation,

I = IL + IR = const, (3.33)

where I is the total power density in the resonator which is to a first-order inde-
pendent of position along the resonator (see also Fig. 3.2).



88 3. Laser Oscillator

The circulating power Icirc is to a good approximation equal to the average of
the power densities of the counterpropagating beams

Icirc = (IL + IR)/2. (3.34)

From Fig. 3.2 follows

Iout = (1 − R1)IL (3.35a)

and

IR = R1 IL. (3.35b)

Introducing (3.35) into (3.33) yields

Pout = AI

(
1 − R

1 + R

)
, (3.36)

where R is now the reflectivity of the output mirror and A is the cross section of
the gain medium. For values of R close to 1, (3.36) reduces to

Pout = AI T/2, (3.37)

where T is the transmission of the output mirror.

3.4 Oscillator Performance Model

In this section we will develop a model for the laser oscillator. First we will dis-
cuss the various steps involved in the conversion process of electrical input to laser
output. After that, we will relate these energy transfer mechanisms to parameters
which are accessible to external measurements of the laser oscillator. The pur-
pose of this section is to gain insight into the energy conversion mechanisms and
therefore provide an understanding of the dependency and interrelationship of
the various design parameters which may help in the optimization of the overall
laser efficiency. In almost all applications of lasers, it is a major goal of the laser
designer to achieve the desired output performance with the maximum system
efficiency.

3.4.1 Conversion of Input to Output Energy

The flow of energy from electrical input to laser output radiation is illustrated
schematically in Fig. 3.3. Also listed are the principal factors and design issues
that influence the energy conversion process. There are different ways of parti-
tioning this chain of transfer processes. This approach was chosen from an en-
gineering point of view which divides the conversion process into steps related
to individual system components. As shown in Fig. 3.3, the energy transfer from
electrical input to laser output can conveniently be expressed as a four-step pro-
cess.
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FIGURE 3.3. Energy flow in a solid-state laser system.

Conversion of Electrical Input Delivered to the Pump Source
to Useful Pump Radiation

We define as useful radiation the emission from the pump source that falls into the
absorption bands of the laser medium. The pump source efficiency ηP is therefore
the fraction of electrical input power that is emitted as optical radiation within the
absorption region of the gain medium. The output of a laser diode or a diode array
represents all useful pump radiation, provided the spectral output is matched to
the absorption band of the gain medium. Typical values of ηp for commercially
available cw and quasi-cw diode arrays are 0.3 to 0.5.

For flashlamp or cw arc lamp-pumped systems, the pump source efficiency may
be defined as

ηp = Pλ/Pin =
∫ λ2

λ1

P ′
λ dλ/Pin, (3.38)

where Pλ is the spectral output power of the lamp within the absorption bands
of the gain material, Pin is the electrical power input, and P ′

λ is the radiative
power per unit wavelength emitted by the lamp, and the integral is taken over the
wavelength range λ1 to λ2, which is useful for pumping the upper laser level. The
output characteristics of arc lamps and their dependency on operating parameters
will be discussed in Section 6.1. The measurement of ηp for broadband sources is
somewhat involved and requires either a calorimetric measurement of the power
absorbed in a sample of the laser material or integration over the source emission
spectrum and the absorption spectrum of the gain material. Typical values are
ηp = 0.04–0.08. These numbers are typical for a 5 to 10 mm thick laser material.
The magnitude of ηP is dependent on the thickness of the active material because
as the thickness increases, radiation at the wings of the absorption band will start
to contribute more to the pumping action.

Transfer of the Useful Pump Radiation Emitted by the Pump Source
to the Gain Medium

The transfer of flashlamp pump radiation to the laser medium is accomplished by
means of a completely enclosed reflective chamber or pump cavity. The radiation
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transfer efficiency ηt can be defined as

Pe = ηt Pλ, (3.39)

where Pλ is the useful pump radiation emitted by the source and Pe is the fraction
of this radiation transferred into the laser material. The factor ηt is a combination
of the capture efficiency, defined by the fraction of rays leaving the source and
intersecting the laser rod, and the transmission efficiency. The former is based on
the geometrical shape of the pump cavity, diameter and separation of the pump
source, and laser rod. The latter is a function of the reflectivity of the walls of
the pump cavity, reflection losses at the rod surface and coolant jacket, absorption
losses in the coolant fluid, and radiation losses through the clearance holes at
the side walls of the pump cavity. For close-coupled cavities, typical values are
ηt = 0.3–0.6.

In diode-pumped lasers the radiation transfer is much simpler. In so-called end-
pumped lasers, the transfer system usually consists of lenses for the collection and
focusing of diode radiation into the laser crystal. Furthermore, in side-pumped
systems, the laser diodes are mounted in close proximity to the laser crystal with-
out the use of any intervening optics. If we express reflection losses and spill-over
losses at the optics or active medium by the parameter R, we can write

ηt = (1 − R). (3.40)

Since the laser crystal and optical components are all antireflection coated, the
radiation transfer losses are very small in these systems. Values for the radiation
transfer efficiency are typically ηt = 0.85–0.98.

Absorption of Pump Radiation by the Gain Medium and Transfer of
Energy to the Upper Laser Level

This energy transfer can be divided into two processes. The first is the absorption
of pump radiation into the pump bands of the gain medium expressed by ηa, and
the second is the transfer of energy from the pump band to the upper laser level
expressed by ηQηs.

The absorption efficiency is the ratio of power Pa absorbed to power Pe entering
the laser medium

ηa = Pa/Pe. (3.41)

The quantity ηa is a function of the path length and the spectral absorption co-
efficient of the laser medium integrated over the emission spectrum of the pump
source. If the pump radiation is totally diffuse inside the laser rod, as is the case
when the lateral surface is rough ground, a good approximation can be derived by
expressing (3.41) in a different form

ηa = (d Pa/dV )V

Iw F
, (3.42a)
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where d Pa/dV is the power absorbed per volume, Iw is the power density at the
cylindrical surface of the rod, and F , V are the cylindrical rod surface and volume
of the rod, respectively.

The power absorbed per volume can also be expressed by d Pa/dV = α0 Iav,
where α0 is the absorption coefficient of the laser material averaged over the spec-
tral emission range of the lamp and Iav is the average power density inside the rod.
Radiation with an energy density Wav propagating at a velocity c has a power den-
sity of Iav = cWav, where c = c0/n0 is the speed of light in the medium and n0 is
the refractive index. The energy density in the laser rod has a radial dependence
due to absorption. The average value Wav can be closely approximated by taking
the energy density Ws at the surface weighted by the factor exp(−α0 R), where
R is the rod radius and α0 is the absorption coefficient. From [3] it follows that
this is a valid approximation over a large range of α0. From these considerations
follows

d Pa/dV = α0cWs exp(−α0 R). (3.42b)

Owing to grinding the lateral surface of the rod, the pump radiation upon enter-
ing the rod will be diffused. For an enclosure with diffusely reflecting walls, we
obtain from blackbody radiation theory a relationship between energy Ws inside
the enclosure and the intensity Iw emitted by the walls

Iw = cWs/4. (3.42c)

Introducing (3.42b, c) into (3.42a) yields our final result

ηa = 2α0 R exp(−α0 R). (3.43)

For diode pumped lasers, the absorption efficiency can be approximated by

ηa = 1 − exp(−α0l), (3.44)

where α0 is the absorption coefficient of the laser crystal at the wavelength emitted
by the laser diode and l is the path length in the crystal. Detailed data on ηa for
both flashlamp and laser diode radiation can be found in Chapter 6.

The upper state efficiency may be defined as the ratio of the power emitted at the
laser transition to the power absorbed into the pump bands. This efficiency is the
product of two contributing factors, the quantum efficiency ηQ, which is defined
as the number of photons contributing to laser emission divided by the number
of pump photons, and ηS, the quantum defect efficiency. The latter is sometimes
referred to as the Stokes factor, which represents the ratio of the photon energy
emitted at the laser transition hνL to the energy of a pump photon hνp, that is,

ηS =
(

hνL

hνp

)
= λP

λL
, (3.45)
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where λP and λL is the wavelength of the pump transition and the laser wave-
length, respectively. For Nd : YAG emitting at 1064 nm that is pumped by a laser
diode array at 808 nm, we obtain ηS = 0.76, and ηQ = 0.90.

In a flashlamp-pumped system, the value of ηS is an average value derived from
considering the whole absorption spectrum of the laser.

Conversion of the Upper State Energy to Laser Output

The efficiency of this process can be divided into the fractional spatial overlap of
the resonator modes with the pumped region of the laser medium and the fraction
of the energy stored in the upper laser level which can be extracted as output.

The beam overlap efficiency ηB is defined as the resonator mode volume di-
vided by the pumped volume of the active material. A value of ηB less than 1
indicates that part of the inversion will decay by spontaneous, rather than stimu-
lated, emission. In an oscillator ηB expresses the mode-matching efficiency, that
is, the spatial overlap between the resonator modes and the gain distribution. In
an amplifier ηB is a measure of the spatial overlap between the input beam and
the gain distribution in the laser material.

This subject usually does not receive a lot of attention in laser literature, but a
poor overlap of the gain region of the laser with the laser-beam profile is often
the main reason that a particular laser performs below expectations. For example,
the generally disappointing performance of slab lasers can often be traced to an
insufficient utilization of the rectangular gain cross-section by the laser beam.
Likewise, the low overall efficiency of lasers with a TEM00 mode output is the
result of a mode volume that occupies only a small fraction of the gain region of
the laser rod. On the other hand, so-called end-pumped lasers, where the output
from a laser diode pump is focused into the gain medium, achieve near perfect
overlap.

Instead of comparing the pump with the mode volume, it is often sufficient to
compare the cross-sections, if we assume that the radial distribution of the res-
onator mode does not change appreciably along the length of the active medium.
For example, in a 50 cm long resonator, with two curved mirrors of 5 m radius at
each end, the TEM00 mode changes only by 5% over the length of the resonator
(Section 5.1.3).

The overlap between the resonator mode intensity distribution I (r) and the gain
distribution g(r) is given by an overlap integral

ηB =
∫

g(r)I (r)2πr dr

/∫
I 2(r)2πr dr. (3.46)

For two practical cases (3.46) can be easily evaluated. The first case is a uniformly
pumped gain medium operated in a highly multimode resonator. If we assume a
top hat distribtution for both the gain region and resonator beam (i.e., independent
of r ), then ηB is simply the ratio of the overlapping cross sections, ηB = w2

m/w
2
p,

where πw2
m and πw2

p is the cross section of the resonator mode and pump region,
respectively. The efficiency ηB can at best equal unity.
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Another simple case is found in end-pumped lasers. In this case a Gaussian
pump beam and a Gaussian (TEM00) resonator mode propagate coaxially inside
the active medium. Introducing in (3.46) a normalized Gaussian resonator mode

I (r) = (2/πw2
m) exp[−2(r/wm)

2], (3.47)

and a similar expression for the pump beam yields

ηB = 2w2
m

w2
p + w2

m
for wp > wm, and ηB = 1 for wp ≤ wm, (3.48)

where wp and wm are the spot sizes for the pump beam and resonator mode pro-
files. For wm = wp, the TEM00 mode and pump beam occupy the same volume
and ηB = 1.

Values for ηB can range from as low as 0.1, for example, for a laser rod of 5 mm
diameter operated inside a large radius mirror resonator containing a 1.5 mm aper-
ture for fundamental mode control, to 0.95 for an end-pumped laser operating
at TEM00. Innovative resonator designs, employing unstable resonators, internal
lenses, variable reflectivity mirrors, and so forth, can achieve TEM00 mode opera-
tion typically at ηB = 0.3–0.5. Multimode lasers typically achieve ηB = 0.8–0.9.
If a laser oscillator is followed by an amplifier, a telescope is usually inserted be-
tween these two stages in order to match the oscillator beam to the diameter of
the amplifier and thereby optimize ηB.

The circulating power in an optical resonator is diminished by internal losses
described by the round trip loss δ (Section 3.2) and by radiation coupled out of
the resonator. For reasons that will become apparent in the next section, we will
define an extraction efficiency ηE which describes the fraction of total available
upper state energy or power which appears at the output of the laser

ηE = Pout/Pavail. (3.49)

Expressions for ηE will be given in Section 3.4.2 and in Chapters 4 and 8 for the
cw oscillator, laser amplifier, and Q-switch oscillator, respectively.

An indication of the reduction of available output power due to losses in res-
onator can be obtained from the coupling efficiency

ηc = T/(T + δ). (3.50)

As will be explained in the next section, the slope of the output versus input
curve of a laser is directly proportional to this factor, whereas the overall system
efficiency of a laser is directly proportional to ηE.

The conversion processes described so far are equally applicable to cw and
pulsed lasers, provided that the power terms are replaced with energy and inte-
gration over the pulse length is carried out where appropriate. The energy flow
depicted in Fig. 3.3 can also be extended to laser amplifiers and Q-switched sys-
tems because the discussion of pump source efficiency, radiation transfer, and so
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forth, is equally applicable to these systems. Even the definition for the extrac-
tion efficiency remains the same, however, the analytical expressions for ηE are
different as will be discussed in Chapter 4 for the laser amplifier.

If the laser oscillator is Q-switched, additional loss mechanisms come into play
which are associated with energy storage at the upper laser level and with the tran-
sient behavior of the system during the switching process. The Q-switch process
will be described in detail in Chapter 8. However, for completeness of the discus-
sion on energy transfer mechanisms in a laser oscillator, we will briefly discuss
the loss mechanisms associated with Q-switch operations.

In a Q-switched laser, a large upper state population is created in the laser
medium, and stimulated emission is prevented during the pump cycle by the in-
troduction of a high loss in the resonator. At the end of the pump pulse, the loss is
removed (the resonator is switched to a high Q) and the stored energy in the gain
medium is converted to optical radiation in the resonator from which it is coupled
out by the output mirror.

There are losses prior to opening of the Q-switch, such as fluorescence losses
and Amplified Spontaneous Emission (ASE) losses that will depopulate the up-
per state stored energy. Also, not all of the stored energy available at the time of
Q-switching is converted to optical radiation. For a Q-switched laser, the extrac-
tion efficiency ηE in Fig. 3.3 can be expressed as

ηE = ηStηASEηEQ, (3.51)

where ηSt and ηASE account for the fluorescence and ASE losses prior to the open-
ing of the Q-switch and ηEQ is the extraction efficiency of the Q-switch process.

Assuming a square pump pulse of duration tp, the maximum upper state popu-
lation reached at the end of the pump cycle is given by

n2(tp) = ngWpτf
[
1 − exp(−tp/τf)

]
. (3.52)

Since the total number of ions raised to the upper level during the pump pulse is
ngWptp, the fraction available at the time of Q-switching (t = tp) is

ηSt = [1 − exp(−tp/τf)]
tp/τf

. (3.53)

The storage efficiency ηSt is therefore the ratio of the energy stored in the upper
laser level at the time of Q-switching to the total energy deposited in the upper
laser level. From the expression for ηSt it follows that for a pump pulse equal
to the fluorescence lifetime (tp = τf) the storage efficiency is 0.63. Clearly, a
short pump pulse increases the overall efficiency of a Q-switched laser. However,
a shorter pump pulse puts an extra burden on the pump source because the pump
has to operate at a higher peak power to deliver the same energy to the laser
medium.

If the inversion reaches a critical value, the gain can be so high such that spon-
taneous emission after amplification across the gain medium may be large enough
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to deplete the laser inversion. Furthermore, reflections from internal surfaces can
increase the path length or allow multiple passes inside the gain section which
will make it easier for this unwanted radiation to build up. In high-gain oscilla-
tors, multistage lasers, or in laser systems having large-gain regions, ASE coupled
with parasitic oscillations present the limiting factor for energy storage.

We can define ηASE as the fractional loss of the stored energy density to ASE
and parasitic oscillations

ηASE = 1 − EASE/ESt. (3.54)

Minimizing reflections internal to the laser medium by AR coatings and providing
a highly scattering, absorbing, or low-reflection (index matching) surface of the
laser rod, coupled with good isolation between amplifier stages, will minimize
ASE and parasitic losses. The occurrence of ASE can often be recognized in a
laser oscillator or amplifier as a saturation in the laser output as the lamp input is
increased (see also Section 4.4.1).

The fraction of the stored energy ESt available at the time of Q-switching to en-
ergy EEX extracted by the Q-switch, can be expressed as the Q-switch extraction
efficiency

ηEQ = EEX/ESt. (3.55)

The fraction of initial inversion remaining in the gain medium after emission of
a Q-switched pulse is a function of the initial threshold and final population in-
version densities. These parameters are related via a transcendental equation, as
shown in Chapter 8.

3.4.2 Laser Output

In this subsection, we will describe the basic relationships between externally
measurable quantities, such as laser output, threshold, and slope efficiency, and
internal systems and materials parameters.

After the pump source in a laser oscillator is turned on, the radiation flux in the
resonator that builds up from noise will increase rapidly. As a result of the increas-
ing flux, the gain coefficient decreases according to (3.25) and finally stabilizes at
a value determined by (3.7). A fraction of the intracavity power is coupled out of
the resonator and appears as useful laser output according to (3.36). If we combine
(3.29), (3.36), the laser output takes the form

Pout = A

(
1 − R

1 + R

)
IS

(
2g0l

δ − ln R
− 1

)
. (3.56)

In this equation, IS is a materials parameter, A and l are the cross-section and
length of the laser rod, respectively, and R is the reflectivity of the output coupler.
These quantities are usually known, whereas the unsaturated gain coefficient g0
and the resonator losses δ are not known. We will now relate g0 to system pa-
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rameters and describe methods for the measurement of g0 and the losses δ in an
oscillator.

The Four-Level System

The population inversion in a four-level system as a function of pump rate is given
by (3.16). Making the assumption that WPτf 	 1 and multiplying both sides of
this equation by the stimulated emission cross section yields

g0 = σn0WPτf. (3.57)

Now we recall from Chapter 1 that WPng gives the number of atoms transferred
from the ground level to the upper laser level per unit time and volume, i.e., pump
power density divided by photon energy. This can be expressed as

WPng = ηQηSηB Pa/hνLV, (3.58)

where Pa is the total absorbed pump power and V is the volume of the gain
medium. Not all of the atoms transferred from the ground level to the upper laser
level contribute to gain, this is accounted for by ηQ. The Stokes factor ηS enters
in (3.58) because the photon energy is expressed in emitted laser photons rather
than pump photons, and the overlap efficiency ηB defined in (3.46) accounts for
the fact that not all of the population inversion interacts with the photon density
of the resonator modes.

If we introduce (3.58) into (3.57), we can express the small signal gain coeffi-
cient in terms of absorbed pump power

g0 = στfηQηSηB Pab/hνLV . (3.59)

The absorbed pump power in the laser material is related to the electrical input to
the pump source by

Pab = ηPηtηa Pin. (3.60)

With (3.59), (3.60) we can establish a simple relationship between the small sig-
nal, single pass gain and lamp input power

g0 = στ f ηPin/hνLV, (3.61)

where, for convenience, we have combined all the efficiency factors into

η = ηpηtηaηQηSηB. (3.62)

If we replace the small signal coefficient g0 in (3.56) with the system and materials
parameters given in (3.61) we obtain our final result

Pout = σS(Pin − Pth), (3.63)
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FIGURE 3.4. Laser output versus pump input characterized by a threshold input power Pth
and a slope efficiency σS.

where σS is the slope efficiency of the output versus input curve, as shown in
Fig. 3.4,

σS =
( − ln R

δ − ln R

)
η ≈ T

T + δ
η. (3.64)

The electrical input at threshold is

Pth =
(
δ − ln R

2

)
AhνL

ηστf
≈
(

T + δ

2

)
AhνL

ηστf
. (3.65)

In deriving (3.64), (3.65) we have made use of the approximation 2(1 − R)/(1 +
R) = − ln R. Also for reflectivities of the output coupler of R = 0.9 or higher,
the term (− ln R) can be replaced in most cases by the mirror transmission T
with sufficient accuracy. In the laser literature, (3.65) is sometimes expressed in
terms of pump photon energy, in this case ηQηS have to be excluded from η since
hνL = ηQηShνp.

From (3.65) it follows that a laser material with a large product of the stimu-
lated emission cross section and fluorescence lifetime (στf) will have a low laser
threshold. The slope efficiency σS is simply the product of all the efficiency fac-
tors discussed in Section 3.4.1. The input power Pth required to achieve laser
threshold is inversely proportional to the same efficiency factors. Therefore, a de-
crease of any of the η terms will decrease the slope efficiency and increase the
threshold, as shown in Fig. 3.4. In the expressions for σS and Pth we have left T
and δ in explicit form, because these parameters are subject to optimization in a
laser resonator. As expected, higher optical losses δ, caused by reflection, scat-
tering, or absorption, increase the threshold input power and decrease the slope
efficiency.
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FIGURE 3.5. Laser output power and total flux inside the resonator as a function of mirror
reflectivity. Parameters: I5 = 2.9 kW/cm2, 2g0� = 1, δ = 0.1, A = 0.4 cm2.

From (3.29) and (3.36) we can calculate the power density inside the resonator
and the laser output as a function of output coupling. The general shape of I and
Pout as a function of T is shown in Fig. 3.5. The power density I is maximum if
all the radiation is contained in the resonator, that is, R = 1. At 2g0� = δ − ln R
the flux inside the resonator is zero. This occurs if the reflectivity of the output
mirror is so low, namely Rth = exp(δ−2g0�), that the laser just reaches threshold
at the given input. The laser output Pout is zero for R = 1 and Rth. As shown in
Fig. 3.5, the output reaches a maximum for a specific value of R.

Differentiation of (3.56) determines the output coupling Ropt which maximizes
Pout, i.e.,

− ln Ropt = (
√

2g0�/δ − 1)δ. (3.66)

From this expression it can be seen that low-gain systems require a high reflectiv-
ity and vice versa. For cw-pumped Nd : YAG lasers the gain coefficient is typically
on the order of g0 = (0.05 − 0.1) cm−1 and the optimum output coupling ranges
from 0.80 to 0.98. The lower number is typical for multi-hundred watt Nd : YAG
lasers pumped with up to 10 kW of input power. The very high reflectivity is for
very small systems. Pulsed-pumped systems operate at much higher pump powers
and, correspondingly, have a higher gain coefficient. For example, a typical indus-
trial Nd : YAG laser for cutting sheet metal has a pulse length of 100µs and an
output energy of 2 J per pulse. Assuming a 2% system efficiency, the pump pulse
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has a peak power of 1 MW. Gain coefficients for pulsed systems are on the order
of (0.3–0.5) cm−1, and the output mirror reflectivity ranges from 0.6 to 0.8. Pulsed
systems that are also Q-switched have the highest gain coefficients, typically 1.5
to 2.5 cm−1, and the output coupler reflectivity is between 0.4 and 0.6.

Introducing the expression for Ropt into (3.56) gives the laser output at the
optimum output coupling

Popt = g0l IS A(1 −√
δ/2g0l)2. (3.67)

If we use the definition for g0 and IS as given before, we can readily see that
g0 IS = n2hν/τf, which represents the total excited state power per unit volume.
(A similar expression will be derived in Chapter 4 for the available energy in a
laser amplifier.) Therefore, the maximum available power from the oscillator is

Pavail = g0l IS A. (3.68)

The optimum power output can be expressed as

Popt = ηE Pavail, (3.69)

where

ηE =
(

1 −√
δ/2g0l

)2
(3.70)

is the extraction efficiency already mentioned in Section 3.4.1. The behavior of
ηE as a function of the loss-to-gain ratio δ/2g0l is depicted in Fig. 3.6. The detri-
mental effect of even a very small internal loss on the extraction efficiency is quite
apparent. For example, in order to extract at least 50% of the power available in

FIGURE 3.6. Extraction efficiency ηE as a function of loss-to-gain ratios δ/2g0l.
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FIGURE 3.7. Extraction efficiency for the optimized resonator as a function of the single-
pass logarithmic gain. Parameter is the one-way resonator loss.

the laser material, the internal loss has to be less than 10% of the unsaturated gain.
Achievement of a high extraction efficiency is particularly difficult in cw systems
because the gain is relatively small, and unavoidable resonator losses can repre-
sent a significant fraction of the gain. In Fig. 3.7 the extraction efficiency for the
optimized resonator is plotted for different values of δ and g0l.

The overall system efficiency of a solid-state laser is directly proportional to
the extraction efficiency

ηsys = Pout/Pin = ηEη. (3.71)

If one compares (3.71) with the expression for the slope efficiency of a laser given
by (3.65), then the first term, namely the coupling efficiency, is replaced by the
extraction efficiency ηE.

The sensitivity of the laser output to values of T that are either above or be-
low Topt is illustrated in Fig. 3.8. For resonators which are either over- or under-
coupled, the reduction of power compared to that available at Topt depends on how
far the system is operated above threshold. For oscillators far above threshold, the
curve has a broad maximum and excursions of ±20% from Topt do not reduce the
output by more than a few percent.

As we have seen, the resonator losses and the gain in the laser material play an
important part in the optimization process of a laser system. Following a method
first proposed by Findlay and Clay [4], the resonator losses can be determined by
using output mirrors with different reflectivities and determining threshold power
for lasing for each mirror. According to (3.7) we can write

− ln R = 2g0�− δ. (3.72)
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FIGURE 3.8. Sensitivity of laser output for nonoptimal output coupling.

Extrapolation of the straight-line plot of − ln R versus Pth, at Pth = 0, yields the
round-trip resonator loss δ as shown in Fig. 3.9. With δ determined, the small
signal gain g0 as a function of input power can be plotted. From the slope of the
straight line we can also calculate the efficiency factor η. With (3.61) and (3.27)

FIGURE 3.9. Measurement of the resonator losses as well as the product of all the effi-
ciency factors involved in the energy transfer mechanism of a laser.
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we obtain 2g0l = 2ηPin/IS A, and (3.72) can be written

− ln R = (2η/IS A)Pin − δ. (3.73)

The Three-Level System

The population inversion in a three-level system as a function of the pump rate
is given by (3.15). If we multiply both sides of this equation by the stimulated
emission cross section σ21, we obtain

g0 = α0
WPτ21 − 1

WPτ21 + 1
, (3.74)

where α0 = σ21ntot is the absorption coefficient of the material when all atoms
exist in the ground state. In the absence of pumping, (3.74) simply becomes g0 =
−α0. In order to simplify our analysis, we assumed g2 = g1.

We assume now that the pump rate WP is a linear function of lamp input Pin,

WPτf = (η/AIS)Pin. (3.75)

Introducing (3.75) into (3.74) yields

g0 = α0
(η/AIS)Pin − 1

(η/AIS)Pin + 1
. (3.76)

In a four-level system, the small signal gain is directly proportional to the pump
rate and therefore to the input power of the pump source. From (3.61) we obtain

g0 = (η/AIS)(Pin/�). (3.77)

Equation (3.76) and (3.77) are plotted in Fig. 3.10. Since both lasers are assumed
to be pulsed, the input power Pin has been replaced by the flashlamp input energy
Ein = Pintp, where tp = 1 ms is the pump pulse width. The other parameters are
(η/IS A) = 10−6 W−1, α0 = 0.2 cm−1, and � = 15 cm.

3.5 Relaxation Oscillations

So far in this chapter we have considered only the steady-state behavior of the
laser oscillator. Let us now consider some aspects of transient or dynamic behav-
ior. Relaxation oscillations are by far the most predominant mechanisms causing
fluctuations in the output of a solid-state laser. Instead of being a smooth pulse,
the output of a pumped laser is comprised of characteristic spikes. In cw-pumped
solid-state lasers the relaxation oscillations, rather than causing spiking of the out-
put, manifest themselves as damped, sinusoidal oscillations with a well-defined
decay time.

In many solid-state lasers the output is a highly irregular function of time. The
output consists of individual bursts with random amplitude, duration, and sep-
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FIGURE 3.10. Gain versus lamp input for a four-level and a three-level system.

aration. These lasers typically exhibit what is termed “spiking” in their output.
We will explain the phenomena of the spike formation with the aid of Fig. 3.11.
When the laser pump source is first turned on, there are a negligible number of
photons in the cavity at the appropriate frequency. The pump radiation causes a
linear buildup of excited ions and the population is inverted.

Although under steady-state oscillation conditions N2 can never exceed N2,th,
under transient conditions the pump can raise N2 above the threshold level be-
cause no laser oscillation has yet been built up and no radiation yet exists in the
cavity to pull N2 back down by means of stimulated emission.

The laser oscillation does not begin to build up, in fact, until after N2 passes
N2,th, so that the net round-trip gain in the laser exceeds unity. Then, however,
because N2 is considerably in excess of N2,th, the oscillation level will actually
build up very rapidly to a value of the photon flux φ substantially in excess of the
steady-state value for the particular pumping level.

But, when φ(t) becomes very large, the rate of depletion of the upper-level ions
due to stimulated emission becomes correspondingly large, in fact, considerably
larger than the pumping rate Wp. As a result, the upper-level population N2(t)
passes through a maximum and begins to decrease rapidly, driven downward by
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FIGURE 3.11. Spiking behavior of a laser oscillator.

the large radiation density. The population N2(t) is driven back below the thresh-
old level N2,th; the net gain in the laser cavity becomes less than unity, and so the
existing oscillation in the laser cavity begins to die out.

To complete the cycle of this relaxation process, once the radiation level has de-
creased below the proper steady-state level, the stimulated emission rate again be-
comes small. At this point the pumping process can begin to build the population
level N2 back up toward and through the threshold value again. This causes the
generation of another burst of laser action, and the system can again go through a
repeat performance of the same or a very similar cycle.

Turning now to the rate equation, we can interpret these curves as follows:
At the beginning of the pump pulse we can assume that the induced emission is
negligible because of the low-photon density. During this time we may neglect
the term containing φ in (1.53) and write

dn

dt
= Wpntot. (3.78)

The population inversion therefore increases linearly with time before the devel-
opment of a large spiking pulse. As the photon density builds up, the stimulated
emission terms become important and for the short duration of one pulse the effect
of the pumping can be neglected. Therefore, during the actual spiking pulse the
rate equations can be written by neglecting both the pumping rate for the excess
population and the cavity loss rate in (1.58), (1.61):
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dn

dt
= −γ cσnφ,

dφ

dt
= +cσnφ. (3.79)

The photon density thus grows with time and the population inversion de-
creases with time. The photon density reaches a peak when the decreasing in-
version reaches the threshold value nth. The inversion reaches a minimum at
γ ncσφ ≈ Wpntot. The cycle repeats itself, forming another spike. The inver-
sion fluctuates in a zigzag fashion around the threshold value nth. As time passes,
the peaks become smaller and the curve becomes damped sinusoidal.

Solutions of the laser rate equations predict a train of regular and damped spikes
at the output of the laser. Most lasers, however, show completely irregular, un-
damped spikes. This discrepancy between theory and experiment is due to the
fact that the spiking behavior dies out very slowly in most solid-state lasers and
therefore persists over the complete pump cycle. Furthermore, mechanical and
thermal shocks and disturbances present in real lasers act to continually reexcite
the spiking behavior and keep it from damping out. Hence many lasers, especially
the ruby laser, spike continuously without ever damping down to the steady state.
Depending on the system parameters such as mode structure, resonator design,
pump level, and so forth, the spiking may be highly irregular in appearance or it
may be regular.

In cw-pumped lasers, such as Nd : YAG, the relaxation oscillations are much
weaker and usually consist of damped sinusoidal oscillations around the steady-
state value. These oscillations may be treated as perturbations of the steady-state
population inversion and photon density given in the rate equations (1.58), (1.61).
Compared to the fluorescence time τf, the relaxation oscillations have a much
shorter period; therefore the term including τf in the rate equations can be ignored
(i.e., τf → ∞).

We now introduce a small perturbation n into the steady-state value of the
population inversion n; similarly, a perturbation φ is introduced into the steady
state of the photon density φ. Thus we may write

n′ = n +n and φ′ = φ +φ. (3.80)

We now proceed to eliminate the population inversion n from (1.61). This is
done by first differentiating the equation and then substituting ∂n/∂t from (1.58).
The differential equation is then linearized by introducing n and φ from (3.80).
Neglecting products of (nφ), we finally obtain

d2(φ)

dt2
+ cσφ

d(φ)

dt
+ (σc)2φn(φ) = 0. (3.81)

The solution of this equation gives the time variation of the photon density

φ ≈ exp

[(
−σcφ

2

)]
t sin[σc(φn)1/2t]. (3.82)
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The frequency ωs = σc(φn)1/2 and the decay time constant τR = 2/σcφ of
this oscillation can be expressed in terms of laser parameters by noting that I =
cφhν and n = 1/cστc. The latter expression follows from (1.61) for the steady-
state condition, i.e., ∂φ/∂t = 0, and ignoring the initial noise level S. With the
introduction of the intracavity power density I and the photon decay time τc we
obtain

ωs =
√
σ I

τchν
and τR = 2hν

Iσ
. (3.83)

These expressions can be further simplified for the case of a four-level system by
introducing the saturation power density Is, leading to

ωs =
√

I

Isτfτc
and τR = 2τf

(
Is

I

)
. (3.84)

Note, that the greater the power density I and therefore the output power from
the laser, the higher the oscillation frequency. The decay time τR will decrease for
higher output power.

From these equations it follows that the damping time is proportional to the
spontaneous lifetime. This is the reason that relaxation oscillations are observed
mainly in solid-state lasers where the upper-state lifetime is relatively long. Os-
cilloscope traces of the relaxation oscillations of a cw-pumped Nd : YAG laser are
presented in Fig. 3.12.

Like most solid-state lasers, Nd : YAG exhibits relaxation oscillation. Fig-
ure 3.12 exhibits oscilloscope traces of the relaxation oscillations of a small
cw-pumped Nd : YAG laser. The oscillation is a damped sine wave with only a
small content of harmonics. Figure 3.12(b) displays the spectrum of the relaxation
oscillations, as obtained by a spectrum analyzer. From (3.84) it follows that the
resonant frequency is proportional to (P1/2

out ) of the laser. Figure 3.12(b) illustrates
this dependence. With (3.84) we can calculate the center frequency νS and the
time constant τR of the relaxation oscillations. With the laser operated at 1 W
output, a mirror transmission of T = 0.05, and beam diameter of 0.12 cm, one
obtains I = 4.0 × 103 W/cm2; l = 35 cm is the length of the cavity and δ = 0.03
are the combined cavity losses. With these values, and IS = 2900 W/cm2 and
τ f = 230µs, it follows that τR = 333µs and νS = 72 kHz. The measured center
frequency of the relaxation oscillation is, according to Fig. 3.12(b), about 68 kHz.

3.6 Examples of Laser Oscillators

The Nd : YAG laser is by far the most widely used and most versatile solid-state
laser. Pumping can be accomplished by means of flashlamps, cw arc lamps, or
laser diodes, and the laser can be operated cw or pulsed thereby achieving pulse
repetition rates from single shot to several hundred megahertz. In this section
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FIGURE 3.12. Relaxation oscillation of a cw-pumped Nd : YAG laser. (a) Oscilloscope
trace showing the temporal behavior of a relaxation oscillation: time scale, 20µs/div.
(b) Frequency spectrum of relaxation oscillations at different output power levels: (A)
1.3 W, (B) 1.0 W, (C) 0.25 W.

we will relate the performance characteristics of several of these systems to the
oscillator model described in this chapter.

3.6.1 Lamp-Pumped cw Nd : YAG Laser

A type of laser which is widely used for materials processing consists of an
Nd : YAG crystal 7.5 cm or 10 cm long and with a diameter of 6.2 mm pumped
by two krypton filled arc lamps. Electrical input to the lamps can be up to 12 kW.
The optical resonator is typically comprised of two dielectrically coated mirrors
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FIGURE 3.13. Continuous output versus lamp input of a powerful Nd : YAG laser.

with a separation of 30 to 40 cm. Curvature of the mirrors and transmission of
the output coupler is selected for optimum performance, that is, output power and
beam quality. In Fig. 3.13 the output versus input is plotted for a number of differ-
ent laser crystals and mirror combinations. Curve A shows the output curve of a
system that has a slope efficiency of σS = 3.1% and an extrapolated threshold of
Pth = 2.5 kW. The nonlinear portion of the curve close to threshold is due to the
focusing action of the elliptical reflection. At first, only the center of the rod lases.
The nonlinear behavior of the output curve at the high input end is due to thermal
lensing within the laser rod. This lensing effect, caused by the thermal gradients
in the laser crystal, increases the resonator losses (see Chapter 7).

In Fig. 3.14 the lamp input power required to achieve laser threshold was mea-
sured for different mirror reflectivities for the laser system mentioned above. If
one plots ln(1/R) versus Pin one obtains a linear function according to (3.72).
From this measurement follows a combined loss of δ = 0.075 in the resonator.
With this value and the slope efficiency measured for curve A in Fig. 3.13 one
can calculate the efficiency factor η = 4.6%. The same value can also be obtained
from the slope of the curve in Fig. 3.14. Best agreement is obtained if one assumes
a saturation power density of IS = 2.2 kW/cm2. This implies an effective emis-
sion cross section somewhere between the two values listed in Table 2.2. From
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FIGURE 3.14. Threshold power input as a function of mirror reflectivity.

the data of Fig. 3.14 one can plot the small-signal, single-pass gain and the gain
coefficient as a function of lamp input power as shown in Fig. 3.15.

It is instructive to calculate the inversion density in the Nd : YAG crystal that
has to be sustained to achieve the maximum small-signal gain coefficient of g0 =
0.11 cm−1. Assuming a neodymium concentration of 1.38 × 1020 cm−3 and a
stimulated emission cross section of 2.8 × 10−19 cm2, it follows from (3.12) that
at maximum pump input only 0.28% of the total neodymium atoms are inverted.
The small percentage of atoms at the upper laser level is due to the four-level
nature of the transition and the large cross section of Nd : YAG.

For a mirror transmission of T = 0.15 the small-signal gain coefficient at
threshold is about g = 0.02 cm−1, which results in an upper-state population
density of nt = 1016 cm−3. From this value and using (3.18) we can calculate
the total fluorescence output of the laser at threshold. With V = 2.3 cm3, τ f =
230µs, hν = 1.86 × 10−19 W s, one obtains Pf = 130 W.

If δ and η have been determined for a particular laser crystal and resonator
combination, the laser output at different input levels and mirror reflectivities can
be calculated from (3.63)–(3.65). An example of such a calculation is shown in
Fig. 3.16. The mirror reflectivity which gives the highest output power for the
different input powers is located along the dashed curve. This curve has been
obtained from (3.66) with (3.61), (3.27). Figure 3.17 shows the intracavity power
density as a function of laser output power for a fixed lamp input power of 12 kW.
The parameter is the reflectivity of the front mirror. This curve is obtained from
Fig. 3.16 (uppermost curve) and using (3.36). As we can see from this figure, the



FIGURE 3.15. Small-signal, single-pass rod gain and gain coefficient as a function of lamp
input.
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circulating power density in the resonator increased for the higher reflectivities
despite the reduction of output power.

Figure 3.18 shows a photograph of a typical, commercially available, cw-
pumped Nd : YAG laser. The laser head contains a single arc lamp. The mechan-
ical shutter is used to stop laser oscillations for short periods of time without
having to turn off the arc lamp. The purpose of the mode selector and Q-switch
will be discussed in Chapters 5 and 8. Bellows are employed between each opti-
cal element in the laser head in order to seal out dust and dirt particles from the
optical surfaces. The laser head cover is sealed with a gasket in order to further
reduce environmental contamination.

3.6.2 Diode Side-Pumped Nd : YAG Laser

The system illustrated here produces an energy per pulse of about 0.5 J at a rep-
etition rate of 40 Hz. Critical design issues for this laser include heat removal
from the diode arrays and laser rod and the overlapping of the pump and res-
onator mode volumes. In side-pumped configurations, laser-diode arrays are not
required to be coherent, and pump power can be easily scaled with multiple arrays
around the circumference of the rod or along its axis. Instead of one diode array
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FIGURE 3.18. Photograph of a commercial cw-pumped Nd : YAG laser (Quantronix, Se-
ries 100).

pumping the laser crystal, this particular laser employs 16 diode arrays located
symmetrically around the rod. As shown in Fig. 3.19 the diode pumps are ar-
ranged in four rings, each consisting of four arrays. Since each array is 1 cm long,
the total pumped length of the 6.6 cm × 0.63 cm Nd : YAG crystal is 4 cm. This
arrangement permits the incorporation of large water-cooled heat sinks required
for heat dissipation, and it also provides for a very symmetrical pump profile. An
eight-fold symmetry is produced by rotating adjacent rings of diodes by 45◦. A
photograph of the extremely compact design is also shown in Fig. 3.19. The sym-
metrical arrangement of the pump sources around the rod produces a very uni-
form pump distribution, as illustrated in Fig. 3.20. The intensity profile displays
the fluorescence output of the rod taken with a CCD camera. In Fig. 3.21, the
output versus optical pump input is plotted for long pulse multimode and TEM00

FIGURE 3.19. Cross section (left) and photograph (right) of diode-pumped Nd : YAG laser
head.
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FIGURE 3.20. Pump distribution of a 16-diode array side-pumped Nd : YAG crystal (each
line represents a 10% change in intensity).

mode operation. Also shown is the output for Q-switch TEM00 mode operation.
The resonator configuration for the long pulse, multimode operation is depicted
in Fig. 3.22. The TEM00 mode performance was achieved with a variable reflec-
tivity mirror and a concave–convex resonator structure which will be described in
Chapter 5.

The multimode laser output can be expressed by

Eout = 0.5(Eopt − 180 mJ),

FIGURE 3.21. Output versus input energy for diode-pumped Nd : YAG oscillator.
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FIGURE 3.22. Resonator configuration for multimode operation.

where Eopt is the optical pump energy from the 16 diode arrays. The electrical
input energy Ein required to achieve Eopt is

Eopt = 0.5(Ein − 640 mJ).

Combining these two output–input curves relates the laser output with the electri-
cal input energy

Eout = 0.25(Ein − 1000 mJ).

The slope efficiency of the laser is 25%, and the overall electrical efficiency at
the maximum output of 460 mJ per pulse is 16%. The optimum output coupling
was experimentally determined. Figure 3.23 shows a plot of the laser output for
different values of the reflectivity. The different efficiency factors of the system

FIGURE 3.23. Oscillator output vs. mirror reflectivity (calculated curve based on Topt =
0.2, g0l = 1.4, δ = 0.03)
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TABLE 3.1. Energy transfer efficiencies of a large
diode-pumped Nd : YAG oscillator.

Transfer process Multimode Single mode

Diode slope efficiency ηP 0.50 0.50
Transfer efficiency ηt 0.95 0.95
Absorption efficiency ηa 0.90 0.90
Stokes shift ηS 0.76 0.76
Quantum efficiency ηQ 0.95 0.95
Coupling efficiency ηC 0.90 0.90
Beam overlap efficiency ηB 0.90 0.38
Electrical slope efficiency σS 0.25 0.10

are listed in Table 3.1. The slope efficiency of the diode array was measured with
a power meter. The absorbed pump radiation in the 6.3 mm diameter crystal was
calculated from a computer code.

The coupling efficiency ηC follows from Topt = 0.20 and the measured round-
trip loss of δ = 2.2%. The gain/mode overlap efficiency ηB was estimated by
comparing the beam profile with the pump distribution in the laser rod. The final
value was adjusted for the product of the η terms to agree with the measured slope
efficiency of 25%. For TEM00 mode operation, the major difference is a substan-
tially reduced value for ηB as a result of a smaller beam. All other parameters
remain unchanged.

3.6.3 End-Pumped Systems

In this so-called end-pumped configuration, the radiation from a single laser diode
or diode bar is focused to a small spot on the end of a laser rod. With a suitable
choice of focusing optics, the diode pump radiation can be adjusted to coincide
with the diameter of the TEM00 resonator mode. The end pumping configuration
thus allows the maximum use of the energy from the laser diodes.

Using this longitudinal pumping scheme, the fraction of the active laser volume
excited by the diode laser can be matched quite well to the TEM00 lasing volume.
A solid-state laser pumped in this manner operates naturally in the fundamental
spatial mode without intracavity apertures.

Many excellent systems with extremely compact packaging and high effi-
ciency that utilize the mode matching pump profile are commercially available.
By way of illustrating the concept, we will consider the configuration illustrated
in Fig. 3.24 which was originally proposed by Sipes [5]. The output from a
diode array with 200 mW output at 808 nm is collimated and focused into a
1 cm long × 0.5 cm diameter 1% Nd : YAG sample. The resonator configuration
is plano-concave, with the pumped end of the Nd : YAG rod being coated for
high reflection at 1.06µm, and with an output coupler having a 5 cm radius of
curvature and a reflectivity at 1.06µm of 95%.
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FIGURE 3.24. End-pumped laser oscillator.

Figure 3.25 displays electrical input power versus 1.06µm output power for
the configuration illustrated in Fig. 3.24. We see that for approximately 1 W of
electrical input power, 80 mW of Nd : YAG output is measured.

The electrical slope efficiency of the laser is 13%, and the overall efficiency at
80 mW output is 8%. Also shown in Fig. 3.25 is the performance of the diode ar-
ray that has a slope efficiency of 34% and an overall efficiency of 22% at 220 mW
output. The energy transfer steps of the laser are listed in Table 3.2. The slope effi-
ciency ηP of the diode laser output is a measured quantity. The transfer efficiency
ηT includes the collection of diode radiation by the lens system and reflection
losses at the surfaces. The pump radiation is completely absorbed in the 1-cm
long crystal, i.e., ηa = 1. The coupling efficiency ηC follows from the measured

FIGURE 3.25. Nd : YAG laser and diode output versus electrical input power.
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TABLE 3.2. Energy transfer efficiencies of
an end-pumped Nd : YAG oscillator.

Transfer process

Diode slope efficiency η′
p 0.34

Transfer efficiency ηt 0.90
Absorption efficiency ηa 1.00
Stokes shift ηS 0.76
Quantum efficiency ηQ 0.95
Coupling efficiency ηC 0.71
Beam overlap efficiency ηB 0.85
Electrical slope efficiency σS 0.13

1% one-way loss and an output coupling of 5%. As stated by the authors, the
large ellipticity of the diode array beams made it difficult to focus the entire pump
beam into the laser resonator mode. The value of ηB is therefore lower than can
be achieved with an optimized system. The measured slope efficiency of the laser
is the product of the η-terms listed in Table 3.2.

This example of an end-pumped laser demonstrates the high overall perfor-
mance at TEM00 mode which can be achieved with this type of system. The at-
tractive features of end-pumped lasers are a very compact design combined with
high beam quality and efficiency, as a result of the good overlap between the
pumped region and the TEM00 laser mode.

Figure 3.26 displays a photograph of a typical end-pumped laser. The optical
components shown separately are the laser diode array, two cylindrical and two

FIGURE 3.26. Photograph of (a) assembled end-pumped laser and (b) disassembled optical
components. [Fibertek, Inc.].
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FIGURE 3.27. Laser output as a function of pump energy at the laser crystal.

spherical lenses, an Nd : YAG crystal, polarizer, Q-switch, and output coupler.
The end mirror of the resonator is coated onto the laser crystal. The diode array
comprises three quasi-cw 1 cm bars. The three-bar stack had a maximum output
energy of 27 mJ in a 200µs pulse. At that pulse energy, the laser output was 6.7 mJ
in the TEM00 mode and 8.4 mJ multimode (Fig. 3.27). The pulse repetition was
50 pps. The resonator loss was determined by measuring the pump threshold as a
function of the reflectivities of the output coupler, as described in Section 3.4.2.
The measurement yielded a value of 2.4% for the resonator round-trip loss. The
maximum output was obtained for an output coupler reflectivity of 95%. The
optical design of this laser is depicted in Figs. 6.39.

Summary

Basically a laser oscillator consists of a medium with optical gain inside a res-
onator formed by two mirrors. The two mirrors perform the function of opti-
cal feedback by reflecting the optical radiation back and forth through the gain
medium.

The oscillator starts to lase after having been triggered by some spontaneous
radiation emitted along the axis of the resonator. This radiation is amplified and a
fraction leaks out of the output mirror. Most of the radiation is reflected and am-
plified again as it passes through the active material. To continue oscillating, the
gain per double pass must exceed the losses. As the intensity builds up inside the
resonator, the gain is reduced because of gain saturation. A stable operating point
is reached when the round trip gain and the losses are equal. Dynamic interactions
between the gain of the active medium and the photon flux in the resonator causes
damped oscillations around the steady state value.
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In order to achieve maximum output from an oscillator under given operating
conditions the reflectivity of the output mirror has to be optimized. Increasing the
output coupling (T = 1 − R) is equivalent to decreasing the feedback factor and
increasing the loss in the resonator. The limiting condition is that feedback must
be sufficiently large to compensate for the internal and output coupling losses in
the system. The transmission of the output mirror will have an optimum value that
maximizes the output power from the oscillator. This value is between zero and a
transmission at which the losses exceed the gain and the oscillator will cease to
lase.

Threshold and laser output as a function of materials and systems parameters
are discussed in this chapter. The conversion of electrical input energy to laser
output proceeds through a number of steps that can be related to the pump source,
pump radiation transfer system, laser medium, and optical resonator. The effi-
ciency of the energy conversion or transfer process associated with each step
contributes to the overall efficiency of the laser. The energy flow within a laser
oscillator is analyzed in detail, and an illustration of the practical realization of
different oscillators concludes the chapter.
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Exercises

1. Prove that when the gain length is equal to the resonator length, the condition
giving the required inversion density at lasing threshold, n = 1/cστc, is identi-
cal to the threshold condition 2gl = δ− ln(R1) ≈ T +δ. Indicate any equation
you use from the text and define all the quantities that you use.

2. For the system described in Fig. 3.2 show that the quantity Irms = √
IR IL is

constant throughout the resonator.

3. Derive equations (3.64) and (3.65). (Hint: Use the approximations given in the
text.)

4. The beam overlap efficiency is a very important parameter for evaluating many
lasers. Derive equations (3.47) and (3.48). Do this again assuming the beam
and gain distributions to be uniform.

5. Derive the expression for the output mirror reflectivity (the commensurate
transmission, e.g., T = 1 − R, is called the output coupling) that results in



120 3. Laser Oscillator

optimum output from a laser (e.g., equation (3.66)). Then insert your result
into equation (3.56) and find the output obtained when using this reflectivity
(e.g., equation (3.67)).

6. Derive the expressions in equation (3.84). Describe the relaxation oscillations
of a laser pumped just a tiny bit above oscillation threshold when it is perturbed
a small amount for a brief instant and then returned to its original condition.
Sketch the output as a function of time and explain your result.

7. Describe the relaxation oscillations of a laser pumped with a 100 ns duration
pump pulse that achieves an intensity twice the saturation power density. The
resonator mirrors are 100% and 75% reflecting, and the cavity length is 30 cm.
The length of the gain medium is 1 cm, and the nonproductive losses are equiv-
alent to having distributed losses throughout the resonator with a loss coeffi-
cient of 0.05 cm−1. The fluorescent lifetime of the gain medium is 8 ns. Sketch
the output as a function of time and explain your result.

8. Starting from the rate equation, for the photon density in a resonator having
an average photon lifetime of τc and the definition of cavity Q, derive equa-
tion (3.9).
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The use of lasers as pulse amplifiers is of great interest in the design of high-
energy, high-brightness radiation sources. In the pulse amplifiers described in this
chapter the input Q-switched or mode-locked pulse is considerably shorter than
the fluorescent lifetime of the active medium. Hence the effect of spontaneous
emission and pumping rate on the population inversion during the amplification
process can be neglected. Furthermore, energy is extracted from the amplifier,
which was stored in the amplifying medium prior to the arrival of the pulse.

Because of the energy storage, pulse amplifiers have high-gain and high-energy
extraction. In contrast, the small gain and energy storage of a cw amplifier requires
many passes through the medium to achieve useful amplification. This can best
be achieved in an oscillator. Therefore, in order to increase the output from a cw
oscillator, several laser pump modules are operated in series between the resonant
mirrors.

Although cw amplifiers are seldom employed in the traditional bulk solid-state
lasers considered in this text, the situation is different for rare-earth-doped fiber
lasers. In a fiber laser the pump and signal beam are confined by the fiber core
along the entire length of the fiber, which is typically several meters. The long
gain path combined with the high pump beam density achievable in the fiber
core make high-gain amplification possible. Fiber-optic cw amplifiers represent a
rapidly expanding branch of optics and the erbium-doped fiber amplifier (EDFA)
is a critical component for telecommunication applications.

121
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FIGURE 4.1. Schematic diagram of a laser oscillator–amplifier configuration.

The generation of high-energy pulses is based on the combination of a master
oscillator and a power amplifier. For the purpose of illustrating the amplifier con-
cept and principles we assume a straightforward system, as shown in Fig. 4.1. In
this scheme an amplifier is driven by an oscillator which generates an initial laser
pulse of moderate power and energy. In the power amplifier with a large volume
of active material, stored energy is extracted during the passage of the oscillator
pulse.

In an oscillator–amplifier system, pulse width, beam divergence, and spectral
width are primarily determined by the oscillator, whereas pulse energy and power
are determined by the amplifier. Operating an oscillator at relatively low-energy
levels reduces beam divergence and spectral width. Therefore, from an oscillator–
amplifier combination one can obtain either a higher energy than is achievable
from an oscillator alone, or the same energy in a beam that has a smaller beam
divergence and narrower linewidth. Generally speaking, the purpose of adding an
amplifier to a laser oscillator is to increase the brightness Br[W cm−2 sr−1] of the
output beam

Br = Pout

A�
, (4.1)

where Pout is the power of the output beam emitted from the area A and � is the
solid-angle divergence of the beam. Multiple-stage amplifier systems can be built
if higher amplifications are required.

In the design of laser amplifiers the following aspects must be considered:

• Gain and energy extraction.
• Wavefront distortions.
• Feedback which may lead to parasitic oscillations.

In the following section we will address these design considerations.

4.1 Pulse Amplification

Of primary interest in the design of amplifiers is the gain which can be achieved
and the energy which can be extracted from the amplifier. The rod length in an
amplifier is determined primarily by the desired gain, while the rod diameter, set
by damage threshold considerations, is dependent on the output energy.
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To a first approximation we can assume the growth of input energy to be ex-
ponential, for the amount of stimulated emission is proportional to the exciting
photon flux. It will be seen, however, that exponential amplification will occur
only at low photon-flux levels. A deviation from the exponential gain regime in
an amplifier occurs when an optical pulse traveling in the inverted medium be-
comes strong enough to change the population of the laser levels appreciably. The
optical amplifier will exhibit saturation effects as a result of depletion of the in-
version density by the driving signal. Taking an extreme case, we can see that if a
high-intensity light pulse is incident on an amplifier, the stimulated emission can
completely deplete the stored energy as it progresses. Then the gain can be ex-
pected to be linear with the length of the active medium rather than exponential.
The events during the amplifier action are assumed to be fast compared with the
pumping rate Wp and the spontaneous emission time τf. Therefore tp � τf,W−1

p ,
tp being the width of the pulse which passes through the amplifying medium.

Thus the amplification process is based on the energy stored in the upper laser
level prior to the arrival of the input signal. As the input pulse passes through the
amplifier, the ions are stimulated to release the stored energy. The amplification
process can be described by the rate equations (1.58), (1.61). If we ignore the
effect of fluorescence and pumping during the pulse duration, we obtain for the
population inversion

∂n

∂t
= −γ ncσφ. (4.2)

The growth of a pulse traversing a medium with an inverted population is de-
scribed by the nonlinear, time-dependent photon-transport equation, which ac-
counts for the effect of the radiation on the active medium and vice versa,

∂φ

∂t
= cnσφ − ∂φ

∂x
c. (4.3)

The rate at which the photon density changes in a small volume of material is
equal to the net difference between the generation of photons by the stimulated
emission process and the flux of photons which flows out from that region. The
latter process is described by the second term on the right of (4.3). This term that
characterizes a traveling-wave process is absent in (1.61).

Consider the one-dimensional case of a beam of monochromatic radiation in-
cident on the front surface of an amplifier rod of length L . The point at which the
beam enters the gain medium is designated the reference point, x = 0. The two
differential equations (4.2), (4.3) must be solved for the inverted electron pop-
ulation n and the photon flux φ. Frantz and Nodvik [1] solved these nonlinear
equations for various types of input pulse shapes.

If we take, for the input to the amplifier, a square pulse of duration tp and initial
photon density φ0, the solution for the photon density is

φ(x, t)

φ0
=
{

1 − [1 − exp(−σnx)] exp
[
−γ σφ0c

(
t − x

c

)]}−1
, (4.4)
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where n is the inverted population density, assumed to be uniform throughout the
laser material at t = 0. The energy gain for a light beam passing through a laser
amplifier of length x = l is given by

G = 1

φ0tp

∫ +∞

−∞
φ(l, t) dt. (4.5)

After introducing (4.4) into (4.5) and integrating, we obtain

G = 1

cγ σφ0tp
ln{1 + [exp(γ σφ0tpc)− 1]enσ l}. (4.6)

We shall cast this equation in a different form such that it contains directly mea-
surable laser parameters. The input energy per unit area can be expressed as

Ei = cφ0tphν. (4.7)

A saturation fluence Es can be defined by

Es = hν

γ σ
= Jst

γ g0
, (4.8)

where Jst = hνn is the stored energy per volume and g0 = nσ is the small-signal
gain coefficient.

In a four-level system γ = 1 and the total stored energy per unit volume in the
amplifier is

Jst = g0 Es . (4.9)

The extraction efficiency ηE is the energy extracted from the amplifier divided by
the stored energy in the upper-laser level at the time of pulse arrival. With this
definition, we can write

ηE = Eout − Ein

g0Es
. (4.10)

In this expression Eout, Ein is the amplifier signal output and input fluence, respec-
tively. In a four-level system, all the stored energy can theoretically be extracted
by a signal. In a three-level system γ = 1 + g2/g1, and only a fraction of the
stored energy will be released because as the upper laser level is depleted, the
lower-level density is building up.

Introducing (4.7), (4.8) into (4.6), one obtains

G = Es

Ein
ln

{
1 +

[
exp

(
Ein

Es

)
− 1

]
G0

}
. (4.11)

This expression represents a unique relationship between the gain G, the in-
put pulse energy density Ein, the saturation parameter Es, and the small-signal,
single-pass gain G0 = exp(g0l).
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Equation (4.11), which is valid for rectangular input pulses, encompasses the
regime from small-signal gain to complete saturation of the amplifier. The equa-
tion can be simplified for these extreme cases. Consider a low-input signal Ein
such that Ein/Es � 1 and, furthermore, G0 Ein/Es � 1; then (4.11) can be
approximated to

G ≈ G0 ≡ exp(g0l). (4.12)

In this case, the “low-level gain” is exponential with amplifier length and no satu-
ration effects occur. This, of course, holds only for rod lengths up to a value where
the output energy density G0 Ein is small compared to Es.

For high-level energy densities such that Ein/Es  1, (4.11) becomes

G � 1 +
(

Es

Ein

)
g0l. (4.13)

Thus, the energy gain is linear with the length of the gain medium, implying that
every excited state contributes its stimulated emission to the beam. Such a condi-
tion obviously represents the most efficient conversion of stored energy to beam
energy, and for this reason amplifier designs that operate in saturation are used
wherever practical, with the major limitation being the laser damage threshold.

We will now recast (4.11) into a form that makes it convenient to model the
energy output and extraction efficiency for single- and multiple-amplifier stages
operated either in a single- or double-pass configuration. With the notation in-
dicated in Fig. 4.2, Ein is now the input to the amplifier and Eout is the output
fluence which are related by

Eout = ES ln

{
1 +

[
exp

(
Ein

ES

)
− 1

]
exp(g0l)

}
. (4.14)

The extraction efficiency is, according to (4.10),

ηE = (Eout − Ein)/g0l ES. (4.15)

In a laser system which has multiple stages, these equations can be applied suc-
cessively, whereby the output of one stage becomes the input for the next stage.

FIGURE 4.2. Notation for the calculation of energy output fluence and extraction efficiency
for one- and two-pass single or multiple amplifier stages.
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As already mentioned, efficient energy extraction from an amplifier requires
that the input-fluence is comparable to the saturation-fluence of the laser transi-
tion. For this reason, amplifiers are often operated in a double-pass configuration;
a mirror at the output returns the radiation a second time through the amplifier.
A λ/4 waveplate is usually inserted between the amplifier and the mirror; this
causes a 90◦ rotation of the polarization of the return beam. A polarizer in front
of the amplifier separates the input from the output signal. In some situations, as
shall be discussed in Section 10.4, the simple reflective mirror may be replaced by
a phase conjugate mirror, in which case optical distortions in the amplifier chain
will be reduced.

The output fluence E ′
out from a two-pass amplifier can be calculated as follows:

E ′
out = ES ln

{
1 + [

exp(Eout/ES)− 1
]

exp(g′
0l)
}
. (4.16)

The input for the return pass is now Eout, which is obtained from (4.14) as the
output of the first pass. The gain for the return pass is now lower because energy
has been extracted from the gain medium on the first pass

g′
0 = (1 − ηE)g0. (4.17)

The extraction efficiency of the double-pass amplifier is

η′
E = (E ′

out − Ein)/g0l ES. (4.18)

The extraction efficiency calculated from (4.14)–(4.18) for one- and two-pass am-
plifiers, for different values of g0l and normalized input fluences, are plotted in
Fig. 4.3. The results show the increase in extraction efficiency with higher input
energies, and the considerable improvement one can achieve with double-pass
amplifiers. Equations (4.14)–(4.18) can be readily applied to multistage systems
by writing a simple computer program which sequentially applies these equations
to the different amplifier stages. In Section 4.2, we will illustrate the results of
such a modeling effort for a four-stage double-pass amplifier chain.

It should be noted that the above equations assume a uniform gain coefficient
and beam intensity profile. In most systems, both quantities will have a radially
dependent profile. In this case, an effective gain coefficient can be calculated ac-
cording to

geff =
∫

g0(r)IB(r)2πr dr

/∫
IB(r)2πr dr, (4.19)

where g0(r) is the radial gain distribution and IB(r) is the radial intensity profile
of the beam. In laser amplifier technology the small-signal gain coefficient g0 =
nσ is sometimes expressed as

g0 = β Jst, (4.20)
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FIGURE 4.3. Extraction efficiency for a one- and two-pass amplifier as a function of in-
put intensity Ein and small signal logarithmic gain g0l. Input is normalized to saturation
fluence ES.

where Jst is the previously discussed stored energy per unit volume and

β = σ

hν
(4.21)

is a parameter relating the gain to the stored energy.

4.2 Nd : YAG Amplifiers

Amplified spontaneous emission (ASE) and parasitic oscillations due to the high
gain of Nd : YAG effectively limit the energy storage density and therefore the
useful energy that can be extracted from a given crystal. The small-signal gain
coefficient g0 and stored energy are related according to g0 = β Jst. With the
materials parameters listed in Table 2.2 we obtain for Nd : YAG, β = 4.73 cm2/J,
a value 30 times higher than that for Nd : glass. If we want to extract 500 mJ from
an Nd : YAG rod 6.3 mm in diameter and 7.5 cm long, the minimum stored energy
density has to be Jst = 0.21 J/cm3. The small-signal single-pass gain in the rod
will be G0 = exp(β Jstl) = 1720. An Nd : glass rod of the same dimensions
would have a gain of 1.3.

As a result of the high gain in Nd : YAG, only small inversion levels can be
achieved. Once the gain reaches a certain level, amplification of spontaneous
emission effectively depletes the upper level. Furthermore, small reflections from
the end of the rod or other components in the optical path can lead to oscillations.
These loss mechanisms, which will be discussed in more detail in Section 4.4, lead
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FIGURE 4.4. Energy extraction from Nd : YAG amplifiers with different rod sizes [2].

to a leveling off of the output energy versus the pump input energy curve in an
Nd : YAG amplifier. Figure 4.4 shows plots of energy extracted from an Nd : YAG
amplifier versus lamp input energy. As can be seen from these curves, the max-
imum energy that can be extracted from the different rods reaches a saturation
level.

The data show that a long rod will provide a long path and therefore high gain
for the spontaneous emission to build up, whereas in a relatively short rod of large
diameter more total energy can be stored for the same total gain. Increasing the
temperature of an Nd : YAG rod will reduce its gain, and therefore more energy
can be stored. For example, the extracted energy from an amplifier was increased
from 770 to 926 mJ/cm2 by raising the temperature from 26◦ to 96◦ C.

The relative performances of a laser rod when used as a normal-mode oscillator,
as a Q-switched oscillator, and as a single-pass amplifier are displayed in Fig. 4.5.
A 0.63 by 6.6 cm Nd : YAG laser rod in a silver-plated, single-ellipse, single-lamp
pump cavity was used in all modes of operation. Normal-mode performance was
achieved with two plane-parallel dielectric-coated mirrors. The pump pulse had a
duration of approximately 100µs at the half-power points. The Q-switched per-
formance was obtained with a rotating prism switch. The single-pass amplifier
performance represents the energy extracted from the rod with a 300-mJ input
from an oscillator. These data show that all modes of operation are approximately
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FIGURE 4.5. Energy extraction from Nd : YAG operated as a normal mode and Q-switched
oscillator, and amplifier of Q-switched pulses [2].

equivalent until the 320 mJ output level is reached. Above this level depopulation
losses decrease the extractable energy.

If the Nd : YAG crystal is pumped with an input of 14 J, a total of 300 mJ can
be extracted from the amplifier (top curve in Fig. 4.4). Since the signal input is
300 mJ, the amplifier has a saturated gain of G = 2 and a total output of 600 mJ.
In order to extract 300 mJ from this rod, at least 0.15 J/cm3 must be stored in
the upper level. This corresponds to a small-signal gain of G0 = 108. Using
(4.13) we can compare the measured saturated gain with the theoretical gain. For
an amplifier operated in the saturation regime Ein  Es, the theoretical gain is
G = 1 + (Es/Ein)g0l, where the saturation energy for Nd : YAG is Es = 1/β =
0.2 J/cm2. With Ein = 1 J/cm2 based on a cross-section area of 0.3 cm2, g0 =
0.71 cm−1, and l = 6.6 cm for this amplifier, we obtain G = 2, in agreement with
the measurement.

As was mentioned at the beginning of this chapter, the fraction of stored energy
that can be extracted from a signal depends on the energy density of the incoming
signal. In this particular case the amplifier is completely saturated since Ein =
5Es. According to our previous discussion, this should result in a high extraction
efficiency. If we introduce E0 = 2 J/cm2, Ein = 1 J/cm2, and g0, , and ES from
above into (4.10) we obtain an extraction efficiency of ηE ≈ 1. Figure 4.6 shows
the measured extraction efficiency of this amplifier as a function of signal input.

The transition region in which the amplifier output as a function of signal in-
put changes from an exponential (small-signal) relationship to a linear (saturated)
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FIGURE 4.6. Amplifier energy extraction as a function of oscillator energy density [2].

relationship occurs for input energy densities of approximately 0.2 J/cm2, in ac-
cordance with the theoretical value. The pulse width for the data presented in
Fig. 4.6 ranged from 15 to 22 ns. The curve in this figure shows that for efficient
energy extraction an Nd : YAG amplifier should be operated with an input signal
of around 1 J/cm2.

In our next example, we will describe a modern, multistage Nd : YAG master-
oscillator power-amplifier (MOPA) design, as depicted in Fig. 4.7. The laser pro-
duces an output in the TEM00 mode of 750 mJ at 1.064µm at a repetition rate of
40 Hz. A harmonic generator converts this output to 532 nm with 65% conversion
efficiency.

The system features an oscillator and four amplifiers in a double-pass configu-
ration. The linearly polarized output from the oscillator is expanded by a telescope
to match the amplifier rods. A Faraday rotator and a λ/2 wave plate act as a one-
way valve for the radiation, thereby isolating the oscillator from laser radiation
and amplified spontaneous emission reflected back by the amplifier chain. The
output from the oscillator passes through the four amplifiers and, after reflection
by a mirror, the radiation passes through the amplifiers a second time. A quarter-
wave plate introduces a 90◦ rotation of the polarized beam after reflection by the
rear mirror; this allows the radiation to be coupled out by the polarizer located
at the input of the amplifier chain. After a slight expansion, the output beam is
passed through a KTP crystal for second-harmonic generation. Located between
the two pairs of amplifiers is a 90◦ rotator which serves the purpose of minimizing
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FIGURE 4.7. Optical schematic of a high-power multistage Nd : YAG laser [3].

thermally induced birefringence losses, as will be explained in Section 7.1.1. The
changes in the polarization of the beam as it travels back and forth through the
amplifier chain is illustrated in Fig. 4.8.

Each amplifier contains 16 linear diode arrays for side pumping of the Nd : YAG
crystal. The optical pump energy for each amplifier is 900 mJ at 808 nm, or 4.5 kW
at the pump pulse width of 200µs. In each amplifier, the arrays are arranged in an
eightfold symmetrical pattern around the 7.6 mm diameter and 6.5 cm long laser
rod in order to produce a uniform excitation. The active length of the rod pumped
by the arrays is 4 cm. The small-signal, single-pass gain of one amplifier as a
function of pump energy is plotted in Fig. 4.9.

For low input signals, the gain increases exponentially with g0l according to
(4.12). The logarithmic gain g0l is proportional to the pump energy, as derived

FIGURE 4.8. Two-pass amplifier chain with polarization output coupling and birefringence
compensation.
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FIGURE 4.9. Small signal, single pass gain as a function of optical pump energy.

in (3.61),

g0l = η′Ep, (4.22)

where Ep is the optical pump energy from the diode arrays and the η terms for an
amplifier operated in the energy storage mode are

η′ = ηtηaηSηQηBηStηASE/AES. (4.23)

For this particular amplifier design, the numerical values are ηt = 0.88 for the
transfer efficiency, ηa = 0.85 for the absorption of pump radiation in the 7.6 mm
diameter Nd : YAG crystal, ηS = 0.76 and ηQ = 0.90 for the Stokes shift and
quantum efficiency, ηB = 0.62 for the overlap between the beam and gain region
of the rod, and ηASE = 0.90 and ηSt = 0.68 for the storage efficiency. The latter is
calculated from (3.53) for a pump pulse length of tp = 200µs and a fluorescence
lifetime of τf = 230µs for Nd : YAG. With A = 0.25 cm2 and ES = 0.44 J/cm2,
one obtains η′ = 1.85. The curve in Fig. 4.9 is based on this value of η′, i.e.,

Eout/Ein = exp[1.85Eopt(J )]. (4.24)

The energy output as a function of the signal input of one amplifier stage single
pass and two amplifiers in a double-pass configuration is plotted in Fig. 4.10. The
amplifiers are operated at a fixed pump energy of 900 mJ each. Also plotted in this
figure is the gain for the two-amplifier double-pass configuration. The amplifiers
are highly saturated as can be seen from the nonlinear shape of the Eout versus
Ein curve and the drop in gain at the higher input levels.

The increase in energy as the signal pulse travels forward and backward through
the amplifier chain is plotted in Fig. 4.11. Shown are the measured data points and
a curve representing the values calculated from (4.14)–(4.18) with Ein = 50 mJ,
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FIGURE 4.10. Energy output as a function of signal input for a single-amplifier stage and
a two-amplifier, double pass configuration. Also shown is the gain for the latter configura-
tion.

FIGURE 4.11. Energy levels at successive stages in the amplifier chain. Points are mea-
sured values and the curve is obtained from a computer model.
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FIGURE 4.12. Total energy extraction from each amplifier stage

A = 0.25 cm2, G0 = 4.8, and ES = 0.44 J/cm2. Energy extraction from each
stage for both passes is depicted in Fig. 4.12. The data indicate that the amplifiers
are totally saturated and all the stored energy within the beam is extracted. As the
input beam travels the first time through the amplifiers, successively more energy
is extracted from each stage since the ratio of Ein/ES increases. On the return
pass, very little energy is removed from the last two stages because stored energy
has already been depleted.

The logarithmic gain for the four stages having a 16 cm active length is g0l =
6.0. The double-pass configuration increases the extraction efficiency from 0.8 to
1.0. It should be noted that the small-signal gain obtained from Fig. 4.9 is mea-
sured over the cross section of the beam. The gain and beam profile are both
centrally peaked in this design. Both the beam profile and the gain profile have
a Gaussian shape with spot sizes of 2.85 and 4.25 mm, respectively. In order to
avoid diffraction effects, provide for adequate beam alignment tolerance, and ac-
commodate a slightly expanding beam, the beam cross section at the 1/e2 inten-
sity points is A = 0.25 cm2, whereas the rod cross section is 0.45 cm2.

Although the extraction is complete within the beam, stored energy is left at the
outer regions of the rod. The beam fill factor takes into account this fact. Since
both gain and beam profiles are radially dependent, the beam fill factor cannot
be calculated from the ratio of the areas, as would be the case with a uniform
gain and beam profile. The beam overlap efficiency can be calculated provided
the gain and beam profiles are known. These distributions were obtained from
images taken with a CCD camera which recorded the profiles of the fluorescence
and laser beam output. With the radial spot sizes of the Gaussian approximations
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TABLE 4.1. Energy conversion efficiency of the two-pass
multistage Nd : YAG amplifier.

Laser diode array electrical efficiency ηP 0.35

Conversion of optical pump energy to upper state energy
transfer efficiency ηt = 0.88
absorption efficiency ηa = 0.85 0.51
Stokes efficiency ηS = 0.75
quantum efficiency ηQ = 0.90

Conversion of upper state energy to laser output
beam overlap efficiency ηB = 0.62
storage efficiency ηSt = 0.68 0.38
fractional loss ηASE = 0.90
extraction efficiency ηEQ = 1.00

Amplifier efficiency ηsys 0.068

given above, one obtains from (3.47) a value of ηB = 0.62 for the beam overlap
efficiency.

According to (4.9) the total stored energy at the upper laser level is Est =
g0l ES A. With g0l = 1.55, ES = 0.44 J/cm2, and A = 0.25 cm2, one obtains
ESt = 170 mJ of stored energy within the volume addressed by the beam. The
stored energy in the full cross section of the rod is E ′

St = ESt/ηB = 260 mJ. The
values for ESt and E ′

St are indicated in Fig. 4.12.
The electrical system efficiency ηsys of the amplifier chain is the product of the

laser diode efficiency ηp, the conversion efficiency of optical pump power to the
upper laser level at the time of energy extraction, and the extraction efficiency of
the stored energy into laser output, i.e.,

ηsys = Eout − Ein

EEL
= ηpηTηaηSηQηBηE, (4.25)

where

ηE = ηStηASEηEQ. (4.26)

Table 4.1 lists the individual efficiencies of the amplifier system.

4.3 Nd : Glass Amplifiers

An enormous database regarding the design of Nd : Glass amplifiers exists since
these systems have become the lasers of choice for inertial confinement fusion
research. Motivated by requirements to drive inertial confinement fusion targets
at ever higher powers and energies, very large Nd : glass laser systems have been
designed, built, and operated at a number of laboratories throughout the world
over the past 30 years.



136 4. Laser Amplifier

The architectural design of these master oscillator-pulse amplifier (MOPA) sys-
tems is based on an oscillator where a single pulse is produced and shaped, then
amplified and multiplexed to feed a number of amplifier chains. The preampli-
fier stages consist of flashlamp-pumped Nd : glass rods, while at the higher power
levels amplifier stages employ Nd : glass slabs pumped by flash lamps. The rect-
angular slabs are mounted at Brewster’s angle to minimize Fresnel losses at the
surfaces. The clear apertures of the power amplifiers increase stepwise down the
chain to avoid optical damage as the beam energy grows. Located between the
amplifier stages are spatial filters and Faraday isolators.

Spatial filters are important elements in a high-peak-power laser system and are
required to serve three purposes: removal of small-scale spatial irregularities from
the beam before they grow exponentially to significant power levels; reduction
of the self-induced phase front distortion in the spatial envelope of the beam;
and expansion of the beam to match the beam profile to amplifiers of different
apertures. Laser oscillation in the chain is prevented by the appropriate placement
along the chain of Faraday rotators and polarizer plates. These devices prevent
radiation from traveling upstream in the amplifier chain.

The system shown in Fig. 4.13 is an example of such a design. Shown is one
10 kJ beam line of the NOVA glass laser system built at Lawrence Livermore Lab-
oratory. The complete system has 10 such identical beam lines producing a total
output energy in excess of 100 kJ in a 2.5 ns pulse. The National Ignition Facil-
ity currently under development at Livermore National Laboratory will have 192
beamlines with about 10 kJ output from each aperture in a pulse of 20 ns duration.

FIGURE 4.13. Component layout of one beam line of the NOVA system (Lawrence Liver-
more National Laboratory).
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The design of these systems is governed by the goal of simultaneously achiev-
ing high stored energy and efficient extraction. Both are essential to minimize the
number and cost of amplifiers.

High-energy storage implies high gain, which can lead to amplified sponta-
neous emission owing to the large gain path across the slab dimension. Actually,
the maximum energy storage that can be achieved in a large-aperture amplifier
is determined by the onset of parasitic lasing, which is due to the formation of a
laser resonator by Fresnel reflections at the interfaces of the gain medium. In gen-
eral, many complex resonator configurations with multiple reflected beams can
lase simultaneously. However, it has been shown that the lowest-loss path lies in a
plane across the diameter of the disk. With D the diameter of the disk, parasitics
will start if

exp(g0 D) = 1/R, (4.27)

where g0 is the small signal gain coefficient and R is the reflectivity of the edge
of the disk.

In Nd : glass disks without special edge cladding the magnitude of the Fresnel
reflections is on the order of 5%. The onset of parasitic lasing becomes a problem
when the transfer gain approaches 20 or g0 D = 3. Cladding the edge of the disks
with index-matched absorbing glass results in a dramatic reduction of parasitic
losses. A design parameter and upper limit for state-of-the-art edge cladded large-
slab amplifiers is a product of g0 D = 4.2. This value allows for a 1.5% reflection
from the disk edge.

Efficient energy extraction requires operation of the amplifier at very high input
fluence, as was discussed in Section 4.1. Extraction is particularly efficient at a
signal fluence higher than the saturation fluence of Nd : glass. The upper limit is
surface and bulk damage in the glass due to optical inhomogeneities, inclusions,
and bubbles and laser-induced damage caused by the nonlinear refractive index.

Actually, the principal limit on the performance of a high-power glass laser,
such as employed in fusion research, is the nonlinear refractive index. In the pres-
ence of an intense light wave, with a power density of gigawatts per centimeter
squared or more, the refractive index of a transparent dielectric is increased. This
intensity-induced index change is small, on the order of 5 ppm at 1010 W/cm2,
but it has profound effects. Changes in the refractive index can be described to
first order by the equation

n0(E) = n0 +�n0 (4.28)

with

�n0 = n2〈E2〉 = γ I, (4.29)

where n0 and n2 is the linear and nonlinear refractive index, respectively; γ is the
nonlinear refractive coefficient, E is the electric field strength, and I is the beam
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intensity. In the literature the nonlinear optical term is expressed by either n2 or
γ , the conversion is

γ [cm2/W] = 4.19 × 10−3n2/n0 [esu]. (4.30)

From (4.29) it follows that a laser beam propagating in a transparent medium
induces an increase in the index of refraction by an amount proportional to the
beam intensity.

This nonlinearity gives rise to so-called small-scale ripple growth, in which
case the amplitude of small perturbations grows exponentially with propagation
distance. In this process, a small region of higher intensity in the beam raises the
index locally, which tends to focus light toward it and raises the intensity even
more. It has been shown that ripples grow from their original amplitude by a
factor of

G = exp(B), (4.31)

where the B factor (or breakup integral) is the cumulative nonlinear phase retar-
dation over the optical path length

B = 2π

λ0

∫
�n0

n0
dl. (4.32)

Experience has shown that B needs to be less than one wavelength of delay. For
example, for the complete beam line of the NOVA system illustrated in Fig. 4.13
the value is B = 4. The control of nonlinear ripple growth leading to beam
breakup is an essential part of the design and operation of high-power solid-state
lasers.

Figure 4.14 illustrates the progressive growth of beam modulation as the power
is increased in high-power glass lasers. The exponential growth of ripples in
a high-peak-power system, if left uncontrolled, will quickly lead to component
damage and beam degradation.

High-power solid-state laser systems must not only be carefully designed and
built to minimize beam irregularities caused by dirt particles, material imperfec-
tions, diffraction from apertures, and other “noise” sources; some provision must

FIGURE 4.14. Beam profiles of a large Nd : glass laser amplifier showing progressive mod-
ulation growth (small scale beam breakup) as the power is increased [4].
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FIGURE 4.15. Relative intensity of one beam line of the SHIVA system at 1.5 TW, before
and after installation of the output spatial filter [5].

also be made for removing the remaining small-scale structure, before it becomes
large enough to cause severe degradation of the laser’s focusing properties.

As was already mentioned, spatial filters accomplish the task of removal of un-
wanted ripples, imaging, and beam magnification. A spatial filter is a low-pass
filter, where pin-hole diameter limits high spatial frequencies that can be passed.
The spatial filter is designed to remove the most damaging ripples while pass-
ing most of the energy. Therefore ripples, rather than growing exponentially, are
reset at each spatial filter. Figure 4.15 shows the relative intensity of one Shiva
beam line before and after installation of a spatial filter at the output. As one can
see from these densitometer scans, the intensity of the high-frequency spike was
reduced by a factor of 4 by the low-pass filter.

A few examples of typical rod and disk amplifiers will illustrate the character-
istics of these devices. The front end of each beam line of a high-power Nd : glass
laser consists of rod amplifiers. The performance of such an amplifier is illus-
trated in Fig. 4.16. The Nd : glass rod is pumped by flashlamps with an arc length
of 30 cm. At the maximum pump-energy of 22.5 kJ a small signal gain of 59
was measured with a probe beam. From this measurement we calculate a small
signal gain of g0 = 0.136 cm−1 from (4.12). Since the saturation fluence from
this Nd : glass ES = 4.8 J/cm2, we obtain from (4.9) a stored energy density of
Jst = 0.66 J/cm3. The pump efficiency of this amplifier, defined as the ratio of
stored energy to pump energy, is ηamp = 0.5%.

We will illustrate the energy extraction and operating characteristics of disk
amplifiers by comparing the measured data of two different amplifier stages of
the NOVA beam line illustrated in Fig. 4.13 [7].

The three 22 cm slab amplifiers together have a small signal gain of G0 = 9.1,
from which follows a small signal gain coefficient of g0 = 0.18 cm−1 for the
combined optical path length of 12 cm. With this gain coefficient, parasitic oscil-
lations can be suppressed since the product g0 D is below 4. The average input
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FIGURE 4.16. Small signal gain of an Nd : glass amplifier. Clear aperture 2.5 cm, rod length
38 cm, Hoya laser glass LHG-7 [6].

fluence to this stage is 0.27 J/cm2 and the output fluence is 1.96 J/cm2 across the
233 cm2 of clear aperture area. This total extracted energy is 393 J from this stage,
whereas the energy stored in the upper lower level is 5060 J. The energy extrac-
tion efficiency from this amplifier stage is about 8%. This efficiency is the product
of the beam fill factor and the actual extraction of stored energy within the beam
area. To avoid diffraction effects, the laser beam is smaller than the clear aper-
ture of the amplifier. In this particular case the beam fill factor is 0.69. The input
fluence, to this amplifier stage, is considerably below the saturation fluence, there-
fore the energy extraction efficiency across the beam area is relatively low, i.e.,
12%. With an emission cross section of σ = 3.8 × 10−20 cm2 for the phosphate
glass employed in this laser we obtain a saturation fluence of ES = 5.0 J/cm2

from (4.8).
High extraction efficiency requires a fluence level at or above the saturation

level. At the amplifier stage with a 50 cm aperture the fluence levels are consid-
erably higher compared to the smaller amplifiers. For the combined three ampli-
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fiers, shown in Fig. 4.13, the input fluence is 2.6 J/cm2 and the output fluence is
9.70 J/cm2 over a clear aperture area of 1330 cm2. Owing to these high fluence
levels, the energy extraction efficiency has risen to 0.54. The beam fill factor is
0.8, which means that about 43% of the total stored energy is extracted from the
amplifier. The fluence at the output of this amplifier stage is about twice the satu-
ration fluence, and is about as high as one can safely operate these systems before
the potential for optical damage becomes too high. The fluence level at the output
of this amplifier stage translates to a peak power of close to 4 GW/cm2 for a 2.5 ns
pulse. The total output at this pulse length is 12.9 kJ. The combined stored energy
in all three amplifiers is 23 kJ, which results in a small signal gain of G0 = 7.5.
Consistent with the larger aperture the small gain coefficient has been reduced to
g0 = 0.1 cm−1 to avoid parasitics.

The measured output fluence levels listed above agree with the calculated val-
ues from (4.11) to within a few percent if one introduces the small signal gain,
input fluence, and saturation fluence for each amplifier into this equation.

4.4 Depopulation Losses

One of the main considerations in the design of an amplifier or amplifier chain
is its stability under the expected operating conditions. In a laser operating as an
amplifier or as a Q-switched oscillator the active material acts as an energy storage
device, and to a large extent its utility is determined by the amount of population
inversion that can be achieved. As the inversion is increased in the active material,
a number of different mechanisms begin to depopulate the upper level.

Depopulation can be caused by amplified stimulated emission (ASE). A pro-
cess that will be enhanced by radiation from the pump source falling within the
wavelength of the laser transition, or by an increase of the pathlength in the gain
medium either by internal or external reflections.

Also, if sufficient feedback exists in an amplifier because of reflections from
optical surfaces, the amplifier will start to lase prior to the arrival of the signal
pulse. If the reflections are caused by surfaces which are normal to the beam
direction, the amplifier will simply become an oscillator and prelasing will occur
prior to Q-switching or the arrival of a signal pulse. Reflections that include the
cylindrical surfaces of a rod will lead to parasitic modes, propagating at oblique
angles with respect to the optical axis of the laser.

4.4.1 Amplified Spontaneous Emission

The level of population inversion that can be achieved in an amplifier is usually
limited by depopulation losses which are caused by amplified spontaneous emis-
sion. The favorable condition for strong ASE is a high gain combined with a long
path length in the active material. In these situations, spontaneous decay occurring
near one end of a laser rod can be amplified to a significant level before leaving
the active material at the other end. A threshold for ASE does not exist; how-
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FIGURE 4.17. Directionality and maximum pathlength for ASE in a laser rod (a) without
a reflector and (b) with a reflector on one end.

ever, the power emitted as fluorescence increases rapidly with gain. Therefore, as
the pump power increases, ASE becomes the dominant decay mechanism for the
laser amplifier. At that point, an intense emission within a solid angle � around
the axis of the active material is observed from each end of the rod

� = A/ l2, (4.33)

where l and A are the rod length and cross-sectional area, respectively. As a result
of refraction at the end faces, the geometrical aperture angle of the rod is increased
by n2

0, as shown in Fig. 4.17. No mirrors are required for ASE to occur; however,
reflections from a mirror or internal reflections from the cylindrical surfaces of the
rod will increase the pathlength for amplified spontaneous emission, which will
lead to a further increase in intensity. This aspect will be treated in Section 4.4.2.

In high-gain, multistage amplifier systems ASE may become large enough to
deplete the upper state inversion. ASE is particularly important in large Nd : glass
systems employed in fusion experiments. An analytical expression for the fluo-
rescence flux IASE from a laser rod as a function of small signal gain, which has
been found very useful in estimating the severity of ASE, is given in (4.34) with
the approximation G0 > 1 [8]

IASE

IS
= �

4

G0

(ln G0)1/2
, (4.34)

where IS is the saturation flux and G0 is the small signal gain of the active
medium. We will apply this formula to a multistage Nd : YAG amplifier and com-
pare the calculated with the measured values of ASE.

In Fig. 4.18, the measured ASE from a four-stage, double-pass Nd : YAG ampli-
fier chain is plotted as a function of diode-pump input. At an input of about 500 mJ
into each amplifier ASE starts to become noticeable, and quickly increases in in-
tensity to reach 75 mJ at an input of 900 mJ per amplifier. The detrimental effect
of ASE can be seen in Fig. 4.19, which shows the output from the amplifier chain
as a function of pump input. As the amplified spontaneous emission increases, the
slope of output versus input decreases and the difference can be accounted for by
the loss due to ASE.

From (4.34) in conjunction with Fig. 4.9 which shows the gain versus pump
input for one amplifier head, we can calculate the ASE from the amplifier chain.
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FIGURE 4.18. ASE from a four-stage double pass Nd : YAG amplifier chain. Dots are
measured values and the solid line represents calculated values from (4.34).

We have to recall that � = A/4l2 since the pathlength for ASE is doubled in a
double-pass system, and G0 = (G ′

0)
8, where G ′

0 is the small signal gain in one
amplifier. With A = 0.45 cm2, l = 50 cm, IS = 2.9 × 103 W/cm2, and tP =
200µs, one obtains the curve in Fig. 4.18, which closely matches the observed
ASE output.

FIGURE 4.19. Signal output versus pump input from a multistage Nd : YAG amplifier
chain. (Onset of ASE shown in Fig. 4.18 accounts for drop in output energy.)
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4.4.2 Prelasing and Parasitic Modes

Prelasing and parasitic modes are consequences of the interaction of a high-gain
material with reflecting surfaces.

Prelasing

Laser action, occurring during the pump phase in an amplifier, results from the
residual feedback of the various interfaces in the optical path. The condition for
stable operation can be derived by considering the gain in an amplifier rod of
length  pumped to an inversion level characterized by a gain coefficient g per
unit length. Let the end faces of the rod exhibit residual reflectivities of R1 and
R2. Then spontaneous emission emanating from any given location in the rod,
traveling normal to the rod end faces, will exhibit a loop gain after one round
trip in the rod of approximately R1 R2 exp(2g). If this loop gain is greater than
unity, oscillations will build up until the usable stored energy is depleted. The
requirement for an amplifier is thus

R1 R2 exp(2g) < 1, (4.35)

which sets an upper limit on rod length.

Parasitic Oscillations

Internal reflections at the boundaries of the active medium can drastically enhance
the onset of ASE, particularly if these reflections lead to a closed path, that is, a
ray that is reflected upon itself. In this case, we have a strong feedback mecha-
nism and as soon as the gain in the laser medium exceeds the reflection losses
parasitic oscillations will set in. For example, in rods with polished walls there
can exist internal modes completely contained by total internal reflection. These
are particularly troublesome.

One type of internal mode, the whisper mode, propagates circumferentially
and has no longitudinal component. This mode can penetrate into the rod as far
as r0/n0, where n0 is the index of refraction and r0 is the rod radius. Another
type of internal mode, the light-pipe mode, propagates down the rod in a zigzag
fashion. The gain limitations due to internal radial modes are considerably im-
proved in immersed rods particularly in the case of an index matching fluid, or
rods with rough surfaces, grooves, or antireflection coatings. Longitudinal modes
can be suppressed if the faces of the rod are either wedged or antireflection coated.
Parasitic modes in laser disks have already been described in Section 4.3.

4.5 Self-Focusing

Self-focusing is a consequence of the dependence of the refractive index in di-
electric materials on the light intensity.
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As we discussed in Section 4.3, an intense laser beam propagating in a trans-
parent medium induces an increase in the index of refraction by an amount
proportional to the beam intensity. For optical glass a typical value of the non-
linear refractive coefficient is γ = 4 × 10−7 cm2/GW. Thus at a power density
of 2.5 GW/cm2 the fractional index change is 1 ppm. Although a change of
this magnitude seems small, it can dramatically affect beam quality and laser
performance.

Since laser beams tend to be more intense at the center than at the edge, the
beam is slowed at the center with respect to the edge and consequently converges.
If the path through the medium is sufficiently long, the beam will be focused to a
small filament, and the medium will usually break down via avalanche ionization.

A variety of physical mechanisms result in intensity-dependent contributions to
the refractive index, such as electronic polarization, electrostriction, and thermal
effects. The latter two mechanisms are responsible for stimulated Brillouin and
Rayleigh scattering which form the basis for optical phase conjugation treated in
Chapter 10. For short-pulse operation in solids, electronic polarization, also called
the optical Kerr effect, which is caused by the nonlinear distortion of the electron
orbits around the average position of the nuclei, usually dominates. The optical
Kerr effect is utilized in Kerr lens mode-locking discussed in Chapter 9. Here we
treat the negative aspects of this physical process as far as the design of lasers is
concerned.

Self-focusing of laser radiation occurs when the focusing effect due to the
intensity-dependent refractive index exceeds the spreading of the beam by diffrac-
tion. For a given value of n2, two parameters characterize the tendency of a
medium to exhibit self-focusing. The first, the so-called critical power of self-
focusing, is the power level that will lead to self-focusing that just compensates
for diffraction spreading. The second is the focusing length that represents the
distance at which an initially collimated beam will be brought to a catastrophic
self-focus within the medium for power levels in excess of the critical power.

A first-order description of the phenomenon can be obtained by considering a
circular beam of constant intensity entering a medium having an index nonlinear-
ity �n proportional to power density. We define the critical power Pc to be that
for which the angle for total internal reflection at the boundary equals the far-field
diffraction angle. The critical angle for total internal reflection is

cos�c = 1

1 + (�n0/n0)
. (4.36)

If we expand the cosine for small angles and the right-hand side of (4.36) for
small �n/n, we obtain

�2
c = 2�n0/n0. (4.37)

The beam expands due to diffraction with a half-cone angle according to

�D ≈ 1.22
λ0

n0 D
, (4.38)
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where D is the beam diameter and λ0 is the wavelength in vacuum. For�c = �D,
and with

P = I (π/4)D2 (4.39)

one obtains from (4.29), (4.37), (4.38) the critical power

Pcr = π(1.22)2λ2
0

8n0γ
. (4.40)

For Gaussian beams the equation for Pcr has the same functional form as (4.40)
and differs by just a numerical factor.

With the assumption that the shape of the amplitude profile is unchanged under
self-focusing, one finds the following relation between power and self-focusing
length: For a Gaussian profile whose spot size w(z) changes by a scale factor
f (z) = w(z)/w0, the width of the beam varies with z according to [9]

f 2(z) = 1 −
(

P

Pcr
− 1

)(
λz

πw2
0

)2

, (4.41)

where w0 is the beam waist radius at the entrance of the nonlinear material. For
P � Pcr this expression is identical to (5.5) and describes the divergence of the
beam determined by diffraction. For a beam with P = Pcr diffraction spreading
is compensated for by self-focusing and f (z) = 1 for all z; this is referred to as
self-trapping of the beam. For larger powers P > Pcr self-focusing overcomes
diffraction and the beam is focused at a distance

zf = πw2
0

λ

(
P

Pcr
− 1

)−1/2

≈ w0(2n0γ I0)
−1/2. (4.42)

As can be seen, the self-focusing length is inversely dependent on the square root
of the total laser power. Equation (4.42) may be used even when the constant
phase surface passing through z = 0 is curved, corresponding to a converging or
diverging incident beam. One need only replace zf by

zf(R) = (1/zf − 1/R)−1, (4.43)

where R is the radius of curvature of the incident phase surface (R < 0 for
converging beams) and zf(R) is the new position of the self-focus.

Of course, (4.42) is only valid when the length of the medium is greater than
zf so that catastrophic self-focusing can occur. If the medium is shorter, it acts as
a nonlinear lens. If the medium is so short that the beam profile does not change
significantly, the equivalent focal length of the nonlinear lens is

f = w2

4γ I0
, (4.44)
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where I0 is the peak intensity and  is the length of the medium. This equation is
the same as (9.12) which will be used in the section on Kerr lens mode-locking.

Summary

The generation of high-power laser pulses is based on the combination of a master
oscillator and power amplifier. The master oscillator generates an initial pulse of
moderate power and energy with the desired pulse duration, beam divergence, and
spectral width. In a single or multistage amplifier with a large volume of active
material the pulse energy is increased to the desired level. In almost all cases
amplifiers are employed to increase the energy of Q-switched or mode-locked
pulses. Therefore the pulse width is short compared to the lifetime of the upper
laser level, and the small signal gain is determined by the stored energy in the
amplifier prior to the arrival of the pulse. For optimal operation the timing between
the oscillator and amplifier must be such that there is a maximum population
inversion in the amplifier when the pulse from the oscillator enters it.

The fraction of stored energy that can be extracted from the amplifier depends
on the ratio of pulse energy to saturation energy at each point in the amplifier. At
input energies well below the saturation energy, the pulse energy grows exponen-
tially with length in the active material, at energy levels above the saturation den-
sity the energy grows linearly. In the exponential regime, the signal gain is high
but the energy extraction is low; the reverse is true for operation of the amplifier
in saturation. Typically the growth of energy of a pulse entering an amplifier or
amplifier chain changes from an exponential increase at the input side to a linear
energy increase with length at the output end. Pulse amplification in the regime
of amplifier saturation is determined by eq. (4.11).

In the few cases where an amplifier is employed to amplify continuous radi-
ation, such as in multikilowatt Nd : YAG lasers, or where the pulse duration is
long compared to the upper state lifetime, the small signal gain is a function of
the pump power, and the gain saturation depends on the ratio of power density to
saturation power density at each point as given by eq. (3.25).

The design of an amplifier chain is mainly governed by two considerations:
elimination of any feedback path that may lead to oscillations and avoidance of
optical damage. Self-oscillation is eliminated by dividing the amplifier chain into
a number of stages that are separated by optical isolators. Damage of the amplifier
medium due to high power radiation limits the energy and power for a given
cross section. Therefore the cross section of the active medium is increased in
successive stages of the amplifier chain.
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Exercises

1. Suppose the square input pulse used to derive (4.11) and its limiting cases,
(4.12) and (4.13), is distributed about the amplifier axis located at r = 0 with a
Gaussian dependence on the radial distance from the axis, r . That is, the input
energy density depends on the radius according to

E(r) = E0 exp

(
−2r2

w2
0

)
,

where E0 is the value of energy density on the beam axis, e.g., where r = 0,
and w0 is the radius at which the electric field in the beam has fallen to 1/e
of its value on axis. When E0 = ESe and allowing E(r) = 0 for r > 2w0,
describe the distortion in words to explain your reasoning and with sketches to
show what you mean. (Hint: Consider the gain seen by input light in various
rings going out from the center.)

2. Suppose a square pulse is input into an optical amplifier. What temporal shape
would you expect it to have when it exited the amplifier in both the limiting
cases in (4.12) and (4.13)? (Hint: Consider the effect of amplification on the
population density and the sequential amplification of successive time intervals
in the pulse.)

3. Find the saturation intensity of Q-246 Nd : glass from the data in Table 2.4. If
it is to be used as an amplifier with a small signal gain of a factor of 20, find
the input intensity such that the saturated gain of the amplifier is 10. What is
the resulting ouput intensity?
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5.1 Transverse Modes
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5.3 Unstable Resonators
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The radiation emitted by most lasers contains several discrete optical frequencies,
separated from each other by frequency differences, which can be associated with
different modes of the optical resonator. Each mode is defined by the variation of
the electromagnetic field perpendicular and along the axis of the resonator. The
symbols TEMmnq or TEMplq are used to describe the transverse and longitudinal
mode structure of a wave inside the resonator for cylindrical and rectangular co-
ordinates, respectively. The capital letters stand for “transverse electromagnetic
waves,” and the first two indices identify a particular transverse mode, whereas
q describes a longitudinal mode. Although a resonator mode consists of a trans-
verse and axial field distribution, it is useful to consider these two components
separately because they are responsible for different aspects of laser performance.

The spectral characteristics of a laser, such as linewidth and coherence length,
are primarily determined by the longitudinal modes; whereas beam divergence,
beam diameter, and energy distribution are governed by the transverse mode struc-
ture. In general, lasers are multimode oscillators unless specific efforts are made
to limit the number of oscillating modes. The reason for this lies in the fact that a
very large number of longitudinal resonator modes fall within the bandwidth ex-
hibited by the laser transition, and a large number of transverse resonator modes
can occupy the cross section of the active material.

5.1 Transverse Modes

The theory of modes in optical resonators has been treated in [1]–[3]; comprehen-
sive reviews of the subject can also be found in [4], [5].
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5.1.1 Intensity Distribution

In an optical resonator, electromagnetic fields can exist whose distribution of am-
plitudes and phases reproduce themselves upon repeated reflections between the
mirrors. These particular field configurations comprise the transverse electromag-
netic modes of a passive resonator.

Transverse modes are defined by the designation TEMmn for Cartesian coordi-
nates. The integers m and n represent the number of nodes of zeros of intensity
transverse to the beam axis in the vertical and horizontal directions. In cylindrical
coordinates the modes are labeled TEMpl and are characterized by the number of
radial nodes p and angular nodes l. The higher the values of m, n, p, and l, the
higher the mode order. The lowest-order mode is the TEM00 mode, which has a
Gaussian intensity profile with its maximum on the beam axis. For modes with
subscripts of 1 or more, intensity maxima occur that are off-axis in a symmetri-
cal pattern. To determine the location and amplitudes of the peaks and nodes of
the oscillation modes, it is necessary to employ higher-order equations which in-
volve either Hermite (H) or Laguerre (L) polynomials. The Hermite polynomials
are used when working with rectangular coordinates, while Laguerre polynomials
are more convenient when working with cylindrical coordinates.

In cylindrical coordinates, the radial intensity distribution of allowable circu-
larly symmetric TEMpl modes is given by the expression

Ipl(r, φ, z) = I0�
l [Ll

p�]2(cos2 lφ) exp(−�) (5.1)

with � = 2r2(z)/w2(z), where z is the propagation direction of the beam and r, φ
are the polar coordinates in a plane transverse to the beam direction. The radial
intensity distributions are normalized to the spot size of a Gaussian profile; that
is, w(z) is the spot size of the Gaussian beam, defined as the radius at which
the intensity of the TEM00 mode is 1/e2 of its peak value on the axis. L p is the
generalized Laguerre polynomial of order p and index l.

The intensity distribution given in (5.1) is the product of a radial part and an an-
gular part. For modes with l = 0 (i.e., TEMp0), the angular dependence drops out
and the mode pattern contains p dark concentric rings, each ring corresponding
to a zero of L0

p(�). The radial intensity distribution decays because of the factor
exp(−�). The center of a pl mode will be bright if l = 0, but dark otherwise be-
cause of the factor �l . These modes, besides having p zeros in the radial direction,
also have 2l nodes in azimuth.

The only change in a (pl) mode distribution comes through the dependence of
the spot sizew(z) on the axial position z. However, the modes preserve the general
shape of their electric field distributions for all values of z. As w increases with z,
the transverse dimensions increase so that the sizes of the mode patterns stay in
constant ratio to each other.

From (5.1) it is possible to determine any beam mode profile. Figure 5.1(a)
depicts various cylindrical transverse intensity patterns as they would appear in
the output beam of a laser. Note that the area occupied by a mode increases with
the mode number. A mode designation accompanied by an asterisk indicates a
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FIGURE 5.1. Examples of (a) cylindrical and (b) rectangular transverse mode patterns. For
cylindrical modes, the first subscript indicates the number of dark rings, whereas the second
subscript indicates the number of dark bars across the pattern. For rectangular patterns, the
two subscripts give the number of dark bars in the x- and y-directions [6].

mode which is a linear superposition of two like modes, one rotated 90◦ about the
axis relative to the other. For example, the TEM mode designated 01∗ is made up
of two TEM01 modes.

The intensity distribution of the modes shown in Fig. 5.1(a) can be calculated
if we introduce the appropriate Laguerre polynomials into (5.1), that is,

Ll
0(�) = 1, L0

1(�) = 1 − �; L0
2(�) = 1 − 2� + 1

2�
2.

A plot of the intensity distributions of the lowest-order mode and the next two
higher-order transverse modes, that is, TEM00, TEM01∗ , and TEM10, is illustrated
in Fig. 5.2.
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FIGURE 5.2. Radial intensity distribution for TEM00, TEM01∗ , and TEM10 modes. The
radii are normalized to the beam radius w00 of the fundamental mode [7].

In rectangular coordinates the intensity distributions of an (m, n)mode is given
by

Imn(x, y, z) = I0

[
Hm

(
x(2)1/2

w(z)

)
exp

(
−x2

w2(z)

)]2

×
[

Hn

(
y(2)1/2

w(z)

)
exp

(
−y2

w2(z)

)]2

. (5.2)

As before, w(z) is the spot size at which the transverse intensity decreases
to 1/e2 of the peak intensity of the lowest-order mode. The function Hm(s) is
the mth-order Hermite polynomial, for example, H0(s) = 1,H1(s) = 2s, and
H2(s) = 4s2 − 2. At a given axial position z, the intensity distribution consists
of the product of a function of x alone and a function of y alone. The intensity
patterns of rectangular transverse modes are sketched in Fig. 5.1(b). The m, n
values of a single spatial mode can be determined by counting the number of dark
bars crossing the pattern in the x- and y-directions. Note that the fundamental
mode (m = n = 0) in this geometry is identical with the fundamental mode in
cylindrical geometry.

The transverse modes shown in Fig. 5.1 can exist as linearly polarized beams,
as illustrated by Fig. 5.3. By combining two orthogonally polarized modes of the
same order, it is possible to synthesize other polarization configurations; this is
shown in Fig. 5.4 for the TEM01 mode.
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FIGURE 5.3. Linearly polarized resonator mode configurations for square and circular mir-
rors [1].

FIGURE 5.4. Synthesis of different polarization configurations from the linearly polarized
TEM01 mode.
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5.1.2 Characteristics of a Gaussian Beam

A light beam emitted from a laser with a Gaussian intensity profile is called the
“fundamental mode” or TEM00 mode. Because of its importance it is discussed
here in greater detail. The decrease of the field amplitude with distance r from the
axis in a Gaussian beam is described by

E(r) = E0 exp

(
−r2

w2

)
. (5.3)

Thus, the distribution of power density is

I (r) = I0 exp

(
−2r2

w2

)
. (5.4)

The quantity w is the radial distance at which the field amplitude drops to 1/e
of its value on the axis, and the power density is decreased to 1/e2 of its axial
value. The parameter w is often called the beam radius or “spot size,” and 2w,
the beam diameter. The fraction of the total power of a Gaussian beam, which is
contained in a radial aperture of r = w, r = 1.5w, and r = 2w, is 86.5%, 98.9%,
and 99.9%. If a Gaussian beam is passed through a radial aperture of 3w, then
only 10−6% of the beam power is lost due to the obstruction. For our subsequent
discussion, an “infinite aperture” will mean a radial aperture in excess of three
spot sizes.

If we consider now a propagating Gaussian beam, we note that although the
intensity distribution is Gaussian in every beam cross section, the width of the in-
tensity profile changes along the axis. The Gaussian beam contracts to a minimum
diameter 2w0 at the beam waist where the phase front is planar. If one measures z
from this waist, the expansion laws for the beam assume a simple form. The spot
size a distance z from the beam waist expands as a hyperbola, which has the form

w(z) = w0


1 +

(
λz

πw2
0

)2



1/2

. (5.5)

Its asymptote is inclined at an angle �/2 with the axis, as shown in Fig. 5.5, and
defines the far-field divergence angle of the emerging beam. The full divergence
angle for the fundamental mode is given by

� = lim
z→∞

2w(z)

z
= 2λ

πw0
. (5.6)

From these considerations it follows that, at large distances, the spot size increases
linearly with z and the beam diverges at a constant cone angle�. A most interest-
ing point here is that, the smaller the spot size w0 at the beam waist, the greater
the divergence.
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FIGURE 5.5. Contour of a Gaussian beam.

At sufficiently large distances from the beam waist, the wave has a spherical
wavefront appearing to emanate from a point on the beam axis at the waist. If
R(z) is the radius of curvature of the wavefront that intersects the axis at z, then

R(z) = z


1 +

(
πw2

0

λz

)2

 . (5.7)

It is important to note that in a Gaussian beam the wavefront has the same phase
across its entire surface.

Sometimes the properties of a TEM00 mode beam are described by specifying
a confocal parameter

b = 2πw2
0

λ
, (5.8)

where b is the distance between the points at each side of the beam waist for
which w(z) = (2)1/2w0 (Fig. 5.5).

In dealing with Gaussian beams the relationship between peak power density
and total power is used in several places in this book. A Gaussian beam with a
peak power density I0 at the center and a beam waist radius w0 is characterized
by

I (r) = I0 exp(−2r2/w2
0). (5.9)

The total power P in the beam is obtained by integrating over the cross section

P =
∫

I (r)2rπ dr, (5.10)

which leads to

P = πw2
0 I0/2. (5.11)
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For a Gaussian beam, the total power is half the peak intensity times the area
defined by the beam radius w0.

5.1.3 Resonator Configurations

The most commonly used laser resonators are composed of two spherical or flat
mirrors facing each other. We will first consider the generation of the lowest-order
mode by such a resonant structure. Once the parameters of the TEM00 mode are
known, all higher-order modes simply scale from it in a known manner. Diffrac-
tion effects due to the finite size of the mirrors will be neglected in this section.

The Gaussian beam indicated in Fig. 5.6 has a wavefront curvature of R1 at
a distance t1 from the beam waist. If we put a mirror at L1, whose radius of
curvature equals that of the wavefront, then the mode shape has not been altered.
To proceed further, we can go along the z-axis to another point L2 where the
TEM00 has a radius of curvature R2, and place there a mirror whose radius of
curvature R2 equals that of the spherical wavefront at L2. Again the mode shape
remains unaltered.

Therefore, to make a resonator, we simply insert two reflectors that match two
of the spherical surfaces defined by (5.7). Alternatively, given two mirrors sepa-
rated by a distance L , if the position of the plane z = 0 and the value of the param-
eter w0 can be adjusted so that the mirror curvatures coincide with the wavefront
surfaces, we will have found the resonator mode.

We will now list formulas, derived by Kogelnik and Li [4], which relate the
mode parameters w1, w2, w0, L1, and L2 to the resonator parameters R1, R2,
and L . As illustrated in Fig. 5.6, w1 and w2 are the spot radii at mirrors M1 and
M2, respectively; L1 and L2 are the distances of the beam waist described by
w0 from mirrors M1 and M2, respectively; and R1 and R2 are the curvatures of
mirrors M1 and M2 that are separated by a distance L . Labeling conventions are
that concave curvatures are positive.

FIGURE 5.6. Mode parameters of interest for a resonator with mirrors of unequal curvature.
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The beam radii at the mirrors are given by

w4
1 =

(
λR1

π

)2 R2 − L

R1 − L

(
L

R1 + R2 − L

)
,

w4
2 =

(
λR2

π

)2 R1 − L

R2 − L

(
L

R1 + R2 − L

)
. (5.12)

The radius of the beam waist, which is formed either inside or outside the res-
onator, is given by

w4
0 =

(
λ

π

)2 L(R1 − L)(R2 − L)(R1 + R2 − L)

(R1 + R2 − 2L)2
. (5.13)

The distances L1 and L2 between the waist and the mirrors, measured positive
(Fig. 5.6), are

L1 = L(R2 − L)

R1 + R2 − 2L
, L2 = L(R1 − L)

R1 + R2 − 2L
. (5.14)

These equations treat the most general case of a resonator. There are many optical
resonator configurations for which (5.12)–(5.14) are greatly simplified. Figure 5.7
shows some of the most commonly used geometries.

Mirrors of Equal Curvature

With R1 = R2 = R we obtain, from (5.12),

w2
1,2 = λR

π

(
L

2R − L

)1/2

. (5.15)

The beam waist that occurs at the center of the resonator L1 = L2 = R/2 is

w2
0 = λ

2π
[L(2R − L)]1/2. (5.16)

If we further assume that the mirror radii are large compared to the resonator
length R � L , the above formula simplifies to

w2
1,2 = w2

0 =
(
λ

π

)(
RL

2

)1/2

. (5.17)

As follows from (5.17) in a resonator comprised of large-radius mirrors, the beam
diameter changes very little as a function of distance.

A resonator comprised of mirrors having a radius of curvature on the order of 2
to 10 m, that is, several times longer than the length of the resonator, is one of the
most commonly employed configurations. Such a large-radius mirror resonator
has a reasonable alignment stability and a good utilization of the active medium.
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FIGURE 5.7. Common resonator configurations (intracavity radiation pattern is shaded).

A special case of a symmetrical configuration is the concentric resonator that
consists of two mirrors separated by twice their radius, that is, R = L/2. The
corresponding beam consists of a mode whose dimensions are fairly large at each
mirror and which focus down to a diffraction-limited point at the center of the
resonator. A concentric resonator is rather sensitive to misalignment, and the small
spot can lead to optical damage.

Another very important special case of a resonator with mirrors of equal curva-
ture is the confocal resonator. For this resonator the mirror separation equals the
curvature of the identical mirrors, that is, R = L . From (5.15), (5.16) we obtain
the simplified relation

w1,2 =
(
λR

π

)1/2

and w0 = w1,2

(2)1/2
. (5.18)
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The confocal configuration gives the smallest possible mode dimension for a res-
onator of given length. For this reason, confocal resonators are not often employed
since they do not make efficient use of the active material.

Plano-Concave Resonator

For a resonator with one flat mirror (R1 = ∞) and one curved mirror we obtain

w2
1 = w2

0 =
(
λ

π

)
[L(R2 − L)]1/2 and w2

2 =
(
λ

π

)
R2

(
L

R2 − L

)1/2

.

(5.19)

The beam waist w0 occurs at the flat mirror (i.e., L1 = 0 and L2 = L). A spe-
cial case of this resonator configuration is the hemispherical resonator. The hemi-
spherical resonator consists of one spherical mirror and one flat mirror placed
approximately at the center of curvature of the sphere. The resultant mode has
a relatively large diameter at the spherical mirror and focuses to a diffraction-
limited point at the plane mirror. In practice, one makes the mirror separation L
slightly less than R2 so that a value of w1 is obtained that gives reasonably small
diffraction losses.

In solid-state lasers, the small spot size can lead to optical damage at the mirror.
A near hemispherical resonator has the best alignment stability of any configura-
tion; therefore it is often employed in low-power lasers such as HeNe lasers.

Concave–Convex Resonator

The pertinent beam parameters for concave–convex resonators can be calculated
if we introduce a negative radius (−R2) for the convex mirror into (5.12)–(5.14).
A small-radius convex mirror in conjunction with a large-radius concave or plane
mirror is a very common resonator in high-average-power solid-state lasers. As
follows from the discussion in the next section, as a passive resonator such a
configuration is unstable. However, in a resonator that contains a laser crystal, this
configuration can be stable since the diverging properties of the concave mirror
are counteracted by the focusing action of the laser rod. Since the concave mirror
partially compensates for thermal lensing, a large mode volume can be achieved
as will be shown in an example later in this chapter.

Plane–Parallel Resonator

The plane–parallel or flat–flat resonator, which can be considered a special case
of the large-radius mirror configuration (R1 = R2 = ∞), is extremely sensitive to
perturbation. However, in an active resonator, that is, a resonator containing a laser
crystal, this configuration can be quite useful. Heat extraction leads to thermal
lensing in the active medium, this internal lens has the effect of transforming the
plane–parallel resonator to a curved mirror configuration as explained later in this
section. Therefore the thermally induced lens in the laser material brings the flat–
flat resonator into geometric stability.
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5.1.4 Stability of Laser Resonators

For certain combinations of R1, R2, and L , the equations summarized in the pre-
vious subsection give nonphysical solutions (that is, imaginary spot sizes). This
is the region where low-loss modes do not exist in the resonator.

Light rays that bounce back and forth between the spherical mirrors of a laser
resonator experience a periodic focusing action. The effect on the rays is the same
as in a periodic sequence of lenses. Rays passing through a stable sequence of
lenses are periodically refocused. For unstable systems the rays become more
and more dispersed the further they pass through the sequence. In an optical
resonator operated in the stable region, the waves propagate between reflectors
without spreading appreciably. This fact can be expressed by a stability crite-
rion [8]

0 <

(
1 − L

R1

)(
1 − L

R2

)
< 1. (5.20)

To show graphically which type of resonator is stable and which is unstable, it is
useful to plot a stability diagram in which each particular resonator geometry is
represented by a point. This is shown in Fig. 5.8, where the parameters

FIGURE 5.8. Stability diagram for the passive laser resonator.
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g1 = 1 − L

R1
, g2 = 1 − L

R2
, (5.21)

are drawn as the coordinate axes.
All cavity configurations are unstable unless they correspond to points located

in the area enclosed by a branch of the hyperbola g1g2 = 1 and the coordinate
axes. The origin of the diagram represents the confocal system.

The resonators located along the dashed line, oriented at 45◦ with respect to the
coordinate axis, are symmetric configurations, that is, they have mirrors with the
same radius of curvature.

The diagram is divided into positive and negative branches defining quadrants
for which g1g2 is either positive or negative. The reason for this classification
becomes clear when we discuss unstable resonators.

5.1.5 Higher Order Modes

The fundamental TEM00 mode has the smallest beam radius and divergence in the
resonator. The beam radius of each mode increases with increasing mode number.
Owing to the complicated beam patterns it is not possible to define the beam size
by a 1/e drop in amplitude as is the case for the TEM00 mode. However, an idea
of the relationship of beam divergence and mode structure can be obtained if
one defines the spot size by a circle containing 90% of the energy for cylindrical
modes, and for rectangular modes by a rectangle having dimensions of twice the
standard deviation.

With these definitions we obtain, for cylindrical modes [9],

wpl = (2p + + 1)1/2w0 (5.22)

and, for rectangular modes [10],

wm = (2m + 1)1/2w0, wn = (2n + 1)1/2w0, (5.23)

where p, , m, n have been defined in Section 5.1.1 and w0 is the TEM00 mode
radius. The beam divergence of each higher-order mode also increases according
to the scaling law expressed by (5.22), (5.23). The increase of beam diameter and
divergence of a multimode beam can be expressed by

� = Mθ0 (5.24a)

and

D = M D0, (5.24b)

where the multimode beam divergence � and the beam diameter D are related to
the fundamental mode beam parameters θ0 and D0 by by a factor of M .

It is not sufficient to characterize a laser beam only by its divergence because
with a telescope it can always be reduced. The beam property that cannot be
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corrected by an optical system is the brightness, i.e., the beam intensity per unit
solid angle. The brightness theorem states that the product of beam diameter and
far-field angle is constant

θD = M2θ0 D0, (5.25a)

where M2 is a dimensionless beam-quality figure of merit and θD is typically
expressed as the beam-parameter product (mm-mrad). A laser operating in the
TEM00 mode is characterized by M2 = 1 and from (5.6) we obtain

θ0 D0 = 4λ/π. (5.25b)

The value of M2 expresses the degree by which the actual beam is above the
diffraction limit of an ideal Gaussian beam.

For an Nd : YAG laser emitting at 1.064µm this product is θ0 D0 = 1.35 mm-
mr. An Nd : YAG laser with a low-order mode output such as, for example, TEM20
shown in Fig. 5.1 has a beam quality factor of M2 = 5 or, in other words, the beam
is five times diffraction limited. The beam-parameter product is about 6.8 mm-
mrad.

Actually the output from a multimode laser rarely consists of a single higher-
order mode, typically the output is comprised of the incoherent superposition of
several modes. Multimode beams comprised of the superposition of modes with
beam patterns, as shown in Fig. 5.1, have the property that the beam radius will
retain a fixed ratio with respect to the Gaussian beam radius w(z) over all dis-
tances. The multimode beam will therefore propagate with distance in the same
form as described by (5.5) for a Gaussian beam

w′(z) = w′
0

√
1 +

(
zM2λ

πw′
0

)2

, (5.26)

where w′(z) is the beam radius at z and w′
0 is the radius at the waist of the multi-

mode beam.
Because the envelope of a multimode and TEM00 beam change in the same

ratio over distance, calculations of the propagation of a multimode beam through
a resonator can first be performed for a Gaussian beam and then multiplied by a
factor w0′/w0 in order to obtain the multimode beam diameter at each point.

5.1.6 Diffraction Losses

In any real laser resonator some part of the laser beam will be lost either by
spillover at the mirrors or by limiting apertures, such as the lateral boundaries
of the active material. These losses will depend on the diameter of the laser beam
in the plane of the aperture and the aperture radius. If we take a finite aperture
of radius a within the resonator into account, the diffraction losses depend on
four parameters, R1, R2, L , and a, which describe the resonator; and on three pa-
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rameters λ, m, and n, characterizing the particular mode present in the resonator.
Fortunately, the losses depend only on certain combinations of these parameters.
These combinations are the so-called Fresnel number,

N = a2

λL
, (5.27)

and the quantities g1 and g2, which were defined in (5.21). The parameter N can
be thought of as the ratio of the acceptance angle (a/L) of one mirror as viewed
from the center of the opposing mirror to the diffraction angle (λ/a) of the beam.
Therefore, when N is small, especially if N < 1, the loss factor will be high
because only a portion of the beam will be intercepted by the mirrors.

Conversely when N is large, diffraction losses will be low. The fractional
energy loss per transit because of diffraction effects for the lowest-order mode
(TEM00) is shown in Fig. 5.9 for resonators with equally curved mirrors and
apertures located in front of the mirrors (g1 = g2 = g, a1 = a2 = a). The
plane-parallel and concentric resonator (|g| = 1) have the highest losses for a

FIGURE 5.9. Diffraction losses per transit for the TEM00 mode of various symmetrical
resonators [8].
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given aperture according to Fig. 5.9. This is not surprising because both resonator
configurations have mode sizes which approach infinity at the limit. On the other
hand, the confocal resonator (g = 0) has the smallest mode dimension for a given
resonator length as discussed before. Therefore a given aperture will also cause
the lowest diffraction losses. It can also be seen from Fig. 5.9 that the diffraction
losses are very sensitive to changes in mirror curvature, and losses decrease very
rapidly for all resonator configurations as N increases.

Mode selection or discrimination of higher order modes, by choosing the ap-
propriate Fresnel number, that is, intracavity aperture, is illustrated in Fig. 5.10. In
this figure, the diffraction losses in a confocal resonator for a number of low-order
modes are plotted versus the Fresnel number. For N = 1, only the TEM00 and the
TEM01 modes have a power loss per transit of less than 1% per pass. All other
modes have losses above 10%. A laser with this resonator would emit on only
these two modes if the gain per pass were less than 10%. Single-mode emission
would require a slightly smaller aperture to reduce the value of N just under 1.
Going in the other direction, if the aperture is increased by about a factor of 1.4
in diameter to yield F = 2, then 10 modes from TEM00 to TEM05 have less than
1% loss per transit. This resonator would clearly have a multimode output.

5.1.7 Active Resonator

So far we have discussed the modes in a passive resonator consisting of a pair of
mirrors. Introducing an active element into the resonator, such as a laser crystal,
in addition to altering the optical length of the cavity, will perturb the mode con-
figuration. In solid-state lasers the governing mechanisms that distort the mode
structure in the resonator are the thermal effects of the laser rod. As will be dis-
cussed in more detail in Chapter 7, optical pumping leads to a radial temperature
gradient in the laser rod. As a result, in cw and high average power systems, the
rod is acting like a distributed positive thick lens with an effective focal length f ,
which is inversely proportional to the pump power.

The theory necessary to analyze resonators that contain optical elements other
than the end mirrors has been developed by Kogelnik [12]. We will apply this
theory to the case of a resonator containing an internal thin lens. To a first approx-
imation, this lens can be thought of as representing the thermal lensing introduced
by the laser rod.

Beam properties of resonators containing internal optical elements are de-
scribed in terms of an equivalent resonator composed of only two mirrors. The
pertinent parameters of a resonator equivalent to one with an internal thin lens are

g1 = 1 − L2

f
− L0

R1
; g2 = 1 − L1

f
− L0

R2
, (5.28)

where L0 = L1 + L2 − (L1L2/ f ) and f is the focal length of the internal lens;
L1 and L2 are the spacings between mirrors M1, M2 and the lens, as shown in
Fig. 5.11(a).
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FIGURE 5.10. Diffraction loss for various resonator modes as a function of the Fresnel
number [11].

In any resonator, the TEM00 mode spot size at one mirror can be expressed as
a function of the resonator parameters

w2
1 = λL

π

(
g2

g1(1 − g1g2)

)1/2

. (5.29)
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FIGURE 5.11. (a) Geometry and (b) stability diagram of a resonator containing a thin
positive lens.

The ratio of the spot sizes at the two mirrors is

w2
1

w2
2

= g2

g1
. (5.30)

The stability condition (5.20) remains unchanged.
As an example we will consider a resonator with flat mirrors (R1 = R2 = ∞)

and a thin lens in the center (L1 = L2 = L/2). From (5.28) and (5.29) we obtain

g = g1 = g2 = 1 − L

2 f
, w2

1 = w2
2 =

(
λL

π

)
(1 − g2)−1/2. (5.31)

For f = ∞ the resonator configuration is plane-parallel; for f = L/2 we obtain
the equivalent of a confocal resonator; and for f = L/4 the resonator corresponds
to a concentric configuration.

The mode size in the resonator will grow to infinity as the mirror separation
approaches four times the focal length of the laser rod. Figure 5.11(b) shows the
location of a plane-parallel resonator with an internal lens of variable focal length
in the stability diagram.

5.1.8 Mode-Selecting Techniques

If the transverse dimension of the gain region of a laser material is larger than the
TEM00 mode dimension, an oscillator will lase at several modes.
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Many applications of solid-state lasers require operation of the laser at the
TEM00 mode since this mode produces the smallest beam divergence, the highest
power density, and, hence, the highest brightness.

For side-pumped lasers output at the fundamental mode usually requires the in-
sertion of an aperture in the resonator to prevent oscillation of higher order modes.
The pumped volume of the active material is therefore considerably larger than
the TEM00 mode volume. The poor utilization of the stored energy in the active
medium leads to a poor overall efficiency. A large amount of research has been
devoted to the design of optical resonator configurations, which maximize energy
extraction from solid-state lasers at the TEM00 mode. One finds that a resonator
designed for TEM00 mode operation will represent a compromise between the
conflicting goals of large mode radius, insensitivity to perturbation, good mode
discrimination, and compact resonator length. One obvious solution to increase
the TEM00 mode volume is to make the resonator as long as physical constraints
permit, since for a given Fresnel number, the mode cross-sectional area increases
proportional with length. Another approach is to utilize resonators, such as the
concentric and hemispherical configuration shown in Fig. 5.7. These resonators,
due to their focusing action, support large mode size differences along the axis.

For example, in a hemispherical cavity the spot size in the limit can theoreti-
cally become zero at the flat mirror and grow to infinity for L = R. Location of
the laser rod close to the curved mirror permits utilization of a large active volume.
An example of this type of resonator is indicated in Fig. 5.12. Mode selection in
this resonator, which was employed in a cw Nd : YAG laser, is achieved by axially
moving the laser rod until it becomes the limiting aperture for TEM00 operation.

Resonators with strong internal focusing suffer from several disadvantages
which make them unattractive for most applications. In particular, since it is
necessary to operate quite close to the edge of the optically stable region, the
configurations are extremely sensitive to mechanical and optical perturbations.

When designing a resonator for large mode size it is very important to con-
sider sensitivity to optical and mechanical perturbations such as the pump-power-
dependent thermal lensing in the laser medium and misalignment of the resonator
mirrors. We note from (5.28)–(5.30) that for a resonator to have low sensitivity
to axial perturbations, for example, caused by thermal lensing, it is necessary that

FIGURE 5.12. Focusing resonator geometry [13].
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FIGURE 5.13. Convex–concave resonator containing (a) a laser rod and (b) an equivalent
passive resonator [14].

dw1/d f = 0. This condition is met for a resonator configuration, which satisfies
the condition [14]

g1g2 = 0.5. (5.32)

Equation (5.32) represents a hyperbola located in the middle of the shaded areas
of Fig. 5.8. Note from (5.29) that large spot sizes w1 are obtained for resonators
with large g2 values. From (5.21) it follows that in order for g2 > 1, the radius of
curvature of mirror R2 has to become negative, which indicates a convex mirror
according to our labeling conventions. Optical resonators with one convex and
one concave mirror in close proximity to the laser medium represent a good com-
promise for achieving a large mode volume, low sensitivity to perturbation, and a
compact design.

As an example we will calculate the parameters for a concave–convex resonator
that has been used for a high-repetition-rate Nd : YAG laser (Fig. 5.13(a)). The
laser rod, with a diameter of 5 mm, was measured to have a focal length of 6 m
for a particular input. The optical length of the cavity was restricted to 0.8 m. The
optimum value of w1 has been found empirically to be equal to one-half the laser
rod radius. With the rod as close as possible to the output mirror, the following
design parameters are obtained for the equivalent resonator (Fig. 5.13(b)):

w1 = 1.25 mm, f = 6 m, L1 = 0.1 m, L2 = 0.7 m.

Introducing the stability criterion g1g2 = 0.5 into (5.29) yields an expression for
the mode size as a function of g1,
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w1 =
(
λL

πg1

)1/2

. (5.33)

Introducing the values for L andw1 into this equation, one obtains g1 = 0.16 and,
from (5.32), g2 = 3.12. From (5.28) it follows that R1 = 1.1 m, R2 = −0.36 m;
and from (5.30) we obtain w2 = 0.28 mm. The mirror M1 and the rod surface can
be combined by grinding a curvature R′

1 = n R1 onto the end of the rod.
As we have seen in side-pumped lasers, expansion of the TEM00 mode in com-

bination with an intracavity aperture and operation of the resonator in a region that
is less sensitive to perturbation are usually the options available for fundamental
mode operation.

In the end-pumped lasers discussed in Sections 3.6.3, 6.2.3, and 7.3 a most
elegant solution to the problem of mode selection can be implemented, namely
spatial matching between the pump source beam and the resonator TEM00 mode.
Because the beam characteristics of diode lasers allow for tight focusing of their
output radiation into the active material, a near perfect overlap between the pump
or gain region and the TEM00 mode volume can be achieved. Typically, the pump
beam and resonator axis are oriented collinear within the active material. This
way highly efficient TEM00 mode operation can be achieved.

The equations provided in this chapter for the design of laser resonators are
usually sufficient to characterize the most common configurations. Complicated
resonator structures containing many optical elements can be evaluated with the
aid of ABCD ray transfer matrices or by means of the Jones calculus if the state
of polarization is critical.

The ABCD law based on geometrical optics allows us to trace paraxial rays
through a complicated sequence of lenslike elements. Each element is character-
ized by its ABCD matrix, and the transfer function of the whole system is obtained
by multiplying all the matrices [4].

If a resonator contains a number of optical elements that change the polarization
of the beam, such as waveplates, porro prisms, corner cube reflectors, birefringent
crystals, and so forth, the Jones calculus provides a powerful method for the eval-
uation of such a resonator [15]. The Jones calculus is a 2 × 2 matrix method
in which the state of polarization is represented by a two-component vector and
each optical element is represented by a 2×2 matrix. The polarization state of the
transmitted beam is computed by multiplying all the matrices. The overall matrix
is then multiplied with the vector representing the input beam.

5.2 Longitudinal Modes

5.2.1 The Fabry–Perot Interferometer

The Fabry–Perot interferometer is based on multiple reflections between two
plane and parallel surfaces. A basic understanding of its characteristics is impor-
tant because the laser resonator is closely related to the Fabry–Perot interferome-
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FIGURE 5.14. Interference of a plane wave in a plane-parallel plate.

ter, and the device is also used for longitudinal mode control, and as an instrument
to measure line width. We will first consider a particularly simple version of the
Fabry–Perot interferometer, called an etalon, which consists of a solid plate with
plane and parallel surfaces (see Fig. 5.14).

Multiple reflections which occur between the surfaces cause individual com-
ponents of the wave to interfere at M1 and M2. Constructive interference occurs
at M2 if all components leaving M2 add in phase. For such preferred directions,
the components reflected from M1 destructively interfere and all the incident
energy is transmitted by the etalon. For each member of either the reflected or
the transmitted set of waves, the phase of the wave function differs from that of
the preceding member by an amount which corresponds to a double traversal
of the plate. This phase difference is

ϕ =
(

2π

λ

)
2n0d cos�, (5.34)

where n0d is the optical thickness between the two reflecting surfaces, � =
�′/n0 is the beam angle in the material, and λ is the wavelength. The transmis-
sion of the Fabry–Perot resonator is

T =
[

1 + 4R′

(1 − R′)2
sin2

(ϕ
2

)]−1

, (5.35)

where R′ is the reflectivity of each of the two surfaces. The maximum value of
the transmission, Tmax = 1, occurs when the path length differences between the
transmitted beams are multiple numbers of the wavelength

2n0d cos� = mλ, m = 1, 2, 3, . . . . (5.36)

The reflectivity of the resonator can be expressed by
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R =
(

1 + (1 − R′)2

4R′ sin2(ϕ/2)

)−1

. (5.37)

The maximum value of the reflectivity

Rmax = 4R′

(1 + R′)2
(5.38)

is obtained when the pathlength difference of the light beam equals multiples of
half-wavelength

2n0d cos� = mλ

2
, m = 1, 3, 5, . . . . (5.39)

Figure 5.15 illustrates the transmission and reflection properties of the etalon. In
the absence of absorption losses, the transmission and reflectance of an etalon
are complementary in the sense that R + T = 1. We define the ratio of the
spacing between two adjacent passbands and the passband width as finesse F =
�λ/δλ:

F = π

[
2 arc sin

(
2 + 4R′

(1 − R′)2

)−1/2
]−1

≈ π(R′)1/2

(1 − R′)
. (5.40)

The approximation can be used if R′ > 0.5. For small values of R′ the finesse
approaches the value F ≈ 2 and (5.37) is reduced to

R = Rmax sin2 ϕ

2
. (5.41)

We see from (5.36) that the resonance condition of the etalon depends on the
wavelength λ, the optical thickness nd, and the beam angle �. A variation of any
of these quantities will shift the etalon passband. The separation of two passbands,

FIGURE 5.15. Intensity of the reflected and transmitted beams as a function of phase dif-
ference.
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called the free spectral range, is given by

�λ = λ2
0

2n0d cos�
or �ν = c

2n0d cos�
. (5.42)

5.2.2 Laser Resonator

The spectral output from a laser is determined by the gain-bandwidth of the active
material and the properties of the Fabry–Perot-type resonator. Typically, many re-
flectivity peaks of the resonator are within the spectral width of the laser material
leading to many longitudinal modes. According to (5.42) the separation of the
longitudinal modes in a laser cavity is given by

�λ = λ2
0

2L
or �ν = c

2L
, (5.43)

where L is the optical length of the resonator. For a resonator with L = 50 cm,
adjacent longitudinal modes are separated by �ν = 300 MHz. For example,
Nd : YAG lasers have a fluorescence linewidth of 120 GHz, and depending on
the threshold and pump strength the gain–bandwidth is on the order of 12 GHz.
Therefore, about 40 longitudinal modes can oscillate within the resonator de-
scribed above.

If the reflectivities of the two surfaces of a resonator are different, as in a laser
cavity, the reflectivity R′ in (5.40) is the geometric mean reflectivity of the two
mirrors: R′ = (R1 R2)

1/2. Typical values for a laser cavity are R1 = 0.8 and
R2 = 1.0 and a resonator length of 50 cm. Introducing these numbers into (5.40),
(5.43), one obtains F = 26.5 and δν = 11.3 MHz for the finesse and the spectral
width of the empty resonator (Fig. 5.16).

In the presence of several transverse modes, additional resonant frequencies
occur in the laser cavity. The frequency separation of different TEMplq modes in
a laser resonator is given by [4]

q q+1 q+2

TEM00q

300 MHz

11.3 MHz

FIGURE 5.16. Longitudinal modes in an empty resonator composed of an 80% and a 100%
reflective mirror separated by 50 cm.
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�ν =
( c

2L

) [
�q +

(
1

π

)
�(2p + l) arc cos

(
1 − L

R

)]
, (5.44)

where L is the length of the resonator and R is the radius of curvature for both
mirrors. The term on the right containing �q gives the frequency interval of the
axial modes. The term with �(2p + l) describes the separation of the resonance
frequencies of different transverse TEMpl modes. Note that the resonant frequen-
cies depend on (2p + l), and not on p and l separately. Therefore, frequency
degeneracies arise when (2p + l) is equivalent for different modes. By replacing
(2p + l) with (m + n), the cavity frequencies for transverse modes expressed in
Cartesian coordinates are obtained. From (5.44) it follows that the frequency sep-
aration between transverse modes is not only a function of mirror separation, as
is the case with the axial modes, but also depends on the curvature of the mirrors.

For a near plane-parallel or long-radius resonator (L � R), the second term
within the brackets of (5.44) becomes small compared to �q. In this case the
resonant-mode spectrum is composed of the relatively large axial mode spacing
c/2L , with each axial mode surrounded by a set of transverse-mode resonances,
as shown in Fig. 5.17. For example, the 50 cm long resonator mentioned before,
if terminated by two mirrors with 5 m curvatures, will have a resonance spectrum
of �ν/MHZ = 300�q + 43(2p + l). Because of these additional resonance
frequencies, which occur with higher order transverse modes, techniques for nar-
rowing the spectral output of a laser (to be discussed in Section 5.2.3) require
operation at the TEM00 mode.

If a laser is operated without any mode-selecting elements in the resonator,
then the spectral output will consist of a large number of discrete frequencies de-
termined by the transverse and axial modes. The linewidth of the laser transition
limits the number of modes that have sufficient gain to oscillate. The situation
is diagrammed schematically in Fig. 5.18, which shows the resonance frequen-
cies of an optical resonator and the fluorescence line of the active material. Laser
emission occurs at those wavelengths at which the product of the gain of the laser
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FIGURE 5.17. Resonance frequency of a resonator containing higher order transverse
modes.
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FIGURE 5.18. Schematic diagram of spectral output of a laser without mode selection.

transition and the reflectivity of the mirrors exceed unity. In the idealized example
shown, the laser would oscillate at seven axial modes.

The beam emitted from a laser, which emits at a discrete number of integrally
related wavelengths, is strongly modulated. The situation can be illustrated by
considering the simplest case of two superimposed traveling waves whose wave-
lengths are specified by adjacent axial modes. This situation is shown schemati-
cally in Fig. 5.19. The two waves interfere with one another and produce traveling
nodes that are found to be separated from one another in time by twice the cav-
ity separation. For the resonator mentioned above the bandwidth of the laser is

FIGURE 5.19. Amplitude modulation of a laser beam due to emission of two adjacent
longitudinal modes.
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�ν = 300 MHz and the coherence length, if defined by

lc = c/2π�ν, (5.45)

has a value of lc = 16 cm.

5.2.3 Longitudinal Mode Control

In contrast to transverse mode control, which is important for most laser appli-
cations, control of the longitudinal modes is generally only required for lasers
employed in interferometric applications, coherent lidar, or holographic systems.
A reduction of longitudinal modes can be achieved by insertion of a tilted etalon
into the resonator. This will cause a strong amplitude modulation of the closely
spaced reflectivity peaks of the basic laser resonator, and thereby prevent most
modes from reaching threshold.

The etalon is inserted at a small angle in the laser resonator. The tilt effectively
decouples the internal transmission etalon from the resonator; that is, no other
resonances will be formed with other surfaces in the main resonator. If the etalon
is sufficiently misaligned, it acts simply as a bandpass transmission filter. The
tilted etalon has no reflection loss for frequencies corresponding to its Fabry–
Perot transmission maxima. At other frequencies the reflections from this mode
selector are lost from the cavity, and thus constitute a frequency-dependent loss
mechanism. The transmission maxima can be tuned into the central region of the
gain curve by changing the tilt angle.

The transmission peaks of an etalon with index of refraction n = 1.5 and thick-
ness d = 1 cm are separated by 10 GHz according to (5.42). If, for example, the
etalon has a finesse of F = 10, the spectral width is 1 GHz, which is considerably
narrower than the 12 GHz gain-bandwidth of a typical Nd : YAG laser. The laser
output will be composed of longitudinal modes, which fall inside the transmis-
sion band of the etalon, hence a narrowing of the laser linewidth is observed. In
pulsed lasers longitudinal mode selection can be enhanced by a passive Q-switch.
Longitudinal-mode selection in the laser takes place while the pulse is building
up from noise. During this buildup time, modes that have a higher gain or a lower
loss will increase in amplitude more rapidly than the other modes. Besides differ-
ences in gain or losses between the modes, there is one other important parameter
which determines the spectral output of the laser. This parameter is the number of
round trips it takes for the pulse to build up from noise. The difference in ampli-
tude between two modes becomes larger if the number of round trips is increased.
Therefore, for a given loss difference between the modes it is important for good
mode selection to allow as many round trips as possible.

Since a passive Q-switch requires more round trips for the development of a
pulse, as compared to a Pockels cell Q-switch, the former has better mode selec-
tion properties. While the above-mentioned techniques will narrow the line width
of a laser, reliable single longitude mode output can only be achieved from a
laser which meets the following design criteria: a very short resonator such that
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FIGURE 5.20. Design of a monolithic ring Nd :YAG laser [16].

the axial modes are spread so far apart that only one mode has sufficient gain;
elimination of spatial hole burning caused by the standing wave pattern in the
resonator; mechanical stability of the resonator elements; and a stable, low-noise
pump source. These desirable features are combined, for example, in the diode-
pumped, monolithic ring laser illustrated in Fig. 5.20.

The laser resonator is only a few millimeters long, therefore axial modes are
spaced sufficiently far apart for axial mode control. The ring laser configuration
avoids spatial hole burning, and end-pumping provides a small gain volume for
efficient and stable TEM00 mode operation. Furthermore, the monolithic design
assures good mechanical stability of the resonator. Spatial hole burning is a de-
scriptive term for the fact that, along the axis of the resonator, “holes” in the
inversion are burnt as a result of the standing wave nature of the mode. The fixed
nodal planes on the other hand represent regions of untapped inversion which will
preferentially contribute gain to other modes leading to mode-hopping. The ten-
dency of a laser for mode-hopping can be eliminated by providing relative motion
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between the atoms in the active material and the electric field of the resonator.
This task can be accomplished with a traveling wave ring structure.

The oscillators that we have discussed so far are characterized by standing
waves in the resonator. In an oscillator consisting of a ring-like resonator utilizing
three or four mirrors and a nonreciprocal optical gate, a traveling wave can be gen-
erated. The optical gate provides a high loss for one of the two countercirculating
traveling waves. The wave with the high loss is suppressed, and unidirectional
output from the laser is obtained.

In a discrete element ring laser the unidirectional gate is formed by a Faraday
rotator, a half-wave plate, and a polarizer. The Farady device rotates the plane
of polarization by a small angle ±θ , the sign being dependent on the propagation
direction. The half-wave plate is oriented such that in one direction it compensates
for the polarization rotation induced by the Faraday element. For this direction
the beam passes the polarizer without loss. In the opposite direction the beam
experiences a 2θ polarization rotation and suffers a loss at the polarizer.

The basic idea of a monolithic, diode-pumped unidirectional ring laser is to
provide the equivalent of a discrete element design. The polarizer, half-wave
plate equivalent, and the Faraday rotator are all embodied in the nonplanar ring
Nd : YAG laser illustrated in Fig. 5.20. With a magnetic field H present in the di-
rection shown, the YAG crystal itself acts as the Faraday rotator, the out-of-plane
total internal reflection bounced (labeled A and C) acts as the half-wave plate,
and the output coupler (mirror D) acts as a partial polarizer. Polarization selec-
tion results from nonnormal incidence at the dielectrically coated output mirror.

Such a device produces an extremely stable, narrow linewidth cw output of a
few hundred milliwatts. For most applications the power must be increased by
injecting the output from this laser source into a large slave oscillator. Both the
injected single-mode radiation and spontaneous emission from the high-power
Q-switch slave laser will be regeneratively amplified in the slave cavity during
the pulse buildup period. If the injected signal has enough power on a slave cav-
ity resonance, the corresponding single axial mode will eventually saturate the
homogeneously broadened gain medium and prevent development of any other
axial modes.

The linewidth of the output of a laser operated in a single axial mode is usually
many orders of magnitude narrower than the linewidth of the empty or passive res-
onator. The theoretical limit of the laser linewidth is determined by spontaneously
emitted radiation which mixes with the wave already present in the resonator and
produces phase fluctuations. The photons in the resonator all correspond to in-
phase waves except for the spontaneous emission, which occurs at the same fre-
quency but with a random phase. It is this phase jitter that causes the finite laser
linewidth �νL which is given by the Schalow–Townes limit [17]

�νL = 2πhν(�νc)
2

Pout
, (5.46)

where �νc is the linewidth of the passive resonator, hν is the photon energy, and
Pout is the laser output.
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The limit can also be expressed as

�νL = �νc

Nph
(5.47)

which says that the theoretical minimum laser linewidth equals the linewidth of
the empty resonator divided by the number of photons in the resonator. The above
equation is derived if we note that the laser output power Pout equals the number
of photons Nph in the resonator times the energy per photon divided by the photon
lifetime τc,

Pout = Nphhν

τc
. (5.48)

Furthermore, from Chapter 3, we recall that in a resonator the loss mechanism,
besides limiting the lifetime of the oscillation, causes a broadening of the reso-
nance frequency. The width�ν of the resonance curve, at which the intensity has
fallen off to half the maximum value, is

�ν = (2πτc)
−1. (5.49)

Introducing (5.48), (5.49) into (5.46) results in the expression (5.47).
We will now calculate the fundamental linewidth limits for such a laser and

compare it with the values achieved in actual systems. The physical length of a
minilaser is typically 5 mm and the refractive index is 1.82; therefore the opti-
cal length of the resonator is 2L = 1.82 cm. The output coupling and internal
losses for such a monolithic laser are δ + T = 0.01. These values result in a
lifetime of the photons in the resonator of τc = 6 ns or a linewidth of the empty
resonator of �νc = 26 MHz. The theoretical limit for the laser linewidth at a
typical output power of 1 mW is, according to (5.46), �νL = 1 Hz. In practice,
the laser linewidth is determined by temperature fluctuations and mechanical vi-
brations and instabilities which produce rapid changes in frequency. For example,
the temperature-tuning coefficient for a monolithic Nd : YAG laser operating at
1064 nm is 3.1 GHz/◦ C. The major contribution is the temperature dependence
of the refractive index. The design of narrow linewidth laser oscillators requires
extremely good temperature control. A state-of-the-art diode-pumped monolithic
Nd : YAG laser has achieved a linewidth of 300 Hz during a 5 ms observation time,
10 kHz in time intervals of 300 ms, and the laser exhibited a long-term drift of
300 kHz/min [18].

5.3 Unstable Resonators

As was discussed in Section 5.1, in a stable resonator the radiation is confined be-
tween the surfaces of the resonator mirrors and do not walk out past their edges.
In order to produce a diffraction-limited output beam from a stable resonator, the
Fresnel number must be on the order of unity or smaller (Section 5.1.5), other-
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wise sufficient discrimination against higher-order modes cannot be achieved. For
practical resonator lengths, this usually limits the diameter of the TEM00 mode to
a few millimeters or less.

If the resonator parameters g1 and g2 lie outside the shaded regions defined in
Fig. 5.8, one obtains an unstable resonator. In these configurations, the beam is
no longer confined between the mirrors. A beam in an “unconfining” or unstable
resonator diverges away from the axis, as shown in Fig. 5.21, eventually radiation
will spill around the edges of one or both mirrors. This fact can, however, be used
to advantage if these walk-off losses are turned into useful output coupling.

The most useful property of an unstable resonator is the attainment of a large
fundamental mode volume and good spatial mode selection at high Fresnel num-
bers. In other words, unstable resonators can produce output beams of low di-
vergence in a short resonator structure that has a large cross section. Whether an
unstable resonator has an advantage over a stable resonator for a particular sys-
tem depends on the gain of the laser, since gain, mode volume, and sensitivity to
misalignment are closely related in unstable resonators. Generally speaking, only
in a high-gain laser can a large mode size be realized in an unstable resonator at
a reasonable misalignment tolerance. Besides the issue of alignment stability, the
cost and difficulty of fabrication of the output coupler is another consideration.

The unstable resonator first described by Siegman [19]–[21] has been studied
extensively for applications in high-energy chemical and gas dynamic lasers. The
most useful form of an unstable resonator is the confocal unstable resonator. A
primary advantage of this configuration is that it automatically produces a colli-
mated output beam.

Confocal configurations can be divided into positive-branch resonators that cor-
respond to the case g1g2 > 1, and negative-branch resonators for which g1g2 < 0.
Confocal unstable resonators of the positive or negative branches are shown in
Fig. 5.22. These configurations are defined by the following relationships:

2L = R1 + R2 (5.50)

or

L = f1 + f2,

FIGURE 5.21. Light ray in an unstable resonator.
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FIGURE 5.22. Positive- and negative-branch confocal unstable resonators.

where L is the optical length of the resonator and R1, R2, f1, f2 are the radii and
focal lengths of the two mirrors, respectively. For concave mirrors, the sign for R
and f is positive and for convex mirrors it is negative.

The confocal positive-branch unstable resonator is the most widely used form
of the unstable resonator for solid-state lasers because it does not have an intra-
cavity focal point that could lead to air breakdown or could cause damage to
optical components.

Referring to Fig. 5.22 the annular output beam has an outer diameter of D0 and
inner diameter D, where D is also the diameter of the output coupler.

The resonator magnification

m = D0/D (5.51)

is the amount that the feedback beam is magnified when it travels one round trip
in the resonator and becomes the output beam.

The magnification in the transverse beam dimensions results in a decrease of
intensity by a factor 1/m2 in each round trip, and radiation spilling out around the
edges of the output mirror. A beam that is just contained within the mirrors will,
after one round trip, lose a fraction T of its energy.

The geometrical output coupling is related to the magnification by

T = 1 − 1

m2
. (5.52)

If we insert a gain medium between the mirrors, the loss in energy has to be made
up by the gain of the laser. According to the laser threshold condition (3.7), we
obtain

2gl = δ + ln m2. (5.53)

Ignoring internal resonator losses δ for a moment, the round-trip gain of the laser
has to be

G = exp(2gl) ≥ m2. (5.54)

For a confocal resonator, the mirror radii are given by
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R1 = −2L

m − 1
, and R2 = 2mL

m − 1
, (5.55)

where L is the length of the resonator and R1 and R2 are the output and back-
cavity mirror curvatures. Note that the output mirror has a negative curvature and
thus is convex, while the high-reflectivity mirror has positive curvature and is
concave.

Actually, the relationship between m and the output coupling T for confocal
unstable resonators is such that T is less than the geometrically predicted value
(1 − 1/m2). This is because the intensity distribution, according to wave optics,
tends to be more concentrated toward the beam axis than that predicted by geo-
metrical optics.

The equivalent Fresnel number of a resonator characterizes the destructive or
constructive interference of the mode at the center of the feedback mirror due to
the outcoupling aperture. For a positive-branch, confocal resonator, the equivalent
Fresnel number is

Neq = (m − 1)(D0/2)2

2Lλ
, (5.56)

where D0 is the diameter of the output mirror and L is the resonator length. Plots
of the mode eigenvalue magnitudes versus Neq show local maxima near half-
integer Neq’s.

Physically, the half-integer equivalent Fresnel numbers correspond to Fresnel
diffraction peaks centered on the output coupler which leads to increased feed-
back into the resonator. Resonators should be designed to operate at half-integer
equivalent Fresnel numbers (Neq) to obtain best mode selectivity.

As a final step one has to take into account the effect of the focal length f
of the active medium. One usually chooses an available mirror curvature R and
calculates the rod focal length at the desired lamp input power required to achieve
an effective mirror curvature Reff. If the mirror to rod distance is less than the rod
focal length, then

1

f
+ 1

Reff
= 1

R
. (5.57)

Essentially the focusing effect of the laser rod is compensated for by increasing
the radius of curvature of the mirror.

The design of such a resonator is an iterative process. It starts with some knowl-
edge of the optimum output coupling T or the saturated gain coefficient g obtained
from operating the laser with a stable resonator. From either of these two param-
eters, we obtain from (5.52) or (5.53) the magnification m. Selecting a value of
0.5, 1.5, 2.5, . . . for Neq from (5.56) provides a relationship between D0 and L .
With (5.50), (5.51), (5.55) the pertinent resonator design parameters such as D,
D0, L , R1, and R2 can be calculated. The effect of thermal lensing is then ac-
counted for by adjusting the radius of curvature according to (5.57). There are
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FIGURE 5.23. Small mirror out-coupling scheme in a confocal, positive branch unstable
resonator.

basically two types of output couplers possible with solid-state lasers, the dot
mirror and the radially variable reflectivity mirror.

The design depicted in Fig. 5.23 consists of a concave mirror M1 and a convex
output mirror M2, both of which are totally reflecting. The dot mirror M2 is a
small circular dielectrically coated area of radius d centered on a glass substrate.
The disadvantage of a dot mirror, namely the generation of an annular output
beam containing diffraction rings and a hot spot in the center, can be eliminated
by employing a partially transparent output coupler with a radially variable re-
flectivity profile. In such a mirror, reflectivity decreases radially from a peak in
the center down to zero over a distance comparable to the diameter of the laser
rod. The output is a smooth Gaussian-shaped beam. Design procedures for such
mirrors are described in [22], [23].

Illustrated in Fig. 5.24 is a diode-pumped Nd : YAG slab laser with a positive-
branch, confocal unstable resonator in a folded configuration. The output coupler
is a dielectrically coated mirror with a variable reflectivity profile. The resonator
in Fig. 5.24 has a magnification M = 1.38 and a cavity length of 58 cm. The laser
generated 100 mJ of Q-switched output at a repetition rate of 100 Hz with a near
diffraction limited beam.

FIGURE 5.24. Diode-pumped Nd : YAG slab laser with positive branch unstable resonator
and variable reflectivity output coupler [24].
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Summary

In this chapter, the definition and characteristics of transverse and longitudinal
modes of optical resonators are reviewed, and mode-selecting techniques as well
as typical resonator configurations are discussed.

In resonators employed in microwave technology the cavity is totally enclosed
and the dimensions are on the order of the wavelength. By virtue of the direc-
tional properties of light, a structure formed by two mirrors facing one another
can sustain high Q-resonances and therefore constitutes a resonator in spite of the
fact that it is an open structure. In an optical resonator the mirror size and the sep-
aration of the mirrors are very large compared to the wavelength. The modes of
an open passive resonator are eigenfunctions of an integral equation that depend
on the shape and spacing of the mirrors and on the beam diameter. The gain pro-
vided by the active material compensates for the resonator losses. The oscillator
will lase at those modes that have the smallest losses.

Transverse modes determine beam divergence and power distribution within
the cross section of the beam. The number of longitudinal modes that are oscillat-
ing in a resonator are responsible for the spectral line width of the output beam.
The smallest beam divergence is obtained if the resonator is operated in the lowest
transverse mode. Single transverse mode operation is obtained by restricting the
lateral extent of the beam inside the resonator. This is usually associated with a
utilization of a smaller active volume of the laser material and therefore leads to
a reduction in output power. Since virtually all laser applications benefit from a
low beam divergence, many ingenious concepts and designs have been developed
to achieve maximum output at the TEM00 mode.

In applications requiring a narrow line width from the laser the number of lon-
gitudinal modes having sufficient gain to oscillate has to be restricted to just a
single mode. This can be achieved by shortening the resonator (and thereby also
the active material) to a point where the modes are spaced so far apart that only
one mode has sufficient gain to oscillate. From these considerations it becomes
clear that single transverse and longitudinal mode lasers have a very small vol-
ume.

Unstable resonators, also discussed in this chapter, are resonators where the
g1g2 product falls outside the range 0 < g1g2 < 1. The modes are not confined
in the transverse direction, and the size is determined by some limiting aperture
in the system.
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Exercises

1. When you work in modern optics you often have to find the values of the
electric field amplitude in a beam of laser light. In the laboratory your instru-
ments do not measure this directly. When working with a pulsed laser (e.g., a
Q-switched solid-state laser) your instruments allow you to measure the total
energy in the pulse, the temporal waveform of the pulse, and the spatial dis-
tribution of the beam. The first is done with what is essentially a calibrated
absorber that determines the change in temperature of the absorber and com-
putes the energy that was absorbed. With knowledge of the absorbance of the
surface of the absorber the instrument can read out the number of joules of en-
ergy that struck it. Pulse waveform is measured with a fast photodetector and
an oscilloscope where both are selected to have enough bandwidth to assure
accurate waveform determination. The beam’s spatial properties are measured
with an imaging camera (e.g., a CCD camera) and electronics and software
that display the intensity as a function of position normal to the beam axis on
a computer screen.
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Now suppose you are in the laboratory using these instruments and you
measure an energy, U , a pulse duration (the duration as defined by the pulse
full width at half-maximum, FWHM) of τp, and the beam spatial distribution.
The latter is determined to be the lowest order Gaussian distribution with a full
width at 1/e of the maximum intensity of w. Use the definitions of terms in
Section 5.1.2 and your knowledge of the definition of intensity to calculate the
value of the electric field on axis in terms of your measured quantities. Use
proper units so that you give your answer in volts/m. (Hint: You might want to
refer to an electricity and magnetism text to refresh yourself on the definition
of the Poynting vector and to get the units straight.)

2. Is the resonator shown below stable or unstable for Gaussian mode propaga-
tion?

L 

R1 R2 

Here L = 100 cm, R1 = 1000 cm, R2 = −1000 cm, and the laser wave-
length λ = 1µm. If it is stable, locate the beam waist and find the beam radii at
each mirror. Where would you put the laser rod in this resonator to maximally
fill it, the gain medium, with the lowest order Gaussian mode?

3. Consider the laser shown below:

d 1 2 

L

In this laser L is the length of the resonator; d = 10 cm is the length of
the gain medium that has index of refraction of 1.8; the surfaces of the gain
medium are antireflection coated so they do not contribute to cavity losses;
mirror 1 has reflectivity of 98% and is flat, and mirror 2 has reflectivity of 80%
and radius of curvature, R2 = 100 cm. The laser wavelength is 1.06µm.
(a) Find L such that this resonator is hemispherical and give the distances

between the ends of the centered rod and the mirrors.
(b) What are g1 and g2 for the hemispherical resonator?
(c) Find the mode size at each mirror and at each end of the laser rod in this

hemispherical resonator.
(d) What is the frequency difference between two adjacent TEM00 modes?
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(e) Find the frequency difference in megahertz between the TEM00q and
TEM10q modes.

(f) What is the photon lifetime in this cavity?

(g) What is the minimum gain coefficient for this laser to oscillate?

(h) What gain coefficient would be needed if there were no antireflection coat-
ings on the laser rod?
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Optical Pump Systems

6.1 Pump Sources

6.2 Pump Radiation Transfer Methods
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An efficient pump system utilizes a radiation source having a spectral output that
closely matches the absorption bands of the gain medium, transfers the radiation
with minimum losses from the source to the absorbing laser material, and creates
an inversion which spatially matches the mode volume of the resonator mode. In
this chapter we will review the most common pump sources and radiation trans-
port systems employed in solid-state lasers.

6.1 Pump Sources

A number of different radiation sources have been employed over the years to
pump solid-state lasers; today only flashlamps, cw arc lamps, and laser diodes
depicted in Figs. 6.1 and 6.2 are of practical interest. Pump sources for solid-state
lasers range in size and power from tiny laser diodes at the 1 W level, pumping
a microchip laser, to flashlamp-pumped lasers employed in inertial confinement
fusion research, which occupy large buildings and provide tens of megajoules of
pump radiation.

6.1.1 Flashlamps

Lamp Design and Construction

Flashlamps used for laser pumping are essentially long arc devices designed so
that the plasma completely fills the tube. A flashlamp consists of a linear quartz
tube, two electrodes which are sealed into the envelope, and a gas fill. Standard

187
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FIGURE 6.1. Outline drawing of (a) a flashlamp and (b) a cw krypton arc lamp and photo-
graph of an arc lamp (c) with and (d) without cooling jacket.

FIGURE 6.2. Two-dimensional diode laser arrays. Stacked 1 cm bars (a) conduction-cooled
and (b) internally water-cooled.
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linear lamps have wall thicknesses of 1 to 2 mm, bore diameters between 3 and
19 mm, and lengths from 5 cm to 1 m.

Flashlamps are typically filled with gas at a fill pressure of 300 to 700 torr
at room temperature. Xenon is generally chosen as the gas fill for flashlamps
because it yields a higher radiation output for a given electrical input energy than
other gases. However, in a few special cases, such as small, low-energy lamps
employed to pump Nd : YAG lasers, the low-atomic-weight gas krypton provides
a better spectral match to the absorption bands of Nd : YAG.

The anode in flashlamps consists of pure tungsten or often thoriated tungsten
because the alloy is easier to machine. The cathode is comprised of a compressed
pellet of porous tungsten impregnated with barium calcium aluminate. This pellet
is attached onto a tungsten heat sink. The surface area of the tip must be large
enough to handle the peak current while the shape of the tip positions the arc
during the trigger pulse. During the lamp operation, barium is transported to the
cathode surface where it forms a monolayer with a work function of about 2 eV
versus 4.5 eV for pure tungsten. A lower work function improves electron emis-
sion for a given temperature. For the same reason, a cathode material with a low
work function makes it easier to trigger the lamp. Since in a standard lamp the
cathode is more emissive than the anode, flashlamps are polarized and will pass
current in only one direction without damage.

The envelope and the electrode-seal area of flashtubes are normally cooled by
free or forced air, water, or water-alcohol mixtures. Liquid cooling permits opera-
tion of the lamps at a maximum inner-tube wall surface loading of 300 W/cm2 of
average power. Free-air convection cooling is limited to handling about 5 W/cm2

of dissipation; forcing air across the flashtube envelope increases this value up to
40 W/cm2. Liquid-cooled linear flashlamps are available with outer quartz jackets,
which permit cooling of the lamps with a highly turbulent flow.

Optical Characteristics. The radiation output of a gas discharge lamp is com-
posed of several different components, each corresponding to a different light-
emission mechanism. The relative importance of each of these mechanisms de-
pends strongly on the current density in the lamp, and so the low- and high-power
optical output spectra are markedly different. The total radiation is made up of
both line and continuum components. The line radiation corresponds to discrete
transitions between the bound energy states of the gas atoms and ions (bound–
bound transitions). The continuum is made up primarily of recombination radia-
tion from gas ions capturing electrons into bound states (free–bound transitions)
and of bremsstrahlung radiation from electrons accelerated during collisions with
ions (free–free transitions). The spectral distribution of the emitted light depends
in complex ways on electron and ion densities and temperatures.

In the continuous-power, wall-stabilized noble gas arc, current densities are
such that there is a high number of bound–bound transitions and therefore the
radiation spectrum is characteristic of the fill gas and is broadened by increases in
pressure.

In high current density, pulsed laser applications, the spectral output of the lamp
is dominated by continuum radiation, and the line structure is seen as a relatively
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FIGURE 6.3. Spectral emission of a xenon flash tube (EG&G, model FX-47A) operated
at high current densities. Lamp fill pressure is 0.4 atm. The spectrum at the two current
densities can be approximated by blackbodies at 7000 and 9400 K, respectively [1].

minor element. Between these two cases, a pulsed-power region can exist where
the pulsed-power level is such that discrete line radiation is still emitted and is
superimposed on a strong background continuum.

In Fig. 6.3 the spectral emission of a xenon flashtube is plotted for two cur-
rent densities. As a result of the high current densities, the line structure is in
this case masked by a strong continuum. From Fig. 6.3 it also follows that a
high current density shifts the spectral output toward the shorter wavelengths.
One can relate the radiation characteristics of a flashlamp R(λ, T ) to the char-
acteristics of a blackbody. The departure of any practical light source from the
blackbody characteristic is accounted for in the emissivity, ε(λ, T ), which varies
between zero and one, and is both wavelength and temperature dependent; thus
R(λ, T ) = ε(λ, T )B(λ, T ). In a flashlamp, ε(λ, T ) depends strongly on tem-
perature and wavelength. If we assume local thermodynamic equilibrium in the
plasma, the blackbody characteristic B(λ, T ) becomes the blackbody curve cor-
responding to the electron temperature in the plasma. In general, the emissivity
of the flashlamp radiation at longer wavelengths is greater than the emissivity at
shorter wavelengths. An increase in power density will result in a large increase in
emissivity (and radiation) at short wavelengths, but only small changes at longer
wavelengths where the emissivity is already close to unity.

The xenon lamp is a relatively efficient device as it converts 40 to 60% of the
electrical input energy into radiation in the 0.2 to 1.0 µm region. As noted in
Chapter 2, principal pump bands of Nd : YAG are located from 0.73 to 0.76µm
and 0.79 to 0.82µm. The xenon spectrum has no major line radiation in these
bands, so pumping is primarily due to continuum radiation. In general, the pump-
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ing efficiency of Nd : YAG increases as the pressure is increased. In the range 450
to 3000 torr no maxima are found. The limitation to further increases appears to be
the fact that high-pressure lamps are difficult to trigger. The effect of an increase
in gas fill pressure is to reduce the mean free path of the electrons and atoms in
the discharge, and thus to increase their collision frequency. This leads to the pro-
duction of more excited species in the discharge and the emission of more useful
line radiation.

Electrical Characteristics. The impedance characteristics of a flashlamp deter-
mine the efficiency with which energy is transferred from the capacitor bank to
the lamp. The impedance of the arc is a function of time and current density. Most
triggering systems initiate the arc as a thin streamer which grows in diameter un-
til it fills the whole tube. The expansion period is fast, of the order of 5 to 50µs
for tubes of bore diameter up to 1.3 cm. During the growth of the arc, lamp re-
sistance is a decreasing function of time. The decreasing resistance arises in part
from the increasing ionization of the gas and from the radial expansion of the
plasma.

After the arc stabilizes in the high-current regime the voltage is proportional to
the square root of the current [1, 2]

V = K0i1/2, (6.1)

where the flashlamp impedance K0 depends on the arc length l and the bore di-
ameter D of the flashlamp, and on the kind of gas and fill pressure p. For xenon
the following relation holds

K0 = 1.27
( p

450

)0.2 l

D
, (6.2)

where p is the flashlamp pressure in torr.

Tube Failure

The flashtube end-of-life can occur in either of two modes, and we can distinguish
between catastrophic and nondestructive failures. The factors that contribute to
catastrophic failure are explosion of the walls due to the shock wave in the gas
when the lamp is fired or overheating of the lamp envelope or seal and subsequent
breakage because of excessive thermal loading of the lamp. The first failure mode
is a function of pulse energy and pulse duration, whereas the second catastrophic-
failure mode is determined by the average power dissipated in the lamp. When
the flashtube is operated well below the rated maximum pulse energy and average
power, the lamp usually does not fail abruptly. Rather, the tube will continue to
flash with a gradual decrease in light output, which will eventually fall below a
level necessary for the particular application. In the latter mode of failure, the
reduced light output is caused by the erosion of the flashtube electrodes and of
the quartz walls and by the gradual buildup of light-absorbing deposits within the
flashtube envelope.
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Flashtube Explosion

When a high-voltage trigger pulse is applied between the electrodes of a flash-
tube, the gas breaks down generally near the axis of the tube and a conducting
filament is established. As energy is released into the channel, heating of the am-
bient gas causes the filament to expand radially, forming cylindrical shock waves.
The shock front and its associated plasma travel radially from the tube axis to
its wall. The radial velocity of the plasma discharge and the shock amplitude are
proportional to the input energy. The cylindrical shock wave and the associated
plasma heat cause stress on the inside of the tube wall, which is axial in tension
toward the electrodes. If the energy discharged exceeds the explosion limit for the
lamp, the shock wave will be sufficiently intense to rupture the lamp walls and
consequently destroy the lamp.

The explosion energy is directly related to the inside-wall surface area of the
lamp and to the square root of the pulse duration. If l and D are measured in
centimeters and tp is in seconds, and if a critically damped single-mesh discharge
circuit is assumed, then it has been found empirically that for xenon-filled quartz
flashtubes [1, 3] the explosion energy in Joules is

Eex = (1.2 × 104)l D t1/2
p . (6.3)

Having determined the ultimate limit for the tube, the question of the life that
the tube will have in a given application has to be addressed. It has been shown
that lamplife can be related to the fraction of explosion energy at which the lamp
is operated. The life in flashes for a xenon-filled quartz-envelope flashlamp as a
function of the single-shot explosion energy is empirically given by [1, 4]

N ∼=
(

Eex

Ein

)8.5

. (6.4)

The extremely strong dependence of flashlamp lifetime on the input energy Ein is
a great incentive to underrate the lamp.

In Fig. 6.4 life expectancy as a function of lamp input is shown, assuming
that the interpulse interval is sufficiently long to permit the tube to cool between
pulses. The lifetime expressed by (6.4) is defined as the number of shots at which
the light output is reduced by 50% of its initial value. The life expectancy of a
flashlamp begins to deteriorate rapidly when peak current exceeds 60% of ex-
plosion current. Above 60%, the lamp’s life is usually limited to less than 100
discharges, even if all other parameters are optimized. At the 80% level, explo-
sion can occur on any discharge. Most flashlamps, with the exception of lamps
installed in single-shot lasers, such as, for example, employed in inertial confine-
ment fusion, are operated at only a small fraction of the explosion energy. In this
case, cathode degradation is the primary failure mode. The two dotted lines in
Fig. 6.4 indicate where the cathode end of life begins to occur. As explained be-
low, lamplife is considerably improved by operation in the simmer mode which
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FIGURE 6.4. Lamp life as a function of operating energy [4].

keeps the lamp continuously ionized at a low-current level. Because of the in-
creased lamplife most lamps are operated in the simmer mode today.

Examples of Typical Operating Conditions

In selecting a particular lamp the following steps are usually followed:

1. A flashlamp arc length and bore diameter is chosen that matches the rod size.

2. The explosion energy for the lamp chosen is calculated.

3. An input energy is selected that is consistent with the desired lamp life. If the
lamp input required to achieve a certain laser output is not consistent with a
desired minimum lamplife, the application of a multiple-lamp pump cavity has
to be considered.

4. The average power loading of the lamp is calculated and compared with the
limit specified by the lamp manufacturer.

5. In designing the pulse-forming network, care must be taken to avoid fast cur-
rent rise times and/or reverse currents. To obtain the expected life, manufac-
turers recommend that the rise time of the flashlamp current be greater than
120µs for lamps discharging more than a few hundred joules. Both electrode
erosion and wall vaporization are accelerated by fast-rising peak currents.

First we will consider a typical small linear flashlamp used in military equip-
ment such as target designators or laser illuminators. These systems operate typ-
ically at a flashlamp input of 10 J with pulse repetition rates of 20 pps. The lasers
typically use 63 mm long Nd : YAG laser rods of 6.3 mm diameter and have a
Q-switched output of 100 to 200 mJ. A 4 mm diameter and 60 mm long lamp
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operated at 10 J input and a pulse width of 300µs is operated at only 2% of the
explosion energy. The wall loading of the liquid-cooled lamp operated at 10 pps
is 15 W/cm2. From the extensive data that exist for this type of lamp operated in a
closed coupled laser cavity, it follows that the useful lamplife (10% drop in laser
performance) is in excess of 107 shots.

Figure 6.5 illustrates a circuit, which is widely used for flashlamp-pumped
solid-state lasers. For clarity we will assume for the moment that the simmer
power supply and the thyristor have been removed, and the flashlamp is directly
connected to the inductor. The energy delivered to the lamp is stored in the ca-
pacitor C . The discharge of the stored energy into the flashlamp is initiated by
a high-voltage trigger pulse generated by a pulse generator and a step-up trans-
former. The trigger pulse applied to a wire wrapped around the tube envelope
creates an ionized spark streamer between the electrodes. The energy stored in
the capacitor is discharged through the inductor L into the lamp. The pulse du-
ration and pulse shapes are determined by the time constant of the LC circuit.
The lamp extinguishes after the capacitor is discharged. Simplicity is the major
advantage of this operation, which requires no high voltage and current switching
device since the flashlamp serves as a switch.

It has been found that the lifetime of a flashlamp can be significantly increased,
and pump efficiency can be improved if the lamp is preionized.

The improvement is mainly due to a decrease in cathode sputtering, a more uni-
form arc formation, and an associated smaller shock wave. In the so-called simmer
mode a low-current discharge is maintained between the high current pulses. The
simmer mode of operation requires a switching element between the flashlamp
and the pulse-forming network (PFN). The flashlamp is initially ignited as de-
scribed before by a trigger pulse on the order of 20 kV. A low-current discharge of
a few hundred milliamps is maintained in the lamp by the simmer supply shown

FIGURE 6.5. Typical power supply employed for the operation of flashlamps.
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in Fig. 6.5. The energy storage capacitor is discharged via a switch such as an
SCR, thyristor, a gas, or mercury-filled tube. The pulse shape is determined by
the PFN, as before, and the switch, as well as the flashlamp, are turned off once
the capacitor is discharged.

The dynamic behavior of the discharge circuit, which consists of the flashlamp
impedance defined in (6.1), a capacitance C , and an inductance L , is described by
a nonlinear differential equation. The impedance Z0 and the time constant tLC of
the circuit is given by

Z0 = (L/C)1/2 and tLC = (LC)1/2. (6.5)

In addition, a damping factor α is defined, which determines the pulse shape of
the current pulse. It is

α = K0(V0 Z0)
−1/2, (6.6)

where V0 is the initial voltage of the capacitor. Solutions of the nonlinear differ-
ential equation reveal that the current waveform is critically damped for a value
of α = 0.8 [5, 6]. The current waveform and energy, as a function of time for a
critically damped pulse-forming network, is shown in Fig. 6.6.

The current pulse duration tp at the 10% points is approximately 3tLC; during
this time about 97% of the energy has been delivered. If we substitute

α = 0.8 and tp = 3tLC = 3(LC)1/2 (6.7)

for a critically damped pulse into (6.5), (6.6), then we can determine for a given
lamp type the relationship between energy input, pulse duration, pulse shape, in-
ductance, capacitance, and operating voltage.

FIGURE 6.6. Normalized current and energy of a critically damped flashlamp discharge
circuit. Pulse shape factor α = 0.8.
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The energy initially stored in the capacitor is

Ein = 1
2 CV 2

0 . (6.8)

Equation (6.8) is used to eliminate V0 from (6.6), from which follows the value of
the capacitor

C3 = 0.09
Eint2

p

K 4
0

. (6.9)

The inductance can be calculated from (6.7)

L = t2
p

9C
. (6.10)

We now have a set of three equations (6.8)–(6.10) that, given the specifications of
the flashlamp parameter K0, the desired input energy Ein, and pulse width tp, pro-
vide explicit values of C, L , and V0. If the lamp parameter K0 is not specified by
the lamp manufacturer, it can be calculated from (6.2). From Fig. 6.6 also follows
the peak current for a critically damped current pulse

ip = 0.5
V0

Z0
. (6.11)

The rise time to reach this peak value is

tR = 1.25(LC)1/2 ∼= 0.4tp. (6.12)

6.1.2 Continuous Arc Lamps

Mechanical Design

Continuous arc lamps are similar in design to linear flashlamps, with the exception
that the cathode has a pointed tip for arc stability (see Fig. 6.1).

Electrical Characteristics

Continuous arc lamps are ignited just like flashlamps. For example, a series injec-
tion trigger transformer supplying a 30 kV spike will lower the lamp impedance
to a level that is within the range of a 300 V dc supply. The operating parameters
and impedance depend on current density, arc length, bore size, and fill pressure.
Typical krypton arc lamps are operated between 80 and 150 V and 20 to 50 A.

Optical Characteristics

Arc lamps filled with inert gas are rich in line structure in the near-infrared. Xenon
has the highest overall conversion efficiency and is commonly used in arc lamps.



6.1. Pump Sources 197

FIGURE 6.7. Emission spectrum of a typical cw-pumped krypton arc lamp (6 mm bore,
50 mm arc length, 4 atm fill pressure, 1.3 kW input power) (ILC Bulletin 3533).

However, the infrared line spectra of xenon misses all of the Nd : YAG pump
bands, which are located at 0.73 to 0.76, 0.79 to 0.82, 0.86 to 0.89, and 0.57 to
0.60µm. The line spectrum from krypton is a better match to Nd : YAG than the
line spectrum of xenon since two of its strongest emission lines (7600 and 8110 Å)
are strongly absorbed by the laser crystal (Fig. 6.7).

The laser output from a krypton-filled lamp is about twice that obtained from a
xenon arc lamp operated at the same input power. Krypton arc-pumped Nd : YAG
lasers are currently the highest continuous power solid-state lasers. A summary
of the special data of a representative krypton arc lamp is given in Table 6.1. Note
the large fraction of radiation between 0.7 and 0.9µm.

TABLE 6.1. Spectral data for cw krypton arc lamps. Data are typical
for lamps having a 6–13 mm bore, 7.5–25 cm arc length, 2–3 atm fill
pressure, operated at 6–16 kW.

Quantity Definition Numerical data

Radiation efficiency Radiation output/ 0.45
electrical input

Spectral output Fraction of radiation 0.40
in spectral lines

Fraction of radiation 0.60
in continuum

Spectral power Fraction of total radiation 0.10
distribution below 0.7µm

Fraction of total radiation 0.60
between 0.7 and 0.9µm

Fraction of total radiation 0.30
between 0.9 and 1.4µm
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FIGURE 6.8. Fractional utilization of krypton lamp output by Nd : YAG.

Combining the absorption spectra of Nd : YAG with the emission spectra of the
krypton lamp, the spectral utilization as a function of sample thickness has been
calculated. The result is shown in Fig. 6.8. The curve illustrates rather dramati-
cally the kind of improvement one can achieve by increasing the diameter of an
Nd : YAG laser rod in a pumping cavity.

6.1.3 Laser Diodes

The high pump efficiency compared to flashlamps stems from the excellent spec-
tral match between the laser diode emission and the Nd absorption bands at
808 nm. Actually, flashlamps have a radiation efficiency (40–60%) comparable
to laser diodes (35–50%); however, only a small fraction of the radiation match
by the laser material absorption bands. In contrast, the output wavelength of laser
diodes can be chosen to fall completely within an absorption band of a particu-
lar solid-state laser. This has also the added benefit of reduced thermal loading
of the laser crystal, which leads to better beam quality. The directionality of the
diode output and the small emitting area provides great flexibility of shaping and
transferring the pump radiation from the source to the laser medium that created
whole new design architectures, such as end-pumped systems, microchip lasers,
and fiber lasers. Diode laser pumps are also an enabling technology for new laser
materials. The most prominent laser materials that are pumped with diode pump
sources can also be pumped with flashlamps. However, a number of very useful
materials such as Nd : YVO4, Yb : YAG, and Tm : YAG have only reached promi-
nence as a result of diode laser pumps.
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Internal Structure of Laser Diodes

The most basic form of a diode laser consists of a semiconductor in which one
part is doped with electron donors to form n-type material and the other part is
doped with electron acceptors (holes) to produce p-type material. Application of
a negative voltage to the n-material and a positive voltage to the p-material drives
electrons and holes into the junction region between the n- and p-doped mate-
rial. This is called forward biasing the pn-junction. In the junction electron–hole
recombination takes place. In this process, electrons from a higher-energy state
(conduction band) transfer to a lower-energy state (valence band) and this releases
energy in the form of photons. In order to produce stimulated emission in the junc-
tion area, population inversion and optical feedback are required. Passing a high
current through the junction area provides a population inversion. A Fabry–Perot
resonator, formed by cleaving the chip along parallel crystal planes, provides op-
tical feedback. Gain in laser diodes is very high; therefore only a small length
of active material is needed. Typical edge emitting laser chips have active layers
about 500µm long. In order to increase efficiency and output power, actual laser
diodes contain a number of different layers with the active region sandwiched
in between. Semiconductor-laser technology has produced an amazing variety of
new device structures made possible by sophisticated growth techniques such as
MetallOrganic Chemical–Vapor Deposition (MOCVD) and molecular beam epi-
taxy (MBE) [7]. Most techniques differ in the way confinement is achieved re-
garding the width and depth of the gain region and mode volume of the optical
radiation.

Figure 6.9 shows the dimensions of a typical 1 cm monolithic linear array (top)
and a cross section of the device (bottom) that is made up of a stack of sev-
eral semiconductor layers with varying thickness and doping levels. The thickest
layer on the bottom is the n-GaAs substrate onto which the other layers are de-
posited. The top layer is p-GaAs. Sandwiched between several other layers is
the very thin active region of the pn-junction. The top and bottom surfaces of the
whole stack are coated with metallic contacts for electrical connection to the drive
electronics. The active region is divided into many parallel and narrow stripes
by restricting the current in the lateral direction. The width of the active region
has to be restricted to avoid the onset of amplified spontaneous emission which
would propagate in off-axis directions and compete with the laser beam for the
available population inversion. In the gain guided design illustrated in Fig. 6.9(a)
particular emitter width is achieved by deposition of regions of high resistivity
material beneath the contact area. Therefore the current is channeled through nar-
row low-resistance areas of the p-GaAs surface layer (white rectangular area in
Fig. 6.9(b)). Electrical current injected through the forward biased pn-junction
creates the population inversion and gain in the active region. The distribution of
the charge-carriers injected in the active region, and therefore the gain distribu-
tion, is determined by the width of the current channel. The voltage across the
junction is on the order of 2 V for GaAs/AlGaAs materials, and the slope effi-
ciency is about 1 W/A. Laser emission, which is between 790 and 860 nm for
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(b)

FIGURE 6.9. Gain-guided, single quantum-well separate confinement heterostructure
stripe laser [8]. (a) Typical dimensions of a 1 cm bar and (b) detail of internal structure.
(Thickness of layers is greatly exaggerated).

GaA/AlGaAs laser diodes, is perpendicular to the planar front facet of the laser
diode bar shown in Fig. 6.9.

A 1 cm bar contains 10 to 50 independent laser emitters, all radiating in the
same direction perpendicular to the planar front of the structure. The width of
each emitter (white rectangle in Fig. 6.9(b)) is between 50 to 200µm. The spac-
ing between adjacent emitters ranges from 200µm to 1 mm. In so-called broad
area emitters each emitter consists of a single stripe. In other designs the total
width is subdivided in subarrays of 10 to 20 closely spaced narrow-stripe emit-
ters for better lateral mode control. The width of, and spacing between, individual
emitters is dictated by the average power, peak power, or duty cycle requirements
and the type of cooling applied to the bar.

Radiation in the vertical direction of the pn-junction is confined by a wave
guide structure comprised of several layers of differently doped materials. The
active layer shown in Fig. 6.9 is sandwiched between two pairs of layers hav-
ing a different concentration of aluminum. The main purpose of the innermost
pair of layers is to confine the carriers to the active region, whereas the pur-
pose of the outer layers is to confine the optical beam. In a conventional double-
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heterostructure pn-junction the active region has a thickness around 0.1–0.3µm.
The quantum-well active region illustrated in Fig. 6.9(b) is an order of magnitude
thinner. Extremely high gains on the order of 3 to 5×104 cm−1 and low thresholds
can be achieved in such a thin layer.

A quantum well is a thin layer of semiconductor located between two layers
with a larger bandgap. Electrons in the quantum-well layer lack the energy to
escape and cannot tunnel through the thicker surrounding layers. The quantum-
well layer in Fig. 6.9(b) has a composition of gallium and aluminum indicated
by x , which defines the emission wavelength. A higher aluminum concentra-
tion increases the bandgap and shifts the output toward shorter wavelength. The
quantum-well structure is sandwiched between two thick layers of a composition
which contains a higher concentration of aluminum (y > x). The higher alu-
minum concentration increases the bandgap, thereby defining the quantum well,
and the large thickness of the layer prevents tunneling of the carriers out of the
quantum well. Instead of a single quantum-well active layer, several quantum
wells can be sandwiched one above the other to generate multiple quantum-well
stacks.

The thin active region incorporating a quantum-well active layer structure pro-
vides low threshold and high electrical-to-optical efficiency. However, such a very
small emitting surface poses one problem since the power from a diode laser is
limited by the peak flux at the output facet. One can increase the output from
these devices by spreading the beam over an area that is larger than the active
layer or gain region. The standard approach is to deposit layers next to the active
layer, each of which has a slightly lower refractive index than the active layer,
thus making a wave guide of the active layer. In the separate carrier and optical
confinement heterostructure (SCH) design shown in Fig. 6.9(b), the refractive in-
dex boundary is abrupt, at the layer boundary. Alternatively, the refractive indices
of the surrounding layers may be graded, forming a Graded-Index and Separate
carrier and optical Confinement Heterstructure (GRINSCH).

In the single quantum-well structure depicted in Fig. 6.9(b), the effective aper-
ture of the laser output is 0.1 to 0.4µm vertical to the pn-junction, which is about
a factor 20 larger than the gain region. This substantially reduces the energy den-
sity at the output facet and enhances reliability by minimizing catastrophic facet
damage.

The small white rectangle in Fig. 6.9(b) indicates the gain region, whereas the
large rectangle surrounding it represents the optical aperture of one emitter. The
drawing in Fig. 6.9 exaggerates the vertical dimension by several orders of mag-
nitude. The emitting aperture is, in reality, a wide and very narrow horizontal line
with a width up to 200µm and a thickness of no more than 0.4µm.

As described above, the beam cross section of a single emitter is given by the
width of the current channel in the plane of the pn-junction and by the waveguide
structure in the vertical direction. The front and rear facets, separated by about
500µm, define the length of the Fabry–Perot resonator. The facets, which provide
optical feedback and output coupling, are created by cleaving the bars from the
processed semiconductor wafer. Cleaving along directions dictated by the crystal
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structure generates extremely planar and parallel surfaces. The facets are dielec-
trically coated to provide a high reflectivity at the rear facet and an appropriate
output transmission at the front facet.

Diode Pump Source Configuration

Depending on the output-power requirement of the laser and the particular pump
configuration chosen, one can select a diode pump source from a number of stan-
dard commercial designs. In accordance with the average power capability we can
classify diode pumps into four groups:

(a) Laser diodes with emitting apertures between 100 and 500µm and output
powers up to 5 W.

(b) Single 1 cm long bars yielding a cw output up to 40 W.
(c) Stacked 1 cm bars, forming two-dimensional arrays that are conductively

cooled and mounted to a common heat sink.
(d) Stacked bar two-dimensional arrays with individual, internal liquid cooling

for each bar.

Depending on the number of bars and the type of cooling employed, several kilo-
watts of cw output and tens of kilowatts of peak power in quasi-cw mode can be
obtained from two-dimensional arrays.

For small solid-state lasers a typical pump source is a laser diode as illustrated
in Fig. 6.10. The diode has a total output of 2 W in the cw mode. The output is
emitted from an area of 200 × 1.0µm with a beam divergence of 40◦ by 10◦. The
device can be coupled to an optical fiber or mounted on a thermoelectric cooler.
In the latter configuration shown in Fig. 6.10 the array is mounted on a pyrami-

FIGURE 6.10. Diode laser mounted on a thermoelectric cooler (SDL, Inc.).
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dal heat sink that connects to a thermoelectric cooler. Heat dissipates through the
base, while the radiation emerges from the top. The thermoelectric cooler permits
temperature tuning of the output to match the absorption lines of the solid-state
laser. In a GaAlAs diode laser, the wavelength changes with temperature accord-
ing to 0.3 nm/◦ C. Combining several of the 200µm wide emitters up to 5 W of
output can be achieved in similar packages.

Linear Arrays

The most common pump source is a 1 cm diode bar, as illustrated in Figs. 6.11
and 6.12. It consists of a monolithic chip of linear diode arrays that is bonded
to an alloy submount. An insulated wire bond plate is soldered to the submount
behind the laser diode array. Electrically the individual diodes in the array are

FIGURE 6.11. Basic structure of a 1 cm bar.

FIGURE 6.12. Monolithic 1 cm bar for cw operation [9].
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all connected in parallel to a wire bond plate. The bonding of the bar to the heat
sink is made through the thinner p-doped side to minimize the thermal resistance
between the gain medium and the heat sink.

In the fabrication of laser bars 10 to 50 independent laser emitters are serially
repeated on a single substrate to form a monolithic bar structure. Practical pro-
cessing considerations limit the length of such bars to 1 cm. In the example shown
in Fig. 6.12, the device is composed of 20 emitters spaced on 500µm centers and
produces an output of 20 W in the cw mode. Recent devices are capable of up to
40 W output power in a 1 cm bar. In the particular design shown in Fig. 6.12 each
emitter is further subdivided into a number of narrow stripes. The spacing of the
emitters, which amounts to a fill factor of 20% for the device, is determined by
thermal limitations.

The use of diode lasers for pumping pulsed neodymium lasers requires a pulse
length on the order of several hundred microseconds. One limit of the output of
diode lasers is the temperature of the junction and associated thermal runaway
condition that raises the local temperature of the facet to the melting temperature.
Because of the small volume of material involved, this temperature rise occurs in
less than 1µs. Therefore, the power limit of diodes in the long-pulse mode is the
same as for cw operation. Thus, long-pulse operation (� 1µs) is called quasi-cw
operation. The peak power obtained from a 1 cm bar can be increased over the cw
value by increasing the number of stripe lasers; this is achieved by increasing the
fill factor to close to 100%. Of course, the duty cycle has to be limited such that
the average power from the bar is about the same as for a cw bar. Operated in the
quasi-cw mode, a single bar typically generates 60 W peak power, or 12 mJ in a
200µs long pulse, although devices up to 100 W are available at reduced lifetime.
Depending on cooling conditions, duty cycles on the order of 30% are possible.
Therefore, the maximum average output power for cw and quasi-cw devices is 20
to 40 W for a 1 cm bar. Microlenses can be mounted in front of a bar to concentrate
pump radiation into a fiber. Typically a 20 W cw bar can be coupled to a 400µm
fiber with 16 W available at the output end of the fiber. The ability to mount the
pump source away from the laser onto a heat dissipating structure is very useful
in some applications.

Two-Dimensional Arrays

A number of 1 cm bars can be combined to form a two-dimensional array. The key
issues are the mounting technique and the efficient removal of waste heat from
the laser emitter. In the so-called rack-and-stack assembly technique, laser diode
bars are first mounted on individual submounts which are then stacked to produce
two-dimensional arrays. The spacing (pitch) between adjacent bars depends on
the average output power and on the cooling method.

For quasi-cw arrays one common design approach uses thin copper heat
sink spacers between the bars. The assembly of sandwiched bars and spacers
is mounted onto a common heat sink. Such a device is shown in Fig. 6.2(a). This
internal passively cooled diode stack is attached via the two mounting holes to
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a larger cold plate or water-cooled heat sink. Electrically the bars are connected
in series, the two large copper leads extending from the back of the device in
Fig. 6.2(a) are for connection to a power supply. The thickness of the copper
heat spreader, and therefore the stacking density, depends on the duty cycle of
operation. Higher average power operation requires thicker heat sinks. For low-
duty-cycle operation around 3%, the bars can be densely packaged with only
0.4 mm space in between; this allows a power density of 1.5 kW/cm2. At a 6%
duty cycle, the spacing increases to 0.8 mm and 800 W/cm2 can be achieved.
Operation of a 10 stack array, with 200µs pulses at 100 Hz, produces typically a
peak power of 600 W at 40% efficiency.

Multibar arrays for cw or high-duty cycle-pulsed operation require active cool-
ing close to the junction of the individual emitters. This can be achieved by us-
ing microchannel cooling technology whereby each diode bar has its own liq-
uid heat exchange submount. In one approach individual bars are separated by
cooling plates apprxoimately 1 mm thick, through which cooling water is chan-
neled. Using this approach, bars can be stacked with a 2 mm bar-to-bar pitch.
Figures 6.2(b) and 6.13 depict internally liquid-cooled two-dimensional arrays.
Arrays comprised of 20 cw bars have achieved 1 kW output in a 4 cm2 emitting
area. Pulsed arrays can be operated up to 30% duty cycle with internal active cool-
ing. The most powerful multibar pump modules generate peak powers in excess
of 30 kW and cw powers of several kilowatts.

Spatial Profile

The output beam emerging from the facet of a diode laser is in the form of a
light cone that is oval in cross section, as illustrated in Fig. 6.14. In the vertical
direction with respect to the pn-junction the beam is diffraction limited and has
a divergence of about 40◦ FWHM. The Gaussian beam appears to emerge from
a 1µm aperture. If one introduces in (5.6) a wavelength of λ = 0.8µm and a
spot size for a Gaussian beam of 1µm the beam divergence at the 1/e2 points is
2θ = 57◦.

FIGURE 6.13. High-duty cycle internally liquid-cooled stacked bars (SDL, Inc.); (a) with-
out and (b) with microlens array.
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FIGURE 6.14. Radiation pattern from a laser diode [10].

Collimation of such a highly divergent beam requires optics with a numerical
aperture of NA = sin(2θ/2) = 0.5 or higher. Optical systems with such a high
numerical aperture are said to be fast. From this it follows that the direction of the
output beam from a laser diode in the vertical direction of the emitting stripe is
termed the fast axis.

In the plane parallel to the pn-junction, the beam divergence is much smaller
and is about 10◦ FWHM. However considering the width of the emitter which is
between 50 and 200µm, this is many times diffraction limited. For example, a
Gaussian beam emerging from an aperture of 150µm would have a divergence
of 0.4◦ at the 1/e2 points. The output consists of many high-order spatial modes,
termed lateral modes in the literature. The number of lateral modes depends on
the design of the emitter (i.e., broad area or subdivided into narrow stripes), cavity
length, and various material parameters. Compared to the vertical direction, the
smaller divergence of the beam in the plane of the pn-junction allows the use of
optics with a smaller numerical aperture. Therefore the beam in this direction is
referred to as the slow axis.

Reformatting the highly astigmatic pump beam emitted from a line source into
a circular beam, which is required for end-pumped lasers, is a challenging task.
End-pumped lasers require focusing of the pump radiation to a small spot size for
mode matching or for coupling into an optical fiber. In Section 6.2.3 a number of
different optical schemes that accomplish this task will be discussed.
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Diode Laser Lifetime

The long lifetime of laser diodes as compared to arc lamps is an important con-
sideration for pumping solid-state lasers with these devices. We will distinguish
between catastrophic failures and normal degradation during operation. Laser
diodes, like all semiconductors, are very susceptible to damage by electrostatic
discharges or high-voltage transients. Therefore handling of these components re-
quires electric discharge control such as wearing wrist straps and grounded work
surfaces. Also great care has to go into power supply and driver design to protect
this very expensive pump source from transients, current surges, and high volt-
age. Operation at excessive currents will lead to catastrophic mirror facet damage.
Also, insufficient cooling combined with high currents can melt the solder joints
or vaporize the wire bonds within the diode structure.

Under proper operating conditions laser diodes degrade in a fairly predictable
manner which results in a decrease in output over time. The higher the operating
current and/or the operating temperature, the faster the degradation. The decrease
in output over time can be caused by structural defects, which spread through
the laser diode forming light absorbing clusters. Dark lines or spots in the output
beam are a manifestation of this damage. The degradation of AlGaAs laser diodes,
the most common pump source, is usually attributed to oxidation and migration
of aluminum under high-power operation. Structural defects can also be caused
by thermal stress due to different thermal expansion coefficients of semiconductor
and heat sink material.

Facet damage due to the environment or high-radiation flux is another source
of degradation, so is diffusion of solder into the semiconductor lattice over time
caused by the high-current density. After-screening of the laser diodes during a
burn-in period performed by the manufacturer has eliminated early failures due to
production problems, and very long operational lifetimes can be achieved. Life-
times of cw devices are typically on the order of 104 hr. In most commercial sys-
tems requiring long life, diode arrays are typically operated at 75% of their rated
output. Quasi-cw bars and stacked arrays achieve lifetimes of several billion shots.

Spectral Properties

The spectral properties of laser-diode arrays that are most critical for the pump-
ing of solid-state lasers are the center wavelength and the spectral width of the
emission and the wavelength shift with temperature.

The wavelength of a laser diode is inversely proportional to the energy differ-
ence �E between the conduction and valence band

λ = hc/�E, (6.13)

where h is the Planck constant and c is the speed of light. The bandgap depends
on the crystalline structure and chemical composition of the semiconductor. A bi-
nary compound such as GaAs has a fixed wavelength. Adding a third element, by
substituting a fraction of gallium with aluminum in GaAs, changes the bandgap.



208 6. Optical Pump Systems

In a compound semiconductor, such as GaAlAs, the wavelength of the emit-
ted light can be tailored over a wide range by changing the ratio of aluminum
and gallium. Adding aluminum increases the bandgap, producing lasers with
shorter wavelengths. Most commercial GaAlAs lasers have wavelengths of 750
to 850 nm. Neodymium ions have substantial absorption in the vicinity of 808 nm,
which is the emission wavelength of diode lasers with Ga0.91Al0.09As active re-
gions. As far as the pumping of neodymium lasers is concerned, the output wave-
length can be tailored to the peak absorption by adjustments of the aluminum
concentrations according to [11]

�E = 1.424 + 1.247 · x (eV), (6.14)

where x is the aluminum concentration.
Compositional changes and temperature gradients within an array lead to a

broader spectral output for the whole array as compared to a single device. A typ-
ical spectral width of a single bar or small stacked array is on the order of 4 to
5 nm. State-of-the-art performance is about 2.2 nm for a 10 bar array. The band-
width of the Nd : YAG absorption line at 808 nm is 2 nm for an absorption coef-
ficient larger than 3.8 cm−1. Similarly, in Nd : YLF, the absorption line is about
2 nm wide for absorption coefficients larger than 2 cm−1. The excellent spectral
overlap between the absorption line of Nd : YAG at 808 nm and the emission of a
two-dimensional array of GaAlAs laser diodes is illustrated in Fig. 6.15.

FIGURE 6.15. Spectral overlap between Nd : YAG absorption and emission spectrum of a
10 bar array [12].
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FIGURE 6.16. Absorption efficiency of Nd : YAG as a function of absorption length for a
pump wavelength of 808 nm [13].

In diode-pumped lasers that have only a short absorption path, it is important
to have a narrow spectral emission from the diode array in order to absorb most
of the pump radiation. In optically thick materials, such as large diode-pumped
lasers with rod or slab dimensions on the order of 10–15 mm, spectral width be-
comes less important because eventually all the pump radiation gets absorbed. In
Fig. 6.16 the absorption of diode-pumped radiation for Nd : YAG is plotted versus
optical thickness with spectral width as a parameter.

For laser materials with an absorption band between 750 and 850 nm, pumping
with GaAlAs diodes is the obvious choice because of the availability and high
state of development of these devices. Lasers that can be pumped with GaAlAs
diodes include neodymium doped materials and Tm : YAG, as listed in Table 6.2.
For pumping Yb : YAG or yttrbium-sensitized lasers such as the Er : Yb : glass, a

TABLE 6.2. Important lasers and diode pump sources.

Laser material Pump wavelength Semiconductor
[nm] laser material

Nd : YAG 808 GaAlAs
Nd : YLF 798,792 GaAlAs
Nd : YVO4 809 GaAlAs
Tm : YAG 805 (wing) GaAlAs

785 (peak) GaAlAs
Yb : YAG 941 InGaAs
Er : glass 980 InGaAs
Cr : LiSAF 670 (peak) AlGaInP

760 (wing) GaAlAs
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pump source around 0.98µm is needed. For this wavelength, so-called strained-
layer superlattice lasers based upon InGaAs on GaAs substrates have been de-
veloped with emission wavelengths between 0.95 and 0.98µm [14]. Traditional
diode lasers are restricted to materials that can be lattice-matched to GaAs or InP
substrates because unmatched materials are prone to defects and quickly degrade.
However, it was discovered that very thin layers—below a critical thickness of a
few tens of nanometers—can accommodate the strain of a small lattice mismatch.
This discovery led to the development of a single, thin strained layer used as a
quantum well which has an emission wavelength not achievable with GaAlAs or
InGaAsP laser diodes.

On the short-wavelength end of available diode pump sources are the visible
AlGaInP diode lasers operating in the 640–680 nm region. These devices have
been used to pump chromium-doped lasers, such as Cr : LiCaAlF6 (LiCAF) and
Cr : LiSrAlF6 (LiSAF).

Input Versus Output Characteristics

The optical losses in the diode structure determines the threshold current is that
has to be exceeded before amplification can take place. A diode laser that is oper-
ating above threshold will exhibit a linear relationship between output power and
electrical current as shown in Fig. 6.17. The optical output power as a function of
current input can be expressed by

Pout = ηd(�E/e)(i − is), (6.15a)

where ηd is the differential quantum efficiency characterized by the number of
photons emitted per injected electrons, �E is the bandgap of the recombination
region, and e is the electron charge.

FIGURE 6.17. The cw output power versus input current for a 1 cm bar.
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The slope efficiency σs, determined from the slope of the output power versus
input current, follows from (6.15a)

σs = ηd(�E/e). (6.15b)

Figure 6.17 depicts the output power versus current for a 10 W cw bar. The device
has a slope efficiency of σs = 1 W/A and with�E = 1.5 eV follows from (6.15b)
a differential quantum efficiency of ηd = 0.66. The applied forward voltage for
diode lasers is

V0 = (�E/e)+ i Rd, (6.15c)

where Rd is the series resistance of the diode due to the resistivity of the epilay-
ers and the resistivity of the metal contacts. For typical devices the voltage drop
across the junction is 1.5 eV and one obtains V0 = 1.5V + i Rd.

The energy conversion efficiency of the diode laser, defined as the ratio of opti-
cal output power to electrical input power, which we call the pump efficiency ηp,
follows from the above equations

ηp = σs(i − is)

i[(�E/e)+ i Rd] . (6.15d)

The device characterized in Fig. 6.17 has an overall efficiency of ηp = 0.32 at
the maximum output based on a series resistance of Rd = 0.015� and �E/e =
1.5 eV.

If quasi-cw bars are stacked into two-dimensional arrays, the bars are connected
electrically in series to avoid high currents and the associated resistive losses.
This is illustrated in Fig. 6.18. The drive current for this 10 bar stack is identical
to the current of a single bar. The nonlinear behavior of the overall efficiency

FIGURE 6.18. Performance of a quasi-cw 10 bar array (Spectra Diode Laboratories).
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with increasing current occurs because the ohmic losses in the material increase
as the square of the current (see (6.15d)), whereas the output power is linear in
current.

Thermal Management

Diode-array pumping offers dramatic improvements in efficiency of solid-state
laser systems. However, the need to maintain the operating temperature within a
relatively narrow range requires a more elaborate thermal management system as
compared to flashlamp-pumped lasers.

In end-pumped systems, the diode wavelength is usually temperature tuned to
the peak absorption line of the laser and maintained at that wavelength by con-
trolling the array temperature with a thermoelectric cooler. This approach works
well for small lasers, and systems including thermoelectric coolers can work over
a large range of ambient temperatures.

In large systems, the power consumption of thermoelectric coolers is usually
prohibitive. For these systems, a liquid cooling loop with a refrigeration stage
can be employed that maintains the temperature of the coolant independent of the
environment. However, the coefficient of performance for refrigerators is typically
no greater than one. Therefore, the electrical input power requirement is equal to
the heat load to be controlled.

Recently, the development of diode arrays which can operate at high junction
temperatures has eliminated the need for refrigerated cooling loops for special
cases such as military systems. Diode arrays have been operated at junction tem-
peratures as high as 75◦ C, which is higher than ambient in most situations. A
simple liquid-to-air cooling system provides the most efficient thermal control
system for the laser because only the power consumption of a pump and possibly
a fan is added to the total electrical requirements.

The power dissipation of the various subsystems of a pulsed diode-pumped
laser is listed in Table 6.3. The system has a repetition rate of 200 Hz and an
output pulse energy of 0.8 J/pulse. By far the greatest heat dissipation occurs in
the diode pump arrays, and accounts for approximately 65% of the system input
power. The solid-state laser medium itself dissipates heat at a rate approximately
equal to the output power from the laser system. The electronics dissipate on the
order of 19% of the input power.

TABLE 6.3. Power dissipation from a
diode-array-pumped solid-state laser.

System output 160 W
Diode array 1300 W
Laser crystal 160 W
Electronics/other components 380 W

Total electrical input 2000 W
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Operation of Laser–Diode Arrays

Compared to arc lamps, the electrical operating conditions of laser diodes are
much more benign. The operating voltages are low and a trigger circuit is not
required. Essentially, only a low-voltage dc power supply of the appropriate volt-
age and current range is required to operate the cw devices. Despite the very
straightforward electronics, there are several challenges for operating laser diodes
efficiently and reliably. The series resistance of laser diodes is very low; therefore,
the internal resistance of the power supply must be minimized for efficient energy
transfer.

Second, compared to flashlamps, laser diodes are electrically much more vul-
nerable. Therefore, overvoltage, reverse bias, and current protection are essential
features in the design of power sources. The power supply of a diode-pumped
solid-state laser is the subsystem where most of the weight and volume savings
occur compared to a flashlamp-based laser. High efficiency of a diode-pumped
laser, low-voltage operation of the diodes, and the use of electrolytic capacitors
for energy storage, allow the design of very small and compact power supplies.
In a pulsed diode-pumped solid-state laser system, the diode-array drivers replace
the pulse-forming network in a conventional flashlamp-pumped laser system. The
diode-array driver is a low-voltage switching network which supplies a constant-
current pulse to the diode arrays. The low-voltage requirements for the diode ar-
rays allow the use of power MOSFETs as switching elements. Electrical energy
stored in electrolytic capacitors is transferred to the diode arrays on each laser
pulse.

6.2 Pump Radiation Transfer Methods

The efficiency in the transfer of radiation from the source to the laser element
determines, to a large extent, the overall efficiency of the laser system. The optical
design, besides providing good coupling between the source and the absorbing
active material, is also responsible for the pump power distribution in the laser
element which influences the uniformity, divergence, and optical distortions of
the output beam.

In the development of solid-state lasers, many different optical designs have
been employed to transfer the radiation from a light source to the active mate-
rial. Depending on the shape of the active material and the type of pump source
used, one can broadly divide pumping geometries into systems in which the ac-
tive material is side-pumped, end-pumped, face-pumped, or edge-pumped. Side-
or transverse-, and end- or longitudinal-pumping refers to the orientation of the
pump beam relative to the direction of the laser beam in the gain medium. Face-
and edge-pumped slabs and disks differ in the directions in which waste heat is
removed, and in the resulting directions and magnitudes of the thermal gradients
relative to pump and output laser beam directions.
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6.2.1 Side-Pumping with Lamps

The most widely used arrangement to collect and concentrate radiation emitted by
an arc lamp into the laser medium is an enclosure comprising a highly reflective
elliptical cylinder with the laser rod and pump lamp at each focus. The ellip-
tic configuration is based on the geometrical theorem that rays originating from
one focus of an ellipse are reflected into the other focus. Therefore an elliptical
cylinder transfers energy from a linear source placed at one focal line to a lin-
ear absorber placed along the second focal line. The elliptical cylinder is closed
by two plane-parallel and highly reflecting end plates. This makes the cylinder
optically infinitely long.

An elliptical cylinder can have a cross section with a large or small eccentricity.
In the former case, the laser rod and lamp are separated by a fairly large distance,
in the second case they are close together. If the elliptical cylinder closely sur-
rounds the lamp and rod, then one speaks of a close-coupled elliptical geometry
(see Fig. 6.19(a)). This geometry usually results in the most efficient cavity and
it has the further advantage that it minimizes the weight and size of the laser
heads. Since the energy delivered to a discharge lamp is limited, schemes to focus
the energy from several lamps onto a single crystal are attractive. Figure 6.19(b)
shows two partial elliptical cylinders having one common axis at which the crystal
is placed. Multilamp close-coupled cavities provide a higher degree of pumping
uniformity in the laser rod than single-lamp designs.

Figure 6.20 exhibits examples of close-coupled nonfocusing pump cavities.
The lamp and rod are placed as close together as possible, and a reflector
closely surrounds them. The reflector can be circular (Fig. 6.20(a)) or oval

FIGURE 6.19. (a) Single and (b) double elliptical pump cavity.

FIGURE 6.20. Nonfocusing pump cavities; (a) circular cylinder, (b) single, and (c) double-
lamp closed-coupled configuration.
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(Fig. 6.20(b),(c)). The latter type is often used in laboratory setups of low-
repetition-rate pulsed lasers. The reflector consists simply of silver or aluminum
foil wrapped around the flash lamp and laser rod.

The fraction of pump energy that is transferred from the source to the laser rod
can be expressed by

ηt = ηtg × ηto, (6.16)

where ηtg is the geometrical cavity transfer coefficient. It is the calculated fraction
of rays leaving the source which reach the laser material either directly or after
reflection from the walls. The parameter ηto expresses the optical efficiency of the
cavity and essentially includes all the losses in the system. This parameter can be
expressed as

ηto = Rw(1 − Rr)(1 − δ)[1 − (An/Atot)], (6.17)

where Rw is the reflectivity of the cavity walls at the pump bands, Rr is the reflec-
tion at the laser-rod surface or at the glass envelopes of the cooling jackets and
Fresnel losses of any filters inserted in the cavity, δ is the absorption loss in the
optical medium between the lamp and the laser rod such as coolant liquid, filters,
etcetera, and (An/Atot) is the ratio of the nonreflecting area of the cavity An to
the total inside area Atot. This factor accounts for losses due to openings in the
reflector which are required, for example, to insert the laser rod and pump lamp.
Equations (6.16), (6.17) are rough approximations based on the assumption that
all the lamp radiation undergoes just one reflection. If one were to include direct
radiation and multiple reflections from the cavity walls, these equations would
have to be developed in series expressions.

The pump source is usually assumed to be a cylindrical radiator having a Lam-
bertian radiation pattern. This implies that it appears as a source having constant
brightness across its diameter when viewed from any point. In Fig. 6.21 trajecto-

FIGURE 6.21. Trajectories of photons emitted from the pump source; (a) cross section and
(b) top view of elliptical pump cavity.
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ries of photons that originate from a volume element dv of the source are shown.
In Fig. 6.21(a) the rays leave normal to the surface of the source and, therefore,
remain in a cross-sectional plane. Figure 6.21(b) depicts trajectories of photons
that leave the source at an angle with respect to a cross-sectional plane of the el-
lipse. In this case the photons can be reflected off the end-plate reflectors as well
as undergo a reflection at the elliptical cylinder. In an elliptical pump cavity, all
rays emanating from one point of the source are transformed into parallel lines
at the laser rod. Each line corresponds to rays leaving the source inclined at the
same angle with respect to the major axis of the ellipse, but at different angles
with respect to the cross-sectional plane.

Image formation, in its usual sense, is meaningless for the elliptical cylinder
since rays emanating in different directions from a point at the source converge
after reflection from the cavity at altogether different points. In a pump cavity,
all that is actually desired is the transfer of radiant energy from the source to the
laser rod. From the foregoing considerations, it is obvious that the condition of
an infinitely long elliptical pump cavity can be satisfied by enclosing the ends
of the cylinder with highly reflective plane mirrors. Therefore, in the analysis of
this arrangement the two-dimensional case can be treated by considering the light
distribution in a plane perpendicular to the longitudinal axes of the cylinder.

In the theoretical expressions obtained for the efficiency of elliptical configu-
rations, the pump system is usually characterized by the ratio of the rod and lamp
radii rR/rL, the ratio of the lamp radius to the semimajor axis of the ellipse rL/a,
and the eccentricity e = c/a, where 2c is the focal separation. Consider any point
P on the surface of the cavity with a distance lR from the crystal and distance
lL from the lamp as shown in Fig. 6.22. Suppose that the lamp has a radius rL,
then, as a consequence of the preservation of angles, upon reflection the image
will have the radius r ′

L = rLlR/ lL. This means that the portion of the ellipti-
cal reflector nearer the lamp forms a magnified image at the laser rod, while that

FIGURE 6.22. Cross section of elliptical pump cavity. Eccentricity e = c/a; focal point
separation c = (a2 − b2)1/2.
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portion nearer the crystal forms a reduced image of the lamp. A point P , with cor-
responding angles αp and �p measured from the lamp and rod axis, respectively,
may be defined dividing these two regions. At this point, the ellipse generates an
image of the lamp which exactly fills the crystal diameter. We must allow for this
effect of magnification and demagnification when determining how much energy
is captured by the crystal. From the properties of an ellipse, and noting that at P ,
lR/ lL = rR/rL, we obtain

cosαp = 1

e

[
1 − 1 − e2

2

(
1 + rR

rL

)]
, (6.18)

and

sin�p =
(

rL

rR

)
sin αp. (6.19)

The geometrical cavity transfer coefficient can be calculated by considering
what fraction of the energy radiated by the lamp into an angle �α is trapped by
the crystal. Integration over all angles leads to [15, 16]

ηtg = 1

π

[
αp +

(
rR

rL

)
�p

]
. (6.20)

This expression is plotted in Fig. 6.23. A certain portion of the reflecting surface
behind the lamp is screened from the crystal by the lamp itself. In flashlamps,
which resemble a blackbody source, the radiation reflected back into the lamp
will be absorbed. On the other hand, the plasma in cw arc lamps is optically thin,
and the reflected pump radiation is transmitted through the plasma. If we assume
the radiation reflected back to the pump source to be lost, we must reduce the
angle �p in the above formula by �1, where

sin�1 = rL

4ae
, (6.21)

FIGURE 6.23. Dependence of transfer efficiency of an elliptical reflector on the quantity
rR/rL and eccentricity e [17].
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and

η′
tg = 1

π

[
αp +

(
rR

rL

)
(�p −�1)

]
. (6.22)

It is seen from Fig. 6.23 that the efficiency increases with an increase in the
ratio rR/rL and with a decrease in the eccentricity e. This result stems from the
fact that the magnification of the pump source increases with the eccentricity of
the ellipse. A superior efficiency is therefore obtained for an almost circular cavity
and as small a pump source as possible.

It should be noted that in these calculations the crystal is assumed to absorb
the radiation which falls upon it; no second traverses of light through the crystal
are considered. Furthermore, no allowance was made for the reflection loss at
the cavity walls or losses due to Fresnel reflection at the surface of the laser rod.
Multiple reflections can become significant if the absorption coefficient of the
crystal is small compared to the inverse of the crystal diameter.

Table 6.4 summarizes the energy balance in a gold-plated double-elliptical
pump cavity which contained an Nd : YAG rod pumped by two cw krypton arc
lamps. In a pump cavity the electrical input power supplied to the lamp is dis-
sipated as heat by the lamp envelope and electrodes or emitted as radiation, and
a portion of the radiation will be absorbed by the metal surfaces of the pump
cavity. The radiation reflected from the walls will either be absorbed by the las-
ing medium or will return to the lamp. The light that is absorbed by the lamp
will add energy to the radiation process in the same way as the electrical power
does, and the returned light will be radiated with the same efficiency as the power
supplied electrically. One consequence of the reabsorption is that a lamp, when
enclosed in the pumping cavity, is operated under a higher thermal loading, result-
ing in shorter lamplife than when operated in the open for the same electrical input
power. The heat dissipated by the laser rod assembly listed in Table 6.4 contains
not only heat rejected by the laser crystal, but also energy absorbed by the flow
tube and cooling water. The pump power absorbed by the laser rod causes stimu-

TABLE 6.4. Energy transfer in a cw krypton arc lamp,
pumped Nd : YAG laser.

Heat dissipation of lamps 55%
Heat dissipation of pump reflectors 30%
Power absorbed by coolant

and flow tubes 7%
Heat dissipation by rod 5%
Laser output 2%
Fluorescence output 0.4%
Optical losses 0.6%

Power absorbed by laser rod 8%

Electrical input to lamps 100%
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lated emission and fluorescence at the laser wavelength and other main emission
bands. The remainder is dissipated as heat by the laser material.

In elliptical-pump cavities, the laser rod and lamp are often liquid cooled by
circulating the coolant in flow tubes that surround these elements. The inside of
the pumping chamber itself is dry. However, in most cases the body of the reflector
contains cooling chambers through which the coolant fluid passes.

In the so-called flooded cavity approach, the whole inside of the pump cavity
is immersed in cooling fluid. The absence of flow tubes and separate cooling
chambers for the reflector makes this type of cavity very compact and simple
in design. For example, only one inlet and outlet are required for the cooling
loop, whereas in an elliptical cavity with flow tubes, one pair of coolant ports
with the associated fittings, tubing, and so on, is required for each reflector half,
lamp, and laser rod. Also, in the flooded cavity design, lamp and laser rod can be
brought very close together, and no reflection losses from additional glass surfaces
are encountered. Figure 3.18 presents a photograph of a commercial cw-pumped
Nd : YAG laser featuring a single elliptical reflector in a flooded cavity.

Most liquid-cooled military-type Nd : YAG lasers and most commercial cw-
pumped Nd : YAG lasers feature this design because of its compactness and sim-
plicity. Figure 6.24 shows a photograph of a liquid-immersed pump cavity used
for a high-repetition-rate military Nd : YAG laser. The cavity is sealed by one
large O-ring in the top cover. The reflector inserts are machined from aluminum
which is nickel-plated, polished, and silver-plated. The laser head is machined
from aluminum that is hard-anodized to prevent corrosion.

FIGURE 6.24. Laser head of a military Nd : YAG laser.



220 6. Optical Pump Systems

FIGURE 6.25. Exploded view of a single- and double-elliptical pump cavity of a cw-
pumped Nd : YAG laser.

Figure 6.25 illustrates an exploded view of a double-elliptical pump cylin-
der using immersion cooling. The laser head is machined from a solid block of
acrylic. This material alleviates the problem of arcing and eliminates the need to
electrically insulate the electrodes from the laser head. The reflector inserts are
machined from copper and are gold-plated.

The planar pump and cooling geometry achieved with a slab provides the possi-
bility for one-dimensional heat flow. The design of flashlamp-pumped slab lasers
has been extensively studied, and the potential advantages and deficiencies of such
systems will be discussed in Chapter 7.

In Fig. 6.26 a single lamp is placed along the axis of the slab on each side.
Appropriate reflectors are employed to distribute the pump light evenly over the
slab surface area. Uniform pumping and cooling of the optical surfaces is abso-
lutely crucial for good performance of this type of laser as will be discussed in
Chapter 7.

6.2.2 Side-Pumping with Diodes

In contrast to flashlamps, the emission from laser diodes is highly directional;
therefore many arrangements are possible for transferring the pump radiation to
the solid-state laser material. Since the output beams of laser diodes can be shaped
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FIGURE 6.26. Flashlamp-pumped slab laser [18].

and focused, a major consideration is the design of a pump geometry which maxi-
mizes the overlap of the pumped volume with the volume occupied by a low-order
resonator mode. The optimization of the overlap is referred to as mode-matching.

In side-pumping the diode arrays are placed along the length of the gain ma-
terial and pumping is transverse to the direction of the laser beam. Scalability to
higher power is the advantage of this design approach. As more power is required,
more diode arrays can be added along and around the laser rod. There are three
approaches to couple the radiation emitted by the diode lasers to the rod:

(a) Direct coupling. From a design standpoint this is by far the most desirable
approach. However, this arrangement does not allow for much flexibility in
shaping the pump radiation inside the laser rod.

(b) Intervening optics between source and absorber: In this case, the pump dis-
tribution can be peaked at the center of the rod allowing for a better match
with the resonator modes. Optical coupling can be achieved by using imag-
ing optics such as lenses or elliptical and parabolic mirrors or by nonimaging
optics such as reflective or refractive flux concentrators.

(c) Fiber optic coupling. Due to the coupling losses combined with the increased
manufacturing cost of fiber-coupled diode arrays, this technique is not very
attractive for side-pumping.

Whether or not to use intervening optics between the arrays and the laser rod
depends mainly on the desired beam diameter and optical density of the active
medium. Generally speaking, oscillator pump heads usually employ optical ele-
ments in order to concentrate the pump radiation in the center for efficient extrac-
tions at the TEM00 mode, whereas large amplifier rods are direct-pumped.
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FIGURE 6.27. Side-pumping of a cylindrical laser rod employing a hemispherical pump
geometry.

An example of a side-pumped Nd : YAG rode is shown in Fig. 6.27, the laser
rod is conductively cooled by a copper heat sink. The pumping cavity consists
of a number of linear arrays symmetrically located around the rod. The arrays
are mounted on long heat-sink structures and contain cylindrical optics. The op-
tics allow the arrays to stand-off from the laser crystal and the arrays. The output
apertures of the diode bars are imaged near the center of the rod by using a sym-
metrical doublet of plano-convex cylindrical lenses. The rod surface in contact
with the heat sink has a reflective coating that returns the pump light for a second
pass through the rod.

For optimization of the pump distribution within the gain medium, a ray trace
program is very useful. Figure 6.28 presents the result of such a calculation for the

FIGURE 6.28. Contour plot of pump intensity distribution.
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FIGURE 6.29. Arrangement of stacked diode array bars around a laser rod.

pump arrangement of Fig. 6.27. The code calculates the spatial pump distribution
in the laser material as a function of spectral absorption, and the spectral and spa-
tial properties of the radiation source as modified by the optical surfaces between
the source and absorber. The strong concentration of pump radiation at the center
of the rod was responsible for the good TEM00 performance of the laser.

A pump configuration of a high-power amplifier head which does not use cou-
pling optics is illustrated in Fig. 6.29. The laser rod is surrounded by eight stacked
arrays, each containing six bars. Since the bars are 1 cm long, and each bar pro-
duces 12 mJ in a 200µs pump pulse, the rod can be pumped at 576 mJ per cen-
timeter rod length.

Figure 6.30 displays a photograph of a pump head containing four rings of
stacked diode arrays. In this design, 4 cm of the 2 in long rod are pumped by the
diode arrays. Large diode-pumped lasers employ liquid-cooled laser rods or slabs
similar to flashlamp-pumped systems. The laser-diode arrays are directly mounted
on liquid-cooled heat sinks. Extremely compact and lightweight structures have
emerged which take full advantage of the high packaging density which can be
achieved in the diode arrays.

Figure 6.31 presents a photograph of an assembled pump head for a side-
pumped Nd : YAG rod pumped by 16 diode arrays. Each array is 1 cm long, and
the devices are arranged in four pairs symmetrically around the rod. The adja-
cent four pairs are off-set 45◦ in order to achieve an eight-fold symmetry around
the laser crystal. The active pump area is 4 cm long and the complete assembly,
including the end plates, has a length of 7 cm.

Each diode array contains five bars, that is, the laser crystal is pumped by 80
bars at a pulse energy of 800 mJ in a 200µs-long pulse. Electrical input is 2 J per
pulse that at a repetition rate of 100 Hz amounts to about 180 W of heat, which
has to be carried away by the laser head. To carry off heat from the diodes and
laser rod, liquid flows into the pump head through a fitting that screws into the
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FIGURE 6.30. Photograph of diode-array-pumped laser head (background) and stacked
diode array bars mounted on copper heat sink (foreground).

end plate. Directed by the manifolds, the coolant flows back and forth through
passages in the triangular structures, and also through the annulus between the
rod surface and sapphire sleeve. The flat areas of the triangular bars provide the
mounting surface for the diodes and the thermal interface. Eventually, the coolant
exits the pump head through a second fitting at the end plate. With the diode arrays
mounted on the internally water-cooled bars, the coolant, as it moves through the
structure, is close to the heat source, thus facilitating heat transfer. For maximum

FIGURE 6.31. Liquid-cooled laser heads for diode-pumped Nd : YAG lasers containing 16
diode arrays.
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FIGURE 6.32. Side-pumped conductively cooled slab laser.

heat transfer, a thin layer of indium is applied between the mounting surface and
the diode arrays.

Side-Pumped Slab Laser

Slab lasers are usually pumped by large densely packed two-dimensional arrays.
In a slab laser, the face of the crystal and the emitting surface of the laser diodes
are in close proximity and no optic is employed (Fig. 6.32).

The slab is usually pumped from one face only. The opposite face is bonded to
a copper heat sink containing a reflective coating to return unused pump radiation
back into the slab for a second pass. An antireflection coating on the pump face
is used to reduce coupling losses (the diode array is not in contact with the active
material). Liquid cooling is employed to remove heat from the crystal and diode
heat sink. The purpose of the zigzag optical path shown in Fig. 6.32 is to mitigate
the effects of thermal lensing caused by thermal gradients in the slab, as will be
explained in Chapter 7.

A photograph and details of a side-pumped and conductively cooled slab laser
are shown in Fig. 6.33. The zigzag slab Nd : YAG laser is air-cooled and battery-
powered. At a repetition rate of 10 pps, the system produces 270 mJ per pulse at
the frequency doubled wavelength of 532 nm. The slotted compartment shown in
the photograph houses the pump module consisting of the Nd : YAG slab, diode
arrays, heat sink, and cooling fans. The zigzag slab is pumped by twelve 18 bar
arrays with a total optical output of 2.6 J at a pulsewidth of 200µs.

A cross section of the pump module is shown in Fig. 6.33(b). The slab was
bonded to a thermal expansion-matched heat sink which is clamped to the bridge
assembly. This clamping method was employed to reduce mounting and thermal
cycling stresses in the laser crystal. Zigzag slab lasers can be scaled to the kilowatt
level employing diode arrays. The large face area available in a slab geometry
allows stacking of a sufficient number of diode arrays to achieve a high-output
power. The large flat surfaces eliminate the need for intervening optics between
the pump source and the laser crystal. This facilitates scaling to large systems.

The pump module of a high-power diode laser is shown in Fig. 6.34. A 20 ×
2 × 0.7 cm Nd : YAG slab is pumped by 14 diode arrays on each side. Each array
is comprised of 16 bars with a peak output of 50 W at a 30% duty cycle. The total
optical pump power to the slab is 6.72 kW at an electrical input of 15 kW. The
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(a)

(b)

FIGURE 6.33. (a) Photograph of an air-cooled and battery-operated zigzag slab Nd : YAG
laser and (b) cross section of pump module [19].

system was designed for a pulse repetition rate of 2 kHz and a pump pulse length
of 150 µs. With a 2 m long resonator, the pump head generated 740 W of average
Q-switched power in a 7 × diffraction limited beam. Peak power was 1 MW.

Depending on the way heat is extracted from the slab we can distinguish the
three design configurations illustrated in Fig. 6.35. If the slab is water-cooled,
pumping and heat extraction can occur through the broad faces of the rectangular
slab as shown in Fig. 6.35(a). Space and military applications require conductively
cooled slabs. One approach, shown in Fig. 6.35(b), is to conductively cool one
face of the slab and pump through the opposite side. More powerful lasers can be
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FIGURE 6.34. High-power diode-pumped Nd : YAG slab laser; shown is (a) the arrange-
ment of the diode arrays and (b) a cross section of the pump head [20].

built by conduction cooling of both large surface areas of the slab. Pump radiation
is introduced through the two narrow sides of the slab as shown in Fig. 6.35(c).
Therefore this pumping geometry is termed edge-pumping [21]. The concentra-
tion of pump radiation, which is possible with diode sources, makes this approach
feasible. In all three cases depicted in Fig. 6.35 pump radiation enters into the slab
transverse to the resonator axis and the laser output is extracted from the ends of
the slab. Also the plane of the zigzag beam is collinear with the direction of the
thermal gradients in the slab.

Pump Configurations Based on Internal Reflections of the Laser Beam

Besides the classical side-pumped configurations discussed in this section, there
is an almost unlimited number of pump-configuration variations possible. Most
of the more unusual design configurations utilize internal reflections of the laser
beam. In Fig. 6.36 designs are illustrated which contain one, or many internal
reflections of the laser beam. An extension of this concept is the monolithic ring
laser which was discussed in Section 5.2.3.
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FIGURE 6.35. Cross section of (a) liquid-cooled slab, (b) one-sided conductively cooled,
and (c) two-sided conductively cooled slab.

FIGURE 6.36. Pump configurations based on internal reflections of the laser beam. (a) Slab
with grazing angle at the pump face [22], and (b) slab with folded zigzag path [23].
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FIGURE 6.37. Energy flow in a typical diode-pumped Nd : YAG laser. (Efficiencies are
defined in Section 3.4.1.)

In the design shown in Fig. 6.36(a) side-pumping through a polished face of
the gain medium is used to obtain high gain. The resonator mode makes a single
grazing-incidence total internal reflection at the pump face, thus remaining in the
region of the highest gain throughout its passage through the slab. This design
has been used for small Nd : YVO4 and Er : YAG lasers. Figure 6.36(b) exhibits a
miniature slab laser with a folded zigzag path of the laser beam. The entrance and
exit faces are cut at Brewster’s angle. The beam path in this particular Nd : YAG
slab consisted of five bounces. The pump radiation is collimated in the plane of
the zigzag path by a fiber lens to maximize the overlap between pump beam and
resonator mode.

The excellent spectral match of the diode output and the absorption of the solid-
state material, in conjunction with a high spatial overlap between pump radiation
and resonator mode volume, are responsible for the high overall efficiencies that
can be achieved in diode-pumped lasers. Figure 6.37 illustrates the energy flow in
a typical Nd : YAG laser, pumped with a 20 W diode bar at 808 nm. Laser diodes
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have efficiencies of ηp = 0.3–0.45, with quasi-cw diodes at the upper range
since they are more efficient pump sources as compared to cw diodes. Transfer of
diode radiation and absorption by the lasing medium is expressed by the transfer
and absorption efficiencies that in most systems are around ηtηa = 0.7–0.8. In
end-pumped configurations, diode radiation is, in most cases, not all collected by
the optical system and reflection losses further diminish pump radiation. On the
other hand, the diode radiation is almost completely absorbed in the longitudi-
nally pumped active medium. In side-pumped configurations, transfer efficiency
is close to one, but absorption of the pump radiation is often incomplete because
a portion of the diode output is transmitted through a small rod or thin slab.

The absorbed pump radiation produces heat in the crystal. The fractional ther-
mal loading, that is, the ratio of heat generated to absorbed power, is 32% in
Nd : YAG pumped at 808 nm. These losses are accounted for by the Stokes shift
and quantum efficiency ηsηQ = 0.68. Mode-matching and optical losses in the
resonator are expressed by the beam overlap and coupling efficiency which typi-
cally are ηBηc = 0.6–0.8. The generic laser postulated in Fig. 6.37 has an overall
efficiency of 11.6% and an optical-to-optical efficiency of 35%. In reviewing the
energy-flow diagram, it is clear that the laser designer has only control over Steps
2 and 4, namely the design of the pump radiation transfer, pump geometry, and
mode volume.

6.2.3 End-Pumped Lasers

In the end-pumped technique, which is unique to laser diode pump sources, the
pump beam is circularized, and focused into the gain medium coaxial with the
resonator beam. There are two requirements that must be met for an efficient
TEM00 end-pumped laser. First, the gain medium must be long enough to absorb
all, or at least a large fraction, of the pump radiation. Second, the pump beam
spot size must be less than or equal to the spot size of the fundamental mode. If
these requirements are met and if we further assume that the pump beam and laser
resonator mode are TEM00 Gaussian beams, and the resonator length is equal to
the gain medium, a closed-form expression for laser threshold and slope efficiency
can be derived for a four-level system [24]. From the rate equations we obtain the
upper laser level population n at threshold

dn

dt
= Wprp(r, z)− n(r, z)

τf
= 0, (6.23)

where Wp is the pump rate and rp(r, z) is the normalized pump intensity distri-
bution, τ f is the upper state lifetime, and n(r, z)/τf describes the losses due to
spontaneous emission. The pump rate is defined by

Wp = ηQ Pa/hνp, (6.24)

where Pa is the absorbed pump power, hνp is the pump photon energy, and ηQ is
the quantum efficiency.
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From the threshold condition (3.7) and with (3.12) we obtain

2nσ ls0(r, z) = T + δ, (6.25)

the term s0(r, z) has been added to describe the normalized resonator mode inten-
sity distribution. From (6.23)–(6.25) follows

Pa = hνp(T + δ)

τfηQ2σ lrp(r, z)s0(r, z)
. (6.26)

The spatial distribution of the pump volume rp(r, z) and resonator mode s0(r, z) is
taken into account by calculating an overlap integral that averages the upper laser
level population over the laser resonator mode. With the assumption of TEM00
Gaussian beams, the normalized expressions for the pump and resonator modes
are given by

rp(r, z) = 2α0 exp(−α0z) exp(−2r2/w2
p)

πw2
p[1 − exp(−α0l)] (6.27a)

and

s0(r, z) = 2 exp(−2r2/w2
0)

πw2
0l

, (6.27b)

where ∫ ∫ ∫
rp(r, z) dV =

∫ ∫ ∫
s0(r, z) dV = 1, (6.27c)

α0 is the absorption coefficient at the pump wavelength, wp, w0 is the Gaussian
beam radius of the pump beam and resonator modes, respectively, and L is the
length of the gain medium and resonator. With (6.27) the overlap integral can be
calculated ∫ ∫ ∫

s0(r, z)rp(r, z) dV = 2/�(w2
0 + w2

p)π. (6.28)

With (6.28) following from (6.26) for the absorbed pump power at threshold

Pa = πhνL

4σηQηsτf
(w2

0 + w2
p)(T + δ), (6.29)

where hνp has been replaced by the laser photon energy hνL, and ηs is the quan-
tum defect efficiency.

From (6.29) it follows that a low-laser threshold requires small spot sizes and
low losses. The smallest mode dimensions are determined by diffraction and by
the length l of the resonator. As explained in Chapter 5, the cross-sectional area of
a mode is proportional to resonator length. Efficient absorption of pump radiation
requires that l should be on the order of or greater than 1/α0, where α0 is the
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absorption coefficient for the pump radiation. With l determined by the pump
absorption length, the smallest values of wm and wp that can be achieved are
based on the propagation of Gaussian beams.

From (6.29) it follows that for a given laser mode volume the lowest threshold
is achieved for the smallest pump volume. The spot size wp(z) of the pump beam
inside the gain medium follows from (5.5):

wp(z) = w0p


1 +

(
λp(z − l)

πw2
0pn0

)2



1/2

, (6.30)

where n0 is the refractive index of the gain medium and the beam waist w0p is
assumed to be at the exit face z = l of the laser crystal. The smallest pump volume
is achieved if the mean value w2

p is minimal over the crystal length. Integration
of (6.30) yields the smallest pump radius, which is theoretically possible for the
crystal of length

wp,min =
(

lλp

πn0

)1/2

. (6.31)

The power density in the resonator above threshold is obtained from the rate equa-
tions. From this analysis the slope efficiency, defined as the ratio of laser output
to optical pump power for the case of wp < w0, is given by [24]

σ = ηQηs
T

(T + δ)
. (6.32)

As in all lasers, low losses lead to a high slope efficiency. The above expres-
sion is the same as (3.64) for the case where the pump radiation is completely
absorbed by the laser medium (ηa = 1), and perfect overlap between the inver-
sion and the resonator mode volume is assumed (ηB = 1). Since (6.32) gives
the optical to optical efficiency, the pump efficiency ηP and the throughput of
the optical transport system ηT, which occur in (3.64), are not included in this
expression.

The practical realization of a complete spatial overlap between the longitudinal
pump beam and the laser mode depends very much on the degree with which
the strongly astigmatic and highly divergent radiation emanating from the pump
source can be reshaped into a beam with circular symmetry and a small beam
waist. Focusing the output from a 1 cm bar or a stack of bars into a laser crystal
requires collimation of the emitted radiation, compensation of asigmatism and,
finally, focusing the beam to a circular spot.

Common techniques of coupling radiation from laser diode bars into the gain
medium of an end-pumped laser typically involve the use of:

• Two orthogonally mounted micro lens arrays for collimation of the output from
each emitter followed by a focusing lens (Fig. 6.38(a)).
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FIGURE 6.38. Focusing of pump radiation into an end-pumped laser: (a) with two cylindri-
cal micro lens arrays and a focusing lens, (b) a single micro lens array and a focusing lens,
(c) a micro lens array followed by a fiber bundle and focusing optics, and (d) a nonimaging
light concentrator [25].
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• A single cylindrical micro lens array for collimation of the fast axes of the bars
and a macro lens for focusing (Fig. 6.38(b)).

• A single cylindrical micro lens array for collimation of the fast axes of the
bars and a fiber bundle to circularize the beam followed by focusing optics
(Fig. 6.38(c)).

• A nonimaging light concentrator (Fig. 6.38(d).
• A macro lens system (Fig. 6.39).

A single laser bar or a stack of bars represent a pump source with an overall
cross section of up to a few centimenters squared, which consists of a multi-
tude of independent emitters. The smallest focused spot size from a single bar or
two-dimensional bar can be achieved if the radiation from each emitter is individ-
ually collimated and corrected for astigmatism. This is usually done with micro
lenses or fiber bundles. After collimation, the multitude of beamlets are focused
with a bulk lens or lens assembly into the gain medium. This approach requires
extreme precision in positioning and aligning the optical components with the
emitters.

Designs based on ordinary macro lens assemblies or nonimaging light concen-
trators treat the radiation emerging from a stack of bars as coming from a large
extended source. The designs are relatively simple but the minimum spot size
which can be achieved is at least an order of magnitude larger than can be ob-
tained by collimating the output from each emitter.

A compromise between the above mentioned approaches are designs whereby
the fast axis of each bar is collimated with a cylindrical micro lens and the emerg-
ing beams are focused with a conventional lens or nonimaging light concentrator.

FIGURE 6.39. Optical system for end-pumping an Nd : YAG crystal with a stack of three
1 cm laser diode bars. Ray tracing plot (a) parallel and (b) perpendicular to the bars [27].
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Lens Transfer System
A very effective method of collimating the output from two-dimensional bars
is by means of two orthogonally oriented arrays of micro lenses. The first set
of lenses are typically cylindrical micro lenses similar to short pieces of optical
fibers. Each lens is oriented along the length of a bar close to the facets of the
emitters. These fiber lenses, mounted in a rigid holder assembly, collimate the fast
axis of each bar within the stacked array. The number of micro lenses required is
thus given by the number of bars in the array. These fiber lenses are 1 cm long and
have a maximum diameter determined by the pitch of the array (typically 0.4 to
1 mm). The distance from the facets is determined by the back focal length which
is, for a micro lens with a circular cross section and uniform refractive index,
D(2 − n0)/4(n0 − 1). For a fiber lens with a diameter D = 800µm, made from
fused silica with n = 1.51, the distance between the micro lens and the facet is
therefore 200µm.

Instead of simple step-index fibers with a circular cross section, lenses with
noncircular cross section (aspherics) or graded index (GRIN) lenses can be used
to reduce spherical aberration. Aspheric lenses can be fabricated in large volume
from drawing of a shaped-glass preform. It is also common practice to make mi-
cro lens arrays monolithic rather than from discrete segments of optical fibers.
Monolithic arrays consist of a glass plate in which parallel curved surfaces that
optically act the same way as individual fiber lenses are shaped (see Fig. 6.13(b)).

Mounted orthogonally in front of the first array of micro lenses is another set
of micro lenses for collimation of the slow axis or each emitter. The number of
micro lenses is given in this case by the number of emitters in each bar. The
diameter of the micro lenses cannot exceed the spacing between adjacent emitters
(0.2 to 1 mm). Because of the stand-off distance from the facets, which is largely
determined by the intervening horizontal lens array, the back focal length of the
second lens array must be significantly larger than the lens diameter. This rules
out micro lenses with a circular cross section since these optical elements have
a very short back focal length. Either aspheric or plano-convex cylindrical micro
lenses are normally used for the collimation of the slow axis of the emitters.

As an example, we consider a typical 1 cm cw bar which contains 20 emitters
each 100µm wide and spaced 400µm apart as shown in Fig. 6.12. If we assume a
5-bar internally cooled stack with a pitch of 1 mm, a collimator could be designed
that consists of a matrix of five horizontal cylindrical micro lenses with a circular
diameter of 800µm and a back focal length of 200µm and 20 vertical plano-
convex lenses with a diameter of 500µm and a back focal length of 2.5 mm. With
the approach discussed so far, the output from a stacked bar can be focused to a
spot with a diameter of a few hundred micrometers.

If larger spot sizes can be tolerated, a compromise between complexity and
performance can be reached if only one array of micro lenses is employed fol-
lowed by an ordinary lens system. In a typical design, a set of fiber lenses reduces
the beam divergence of the fast axis of each bar to match the divergence of the
slow axis and a bulk lens focuses the beam into the active medium. Figure 6.38(b)
illustrates such an approach.
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In the absence of micro lenses or fiber-optic bundles one can attempt to focus
the radiation from a single bar or stacked bar array with conventional optics. As
already mentioned, the power density at the focal point will be far below that
which can be achieved with micro-optics. To illustrate this point and to provide a
comparison the following example is given.

Figure 6.39 depicts an imaging optical system for focusing pump radiation from
a stack of three 1 cm bars into an Nd : YAG crystal. The optic consists of two
cylindrical lenses, L1 and L2, with 12.7 and 19 mm focal length, respectively,
followed by a 30 mm focal length plano-convex lens L3 and a 12 mm focal length
aspheric L4. The rays traced in the plane perpendicular to the bars span a total
angular field of 60◦ at the source and those traced in the plane parallel to the bars
cover a total field of 10◦. The corresponding width at the pump end of the laser
rod is ≈ 2 mm.

In order to at least approximately match such a large pump profile with the
resonator mode, a near hemispherical resonator was chosen. The resonator length
was adjusted until the TEM00 mode at the curved mirror and the front surface
of the Nd : YAG was expanded to 1.8 mm. At the flat output coupler the 1/e2

beam diameter was 120µm. The expansion of the mode at the pump end of the
resonator is achieved at the expense of alignment stability. A photograph of the
system is shown in Fig. 3.27.

Fiber Coupling

Using fiber optics to deliver the diode output to the laser crystal has a number of
advantages: the beam at the fiber output has a circular distribution and the ability
to remove heat from the diode remote from the optical components of the laser
is an attractive feature. Also the pump source can be replaced relatively easily
without disturbing the alignment of the laser. Typically one of the following three
techniques is implemented in coupling the output from a diode bar or stacked bar
into an optical fiber.

The first approach is identical to the technique already described for end-
pumping a laser. Two sets of micro lenses and a condensor lens are used for
focusing the radiation into a multimode fiber with a diameter of 200 to 400µm.
In another design, the output from a diode bar is first collimated using a fiber
lens and subsequently imaged with a combination of lenses into a two-mirror
beam-shaping device. With this focusing scheme the output from a 1 cm bar has
been focused into a circular spot of less than 200µm [26].

In the third approach a fiber bundle is employed to transform a line source,
which a single 1 cm bar represents, into a circular beam. A micro lens reduces the
divergence of the fast axis of the emitters before the radiation is collected by a
flat bundle of fibers (see Fig. 6.38(c)). The line-to-bundle converting fiber-optic
coupler consists of a large number of small fibers spread out in a linear array
which faces the emitting diodes of the laser bar. At the other end, the fibers are
arranged into a round fiber bundle.
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The technique of using a fiber-optic bundle to circularize the output from a
1 cm diode bar is implemented in the laser illustrated in Fig. 6.40. Shown is an
Nd : YV04 laser crystal pumped from both ends by two fiber-coupled 20 W diode
bars. For separation of the pump and resonator beam, two dichroic beam splitters
are inserted into the optical train, which results in a z-configuration of the optical
resonator. The radiation from each bar is coupled into a flat fiber bundle by a
micro lens, which reduces the divergence in the fast axis of the diode output. At

(a)

(b)

FIGURE 6.40. (a) Optical schematic of an Nd : YVO4 laser pumped with fiber-coupled
diode bars (Spectra-Physics Lasers, Inc.) and (b) laser output versus optical pump power
incident on the crystal.
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FIGURE 6.41. End-pumping with a nonimaging light concentrator [28].

the pump end, the fibers form a round bundle, and a collimating and focusing
lens transfer the pump radiation into the crystal through a dichroic fold mirror.
The high efficiency that can be achieved with diode end-pumped solid-state lasers
is illustrated in Fig. 6.40(b). With a fiber coupling efficiency of 85% and some
reduction in the rated power level of the diode to preserve lifetime, each side
of the Nd : YVO4 crystal is pumped with 13 W. Pump radiation at the crystal is
converted with over 50% conversion efficiency into a polarized TEM00 mode.

Maximum output of the system is 13 W. An Nd : YAG laser used in the same
configuration produced 11 W of polarized cw output.

Nonimaging Light Concentrators

Figure 6.41 illustrates an end-pumping technique based on a nonimaging devices.
In this approach the output from a stack of bars is first collimated in the fast axis
by cylindrical micro lenses mounted in front of each bar. The collimated radiation
is directed into a lens duct that combines focusing at its curved input face and total
internal reflection at the planar faces to channel the diode pump radiation to the
laser rod. Powerful Nd : YAG, Tm : YAG, and Yb : YAG lasers have been pumped
with this technique and outputs in excess of 100 W have been reached in these
lasers. A slightly different version of a light concentrator that has parallel walls
in the vertical direction is shown in Fig. 6.38(c). Concentrators are an attractive
solution for large stacks because they are relatively easy to fabricate. The degree
of concentration is governed by the radiance theorem stating that the radiance of
the light distribution produced by an imaging system cannot be greater than the
original source radiance.

6.2.4 Face-Pumped Disks

In a disk laser amplifier the surfaces are set at Brewster’s angle, as shown in
Fig. 6.42. The slab faces have a high-quality optical finish to minimize scatter-
ing loss. The beam is linearly polarized in the p-plane to avoid reflection loss.
Flashlamps are used for pumping, with lamp radiation incident on the disk faces
and transverse to the beam direction. Thus, the disks are said to be face-pumped.
Nd : glass amplifiers containing glass disks have mainly been developed at labo-
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FIGURE 6.42. Schematic diagram of (a) a disk amplifier and (b) alternate arrangement of
disks.

ratories engaged in laser fusion studies. Disk amplifiers with apertures as large as
74 cm have been built and operated.

Generally, an even number of disks is used in an amplifier since beam transla-
tion occurs due to refraction in a single disk. Beam steering can be minimized if
the disks are placed in an alternate rather than parallel arrangement, as shown in
Fig. 6.42(b).

The concept of face-pumping, as opposed to pumping through the edges of a
disk or slab, is important in that the pump radiation can be distributed, in an easily
controlled manner, uniformly over the faces of the slab. Pumping in this way
yields uniform gain over the aperture for a laser beam, but more important, the
slab heating is uniform laterally, thus allowing transverse temperature gradients
to be minimized. Such temperature gradients give rise to distortion in the slab just
as in the rod geometry.

The design of the flashlamp reflector housing requires a careful design to pro-
vide uniform illumination of the slabs. The cusp-shaped reflectors direct radiation
to the slabs and shield each flashlamp from the radiation from adjacent lamps.
Table 6.5 lists the results of an energy-transfer analysis performed on a large
Nd : glass disk amplifier. About 1% of the total electrical input is available as
stored energy at the laser level. Of course, only a fraction of this energy can be
extracted during the amplification of a laser pulse.

The other extreme of a face-pumped laser, in terms of size, is the thin-disk
approach employed for pumping Yb : YAG. As illustrated in Fig. 6.43 a disk about
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TABLE 6.5. Energy transfer in an
Nd : glass disk amplifier [29].

Circuit losses 8%
Lamp heat 50%
Heating of pump cavity walls 30%
Ultraviolet absorption 7%
Heating of glass disks 2%
Fluorescence decay 2%
Useful laser energy 1%

Electrical input to lamps 100%

300µm thick is pumped in a small spot of a few millimeters in diameter at a small
angle about the normal of the disk face. The 941 nm pumps radiation reflected
back from the disk is refocused by a mirror for a second path through the crystal.
The backside of the disk, which is in contact with a heat sink, is coated to form one
of the resonator mirrors. The other resonator mirror is the curved output coupler
shown in Fig. 6.43.

In the thin-disk laser, waste heat generated in the disk is extracted through the
back high-reflectivity mirror and to an actively cooled submount that holds the
laser disk. The key feature of the thin-disk design approach is that this cooling
geometry constrains resulting thermal gradients to lie essentially parallel to the
laser resonator axis. Consequently, thermal focusing by the gain disk is greatly
reduced, facilitating the achievement of high beam quality.

Outcoupling
mirror

Optical fiber

Pumping lens

Crystal disc

Indium foil

Heat sink

Pumping mirror

FIGURE 6.43. Thin-disk-pumping geometry of a Yb : YAG laser [30].



Summary 241

Summary

This chapter deals with the design and characteristics of the pump sources em-
ployed in solid state lasers and with the techniques and methods that have been de-
veloped for transferring the radiation from the pump source to the laser medium.
The designs of an optical pump system for a solid state laser is governed by
the following considerations: the spectral and spatial emission characteristics
of the pump source, transfer of pump radiation to the gain medium, absorp-
tion of the pump radiation, and spatial overlap with the mode volume in the
resonator.

The pump sources for solid-state lasers are flash lamps, continuous arc lamps,
and laser diode arrays. In flash lamps that are typically operated at high current
densities, the spectral line structure of the particular fill gas is masked by a strong
continuum. The output spectrum resembles a blackbody radiator. In continuous
arc lamps, the continuum emission spectrum contains sharp emission lines that
are characteristic of the particular fill gas. The output from flash lamps and arc
lamps is broadband, and only a small fraction of the total output spectrum falls
within the absorption bands of the active medium. Diode lasers, on the other hand,
are narrowband emitters and by adjusting the composition of the semiconductor
material, the output wavelength can be shifted to match an absorption band of a
particular solid-state laser material.

The transfer of radiation from the pump source to the laser medium should
be highly efficient, and ideally the pump radiation should create an inversion
that spatially overlaps the volume of the resonator mode. The total absorption
of pump radiation depends on the absorption coefficient and thickness of the laser
medium. However, mode structure and thereby beam uniformity and divergence
are strongly affected by the pump power distribution inside the active material.
In flash lamps and arc-lamp pumped lasers, the active medium and the radiation
source are contained in highly reflective enclosures. Typical pump cavities con-
sist of reflective elliptical cylinders with the lamp and active medium at each focal
axis, or so-called closed coupled cavities where the lamp and laser rod are in close
proximity surrounded by reflective metal or white ceramic walls.

Since radiation from diode lasers is directional, reflective enclosures are not
needed. In the so-called side-pumped configuration, the laser diode arrays are
placed along the length of cylindrical laser rods or rectangular slabs and the pump
radiation propagates perpendicular to the axis of the resonator. In this config-
uration laser diode arrays are essentially used as replacements for flashlamps.
Other designs exploit more fully the spatial properties of laser diodes by employ-
ing intervening optics to shape the pump beam to achieve good overlap with the
resonator fundamental mode. The most efficient pump method is end-pumping,
whereby pump and laser radiation propagate collinear inside the active material.
End pumping has the advantage that total absorption of the pump radiation is ob-
tained, and an excellent overlap between the pump volume and the laser mode can
be achieved.
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Exercises

1. In the text an example of a small, xenon-filled, linear flashlamp used in mil-
itary equipment is given. It indicates that such a lamp is operated at 10 J per
pulse and at 20 pulses per second. The lamp’s inner diameter is 4 mm and its
discharge length is 60 mm long. If the pulse width is 300µs long calculate the
explosion limit and the expected useful lifetime (number of pulses) for 10 J
pulses using (6.3) and (6.4). Does your result agree with that in the example
and why? (There may be more than the obvious reason.)

2. It seems clear that you would prefer to deliver all the pump energy you could
to the gain medium before fluorescence losses start to significantly deplete the
inversion that you are trying to build. This comment is particularly important
when you are building Q-switched lasers since you are trying to hold off las-
ing until the inversion gets large and then to let it lase. You would prefer not
to waste any pump energy by pumping too slowly. Therefore, for a 6.0 mm
diameter and 100.0 mm long Nd : YAG laser rod, use the equations derived in
this chapter to select a reasonable xenon-filled flashlamp capable of delivering
up to 20 J per pulse at a repetition rate of 10 Hz. “Reasonable” means one that
delivers a pulse shorter than the fluorescent lifetime (you can look the lifetime
up in the text) and which demands reasonable size capacitors and inductors,
reasonable voltage, and operates with a critically damped pulse. The choice
of pressure and lamp dimensions will tell you something of the lamp’s elec-
trical properties. From this you can find the circuit parameters needed for its
operation. Be careful to make the pulse duration short, but not so short that the
lamp’s useful lifetime is less than 107 shots.

3. Calculate the heat flux in watts per square centimeter of a diode laser at 808 nm
that emits 2 W of laser power and is 0.1 mm wide by 1.0 mm long. Assume
it is 40% efficient and that what does not appear as light appears as heat in
the diode. Compare this to the heat flux into the heat removal plates that this
pump light would produce if it were completely absorbed in a solid-state laser
medium in a cylinder of diameter 200µm and length 1 mm. This microlaser
gain medium is a small chip 1 mm thick by 1 mm in diameter held between two
copper heat removal plates with 500µm diameter holes in them as sketched
below.

4. Derive equation (6.28).
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The optical pumping process in a solid-state laser material is associated with the
generation of heat for a number of reasons:

(a) the energy difference of the photons between the pump band and the upper
laser level is lost as heat to the host lattice; similarly, the energy difference
between the lower laser level and the ground state is thermalized. The dif-
ference between the pump and laser photon energies, termed quantum defect
heating, is the major source of heating in solid-state lasers.

(b) In addition, nonradiative relaxation from the upper laser level to the ground
state, due to concentration quenching, and nonradiative relaxation from the
pump band to the ground state will generate heat in the active medium.

(c) In flashlamp-pumped systems, the broad spectral distribution of the pump
source causes a certain amount of background absorption by the laser host
material, particularly in the ultraviolet and infrared regions of the lamp spec-
trum. Absorption of lamp radiation by impurity atoms and color centers can
further increase heating.

The temperature gradients set-up in the gain material as a result of heating
can lead to stress fracture, which represents the ultimate limit in average power
obtainable from a laser material. Below the stress fracture limit thermal lensing
and birefringence adversely affect the output beam quality. Also, due to thermal
lensing, the operating point of the resonator within the stability diagram becomes
a function of input power. Therefore the output beam quality and mode structure

245
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are power dependent because the thermal lens can only be compensated for one
input power level.

Efficient heat removal, and the reduction of the thermal effects that are caused
by the temperature gradients across the active area of the laser medium usually
dominate design considerations for high-average-power systems.

The ability to predict the amount of heat generated in a laser material is im-
portant to obtain an indication of the thermo-optic effects that can be expected in
a particular rod or slab laser. In the laser literature several parameters have been
introduced to quantify the amount of heat dissipated by the active material. The
fractional thermal loading ηh is defined as the ratio of heat produced to absorbed
pump power or energy. A different way to quantify heat generation is expressed
by the parameter χ , defined as the ratio of heat deposited to energy stored in the
upper laser level.

The theoretical lower limit of ηh for ND : YAG lasing at 1.06µm and pumped
with a laser diode pump source at 808 nm is ηh = 1 − λp/λL = 0.24, where
ηS = λp/λL is the Stokes factor discussed in Section 3.4.1 and λp and λL are the
wavelengths of the pump and laser beam, respectively.

A Yb : YAG crystal lases at 1.03µm and can be diode-pumped at 943 nm. Ow-
ing to the smaller difference between pump and laser photon energy the theoretical
thermal loading is only ηh = 0.09.

In flashlamps and cw krypton arc lamps optical excitation is less efficient com-
pared to laser diode pumping because of the comparatively high content of short
wavelength radiation in the spectrum. Therefore the difference between pump and
laser photon energies is larger and results in sizeable quantum defect heating.

In actual lasers there are also a number of nonradiative decay processes that
generate heat but do not contribute to laser output. Concentration quenching, so
named because it increases strongly with neodymium-doping levels, causes a non-
radiative decay of excited ions from the upper laser level to the ground state. Con-
centration quenching reduces the radiative quantum efficiency to less than unity.
So-called “dark neodymium ions” or “dead sites” are ions that absorb pump pho-
tons but do not contribute to inversion. This leads to a pump quantum efficiency
of less than unity.

The fraction of absorbed pump radiation converted into heat was measured to
be around 30 to 32% for different Nd : YAG lasers pumped at 808 nm [1]. Esti-
mated values of ηh derived from thermal measurements without lasing also sug-
gest a value of ηh = 0.32 for Nd : YAG, and ηh = 0.11 for Yb : YAG pumped at
943 nm [2].

In Section 3.4.2 we have combined the losses due to nonradiative processes in
the quantum efficiency ηQ. For Nd : YAG we use ηQ = 0.9 (see Fig. 6.37), which
gives a heat load of ηh = 1−ηQηs = 0.32 for diode pumping, consistent with the
measured value.

The parameter χ is usually determined by measuring the small signal gain with
a probe beam at the end of the pump pulse. The stored energy is then calculated
from the gain, and the heat deposited is deduced from the observed temperature
rise of the material. In the energy storage mode the value of χ depends on the
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pump pulse length because of the fluorescence losses (see (3.53). Operated in the
energy storage mode, a value of χ = 1.1 was measured for a 200µs long pump
pulse [3].

In flashlamp-pumped lasers, the quantum defect heating is larger as already
mentioned, and in addition to the nonradiative processes described above there is
additional heating because of the background absorption of the pump radiation by
the host, and additional absorption because of impurity atoms and color centers.
Measured values for χ range from 2.9 to 3.3 for Nd : YAG and from 1.6 to 3.0 for
Nd : phosphate glass doped at 3 to 6% neodymium [4, 5].

Comparing the value of χ measured for flashlamp and diode pumping of an
Nd : YAG laser suggests that diode pumping produces only one-third of the heat
in the crystal compared to flashlamp-pumped systems.

From the magnitude of ηh and χ one can obtain an estimate of the amount
of heat generated in the laser material relative to the output of the laser system.
Absorbed power in the laser element is channeled into heat, stimulated emission,
and fluorescence. In the presence of a strongly saturating stimulated emission
the fluorescence becomes insignificant. Only the excited ions that are outside the
volume occupied by the resonator modes will relax as fluorescence to the ground
state.

For example, from the definition of ηh it follows that the ratio of heat to in-
version power density available for extraction is ηh/(1 − ηh). If we account for
the resonator losses expressed by the coupling efficiency ηc and for the less than
unity overlap of the gain region with the resonator modes expressed by ηB (see
Section 3.4.1) we obtain, for the ratio of heat load to output power,

Ph

Pout
= ηh

ηcηB(1 − ηh)
. (7.1)

This expression is a lower limit because it does not include the portion of the
resonator losses which appear as heat in the active medium due to absorption of
intracavity laser radiation by the laser material.

Typical examples of heating generated in the laser process are provided in Sec-
tion 6.2. In the laser diode-pumped systems analyzed in Fig. 6.37 an output of
7 W is associated with 5 W of heating due to the quantum defect and nonradiative
processes. This is expressed by ηh = 0.32. With the coupling efficiency and beam
overlap efficiency of ηBηc = 0.65 given in Fig. 6.37, a ratio of Ph/Pout = 0.72
is obtained. In addition, a fraction of the absorption losses also contributed to the
heating of the laser crystal. Let us assume that the 7 W output is produced by a
5 cm long Nd : YAG rod with an absorption coefficient of 10−3 cm−1. If the res-
onator has an output coupler with a reflectivity of 90%, then the intracavity power
is 133 W which produces about 0.7 W of absorption losses in the Nd : YAG rod.
Therefore, in the example given in Fig. 6.37, the total heat load for the crystal is
around 5.7 W.

In general one can assume a ratio of

Ph/Pout = 0.8 − 1.1 (7.2)
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for a diode-pumped Nd : YAG laser, depending on the crystal quality and the over-
lap of the resonator and pump region. In flashlamp- or krypton arc lamp-pumped
Nd : YAG lasers the thermal load of the crystal is about three times higher

Ph/Pout = 2.5 − 3.3. (7.3)

In the example of the energy flow in an arc lamp system summarized in Table 6.4,
the measured ratio of heat load to laser output was about 2.5 for a highly multi-
mode beam. Any measures to improve the beam quality will invariably result in
a reduced overlap between resonator mode and pump region and, therefore, the
ratio of heat load to laser output will increase.

7.1 Cylindrical Geometry

The combination of volumetric heating of the laser material by the absorbed pump
radiation and surface cooling required for heat extraction leads to a nonuniform
temperature distribution in the rod. This results in a distortion of the laser beam
due to a temperature- and stress-dependent variation of the index of refraction.
The thermal effects which occur in the laser material are thermal lensing and
thermal stress-induced birefringence.

An additional issue associated with thermal loading is stress fracture of the
laser material. Stress fracture occurs when the stress induced by temperature gra-
dients in the laser material exceeds the tensile strength of the material. The stress-
fracture limit is given in terms of the maximum power per unit length dissipated
as heat in the laser medium.

The particular temperature profile which exists in the laser material depends,
to a large degree, on the mode of operation, that is, cw- pumped, single-shot, or
repetitively pulse-pumped. In the case of cw operation, a long cylindrical laser rod
with uniform internal heat generation and constant surface temperature assumes
a quadratic radial temperature dependence. This leads to a similar dependence in
both the index of refraction and the thermal-strain distributions.

In a pulse-pumped system, laser action occurs only during the pump pulse or
shortly thereafter in the case of Q-switching. Theoretical and experimental inves-
tigations have shown that heat transport during the pump pulse, which usually has
a duration between 0.2 and 5 ms, can be neglected. Therefore, in single-shot oper-
ation, optical distortions are the result of thermal gradients generated by nonuni-
form pump-light absorption.

In repetitively pulse-pumped systems, distortions will occur from the cumula-
tive effects of nonuniform pump processes and thermal gradients due to cooling.
Which effects dominate depend on the ratio of the pulse interval time to the ther-
mal relaxation time constant of the rod. At repetition intervals, which are short
compared to the thermal relaxation time of the laser rod, a quasi-thermal steady
state will be reached where the distortions from pumping become secondary to
the distortions produced by the removal of heat from the laser material.
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7.1.1 Temperature Distribution

We consider the case where the heat generated within the laser rod by pump-
light absorption is removed by a coolant flowing along the cylindrical-rod surface.
With the assumption of uniform internal heat generation and cooling along the
cylindrical surface of an infinitely long rod, the heat flow is strictly radial, and
end effects and the small variation of coolant temperature in the axial direction
can be neglected. The radial temperature distribution in a cylindrical rod with the
thermal conductivity K , in which heat is uniformly generated at a rate Q per unit
volume, is obtained from the one-dimensional heat conduction equation [6]

d2T

dr2
+
(

1

r

)(
dT

dr

)
+ Q

K
= 0. (7.4)

The solution of this differential equation gives the steady-state temperature at any
point along a radius of length r . With the boundary condition T (r0) for r = r0,
where T (r0) is the temperature at the rod surface and r0 is the radius of the rod, it
follows that

T (r) = T (r0)+
(

Q

4K

)
(r2

0 − r2). (7.5)

The temperature profile is parabolic, with the highest temperature at the center
of the rod. The temperature gradients inside the rod are not a function of the
surface temperature T (r0) of the rod. The heat generated per unit volume can be
expressed as

Q = Ph

πr2
0 l
, (7.6)

where Ph is the total heat dissipated by the rod and l is the length of the rod. The
temperature difference between the rod surface and the center is

T (0)− T (r0) = Ph

4πKl
. (7.7)

The transfer of heat between the rod and the flowing liquid creates a temperature
difference between the rod surface and the coolant. A steady state will be reached
when the internal dissipation Ph is equal to the heat removed from the surface by
the coolant

Ph = 2πr0lh[T (r0)− TF ], (7.8)

where h is the surface heat transfer coefficient and TF is the coolant temperature.
With A = 2πr0l being the surface area of the rod, it follows that

T (r0)− TF = Ph

Ah
. (7.9)



250 7. Thermo-Optic Effects

Combining (7.7) and (7.9) one obtains, for the temperature at the center of the
rod,

T (0) = TF + Ph

(
1

4πKl
+ 1

Ah

)
. (7.10)

Thus, from the geometry, and the appropriate system and material parameters, the
thermal profile of the crystal can be determined, except that h must be evaluated.
This coefficient is obtained from a rather complex expression involving the ther-
mal properties of the coolant, the mass flow rate of the coolant, the Reynolds,
Prandtl, and Grashof numbers, and the geometry of the cooling channel [7].

The boundary conditions for the heat transfer coefficient are a thermally insu-
lated laser rod (h = 0), or unrestricted heat flow from the rod surface to a heat sink
(h = ∞). For cases of practical interest the heat transfer coefficient is typically
around h = 0.5–2 W cm−2 C−1.

Figure 7.1 shows as an example the radial temperature profile in an Nd : YAG
rod calculated from (7.10). The laser, which delivered between 200 to 250 W of
output, was pumped at 12 kW of input power. The following parameters have been
used in the numerical calculations of the temperature profile in the crystal: rod
length l = 7.5 cm; rod radius r0 = 0.32 cm; flow-tube inside radius rF = 0.7 cm;
power dissipated by the Nd : YAG rod Ph = 600 W; mass flow rate of the coolant
m∗ = 142 g/s; and fluid temperature entering the cavity TF = 20◦ C. As can
be seen from this figure, the maximum temperature of the crystal occurring at
the center is 114◦ C. The large temperature gradient of 57◦ C between the center
of the crystal and the surface is responsible for the high stresses present in the
material.

FIGURE 7.1. Radial temperature distribution within an Nd : YAG crystal as a function of
radius. TF is the temperature of coolant entering the flow-tube assembly, �TF is the axial
temperature gradient, and T (r0) is the rod surface temperature [7].
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7.1.2 Thermal Stresses

The temperature gradients generate mechanical stresses in the laser rod since the
hotter inside area is constrained from expansion by the cooler outer zone. The
stresses in a cylindrical rod, caused by a temperature distribution T (r), can be
calculated from the equations given in [8]. Equations (7.11)–(7.13) describe the
radial σr , tangential σφ , and axial σz stress in an isotropic rod with free ends and
a temperature distribution according to (7.5),

σr (r) = QS(r2 − r2
0 ), (7.11)

σφ(r) = QS(3r2 − r2
0 ), (7.12)

σz(z) = 2QS(2r2 − r2
0 ), (7.13)

where the factor S = αE[16K (1 − ν)]−1 contains the material parameters, E
is Young’s modulus, ν is Poisson’s ratio, and α is the thermal coefficient of ex-
pansion. The stress components, σr , σφ , σz represent compression of the material
when they are negative and tension when they are positive. We notice that the
stress distributions also have a parabolic dependence on r . The center of the rod
is under compression. The radial component of the stress goes to zero at the rod
surface, but the tangential and axial components are in tension on the rod sur-
face by virtue of the larger bulk expansion in the rod’s center compared to the
circumference.

Figure 7.2 gives the stresses as a function of radius inside the Nd : YAG rod
whose temperature profile was shown in Fig. 7.1. From these curves it follows
that the highest stresses occur at the center and at the surface. Since the tensile

FIGURE 7.2. Radial (σr ), tangential (σφ ), and axial (σz ) stress components within an
Nd : YAG crystal as a function of radius [7].
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strength of Nd : YAG is 1800 to 2100 kg/cm2, the rod is stressed about 70% of
its ultimate strength. As the power dissipation is increased, the tension on the rod
surface increases and may exceed the tensile strength of the rod, thereby causing
fracture. It is of interest to determine at what power level this will occur. Using
(7.12) we find, for the hoop stress,

σφ = αE

8πK (1 − ν)

Ph

l
. (7.14)

The total surface stress σmax is the vector sum of σφ and σz , i.e., σmax = 21/2σφ .
We note from (7.14) that the tension on the surface of a laser rod depends on

the physical constants of the laser material and on the power dissipated per unit
length of the material, but does not depend on the cross section of the rod. Upon
substitution of σmax with the value of the tensile strength of Nd : YAG, we find that
with 150 W dissipated as heat per centimeter length of Nd : YAG rod, the tension
on the surface of the rod equals the tensile strength of the material. The actual
rupture stress of a laser rod is very much a function of the surface finish of the
rod, and can vary by almost a factor of 3 in Nd : YAG.

Stress Fracture Limit

The mechanical properties of the laser host material determine the maximum sur-
face stress that can be tolerated prior to fracture. If there were no other constraints,
such as stress-induced focusing and birefringence, the thermal loading and thus
average output power of a rod laser could be increased until stress fracture oc-
curred. If σmax is the maximum surface stress at which fracture occurs, then we
can rewrite (7.14) as follows:

Ph

l
= 8πRs, (7.15)

where

Rs = K (1 − ν)

αE
σmax (7.16)

is a “thermal shock parameter.” A larger Rs indicates a higher permissible thermal
loading before fracture occurs. Table 7.1 lists typical values for a number of laser
materials if we assume a standard surface treatment.

TABLE 7.1. Thermal shock parameter for different materials.

Material Glass GSGG YAG Al2O3

Thermal shock 1 6.5 7.9 100
parameter Rs
[W/cm]
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7.1.3 Photoelastic Effects

The stresses calculated in the previous subsection generate thermal strains in the
rod that, in turn, produce refractive index variations via the photoelastic effect.
The refractive index of a medium is specified by the indicatrix that, in its most
general case, is an ellipsoid. A change of refractive index due to strain is given by
a small change in shape, size, and orientation of the indicatrix [9]. The change is
specified by small changes in the coefficients Bi j ,

Bi j = Pi jklεkl (i, j, k, l = 1, 2, 3), (7.17)

where Pi jkl is a fourth-rank tensor giving the photoelastic effect. The elements of
this tensor are the elasto-optical coefficients. εkl is a second-rank strain tensor.

We will confine our calculation to the case of an Nd : YAG laser rod. The
method, however, is applicable to any material if the proper photoelastic matrix
is used. Since Nd : YAG is a cubic crystal, the indicatrix is a sphere. Under stress
the indicatrix becomes an ellipsoid. Nd : YAG rods are grown with the cylindrical
axes along the [111]-direction. The light propagates in this direction, and thus the
change of the refractive index along the [111] is of interest.

Since the transverse stresses are in the radial and tangential directions—relative
to the coordinate system shown in Fig. 7.3—the local indicatrix also orients
its axis in these directions. In a cylindrical coordinate system the photoelastic
changes in the refractive index for the r and φ polarizations are given by [10]

�nr = − 1
2 n3

0�Br (7.18)

and
�nφ = − 1

2 n3
0�Bφ. (7.19)

FIGURE 7.3. (a) Crystal orientation for an Nd : YAG rod and (b) orientation of the indica-
trix of the thermally stressed Nd : YAG rod in a plane perpendicular to the rod axis.
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A considerable amount of tensor calculation is required to determine the co-
efficients �Br and �Bφ in a plane perpendicular to the [111]-direction of the
Nd : YAG crystal. The technique used in these calculations consists of introduc-
ing the elasto-optic coefficients for Nd : YAG into the matrix form Pmn of the
photoelastic tensor. The published values of these coefficients are given in a [100]-
oriented Cartesian coordinate frame: P11 = −0.029; P12 = +0.0091; and P44 =
−0.0615. The strain tensor is obtained from the stresses calculated in (7.11)–
(7.13). After a coordinate transformation to bring Pmn and εkl into the same coor-
dinate system, the tensor operation according to (7.17) can be performed. Intro-
ducing the expression for �Br and �Bφ into (7.18), (7.19), the refractive-index
changes are given by [11], [12]

�nr = − 1
2 n3

0
αQ

K
Crr2, (7.20)

�nφ = − 1
2 n3

0
αQ

K
Cφr2, (7.21)

where Cr and Cφ are functions of the elasto-optical coefficients of Nd : YAG,

Cr = (17ν − 7)P11 + (31ν − 17)P12 + 8(ν + 1)P44

48(ν − 1)
,

Cφ = (10ν − 6)P11 + 2(11ν − 5)P12

32(ν − 1)
.

The induced birefringence is determined from (7.20), (7.21)

�nr −�nφ = n3
0
αQ

K
CBr2, (7.22)

where

CB = 1 + ν

48(1 − ν)
(P11 − P12 + 4P44).

Inserting the values of the photoelastic coefficients and the material parameters
of Nd : YAG, α = 7.5×10−6/◦ C, K = 0.14 W/cm ◦ C, ν = 0.25, n0 = 1.82 into
(7.20)–(7.22), one obtains Cr = 0.017, Cφ = −0.0025, CB = −0.0099, and

�nr = (−2.8 × 10−6)Qr2,

�nφ = (+0.4 × 10−6)Qr2,

�nr −�nφ = (−3.2 × 10−6)Qr2,

where Q has the dimension of watts per cubic centimeter and r is measured in
centimeters.
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7.1.4 Thermal Lensing

Having explored the stresses in the laser rod, we now turn to the optical distor-
tions which are a result of both temperature gradients and stresses. The change of
the refractive index can be separated into a temperature- and a stress-dependent
variation. Hence

n(r) = n0 +�n(r)T +�n(r)ε, (7.23)

where n(r) is the radial variation of the refractive index, n0 is the refractive index
at the center of the rod, and �n(r)T, �n(r)ε are the temperature- and stress-
dependent changes of the refractive index, respectively.

The temperature-dependent change of the refractive index can be expressed as

�n(r)T = [T (r)− T (0)]
(

dn

dT

)
. (7.24)

With the aid of (7.5), (7.7) we obtain

�n(r)T = − Q

4K

dn

dT
r2. (7.25)

As can be seen from (7.20), (7.21), and (7.25) the refractive index in a laser rod
shows a quadratic variation with radius r . An optical beam propagating along the
rod axis suffers a quadratic spatial phase variation. This perturbation is equivalent
to the effect of a spherical lens. The focal length of a lens-like medium, where the
refractive index is assumed to vary according to

n(r) = n0

(
1 − 2r2

q2

)
(7.26)

is given by

f ∼= q2

4n0l
. (7.27)

This expression is an approximation where it was assumed that the focal length is
very long in comparison to the rod length. The distance f is measured from the
end of the rod to the focal point.

The total variation of the refractive index is obtained by introducing (7.20),
(7.21), and (7.25) into (7.23):

n(r) = n0

[
1 − Q

2K

(
1

2n0

dn

dT
+ n2

0αCr,φ

)
r2
]
. (7.28)

As was discussed in the previous subsection, the change of refractive index due
to thermal strain is dependent on the polarization of light; therefore the photo-
elastic coefficient Cr,φ has two values, one for the radial and one for the tangential
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component of the polarized light. Comparing (7.28) with (7.26) yields

f ′ = K

Ql

(
1

2

dn

dT
+ αCr,φn3

0

)−1

. (7.29)

In our final expression for the focal length of an Nd : YAG rod, we will include
the contributions caused by end effects. Perturbations of the principal thermal
distortion pattern occur in laser rods near the ends, where the free surface alters
the stress character. The so-called end effects account for the physical distortion
of the flatness of the rod ends. Self-equilibrating stresses causing a distortion of
flatness were found to occur within a region of approximately one diameter from
the ends of Nd : glass and one radius from the end for Nd : YAG. The deviation
from flatness of the rod ends is obtained from

l(r) = αl0[T (r)− T (0)], (7.30)

where l0 is the length of the end section of the rod over which expansion occurs.
With l0 = r0 and (7.5) we obtain

l(r) = −αr0
Qr2

4K
. (7.31)

The focal length of the rod caused by an end-face curvature is obtained from the
thick-lens formula of geometric optics

f ′′ = R

2(n0 − 1)
, (7.32)

where the radius of the end-face curvature is R = −(d2l/dr2)−1. From these
expressions follows the focal length of the rod caused by a physical distortion of
the flat ends

f ′′ = K [αQr0(n0 − 1)]−1. (7.33)

The combined effects of the temperature- and stress-dependent variation of the
refractive index and the distortion of the end-face curvature of the rod lead to the
following expression for the focal length

f = K A

Ph

(
1

2

dn

dT
+ αCr,φn3

0 + αr0(n0 − 1)

l

)−1

, (7.34)

where A is the rod cross-sectional area and Ph is the total heat dissipated in
the rod. If one introduces the appropriate materials parameters for Nd : YAG
into (7.34) then one finds that the temperature-dependent variation of the re-
fractive index constitutes the major contribution of the thermal lensing. The
stress-dependent variation of the refractive index modifies the focal length about
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20%. The effect of end-face curvature caused by an elongation of the rod is less
than 6%.

Ignoring the end effects, we notice that the focal length is proportional to a
material constant and the cross section A of the rod and is inversely proportional
to the power Ph dissipated as heat in the rod. At first, it may be surprising that
the length of the rod does not enter the equations. However, in a longer rod, for
example, the reduction in power dissipation per unit length is offset by a longer
path length.

We see from (7.34) that we have little flexibility in influencing the focal length.
The material constants are determined when we choose the laser material: the dis-
sipated power Ph is determined by the application (even though we may be able to
reduce the heat load by avoiding unusable pump radiation); thus the only remain-
ing design parameter is the rod cross section. The focal length can be increased by
increasing A, but this is usually not a practical way of solving the problem, since
a larger crystal reduces pump power density and therefore leads to lower gain.

According to (7.34), the focal length of a cylindrical laser rod, where heat is
generated uniformly within the bulk material, can be written as

f = Mr,φP−1
in , (7.35)

where M contains all the material parameters of the laser rod and an efficiency
factor η which relates the electrical input power to the power dissipated as heat in
the rod (Ph = ηPin).

We can introduce a laser-rod sensitivity defined as

d(1/ f )

d Pin
= M−1

r,φ . (7.36)

The sensitivity factor describes how much the optical power 1/ f of a laser rod
changes with input power. For an Nd : YAG rod 0.63 cm in diameter, and assuming
that 5% of the electrical input power to the lamp is dissipated as heat, we obtain a
change of focusing power of 0.5×10−3 diopters per watt of lamp input variation.

Returning now to (7.34), we can see that the rod acts as a bifocal lens with
different focal lengths for radiation with radial and tangential polarization. Since
a linear polarized wave or a nonpolarized wave incident on the crystal will always
have components in radial and tangential directions, two focal points are obtained.
For Nd : YAG one finds a theoretical value of fφ/ fr = 1.2. A difference in focal
length for different polarizations means that a resonator designed to compensate
for the lensing of the radial polarization cannot also compensate for the lensing
of tangentially polarized light.

In Fig. 7.4 theoretical and measured thermally induced back focal lengths of
various laser rods are plotted as a function of lamp input. Experimentally, the focal
length was determined by projecting an HeNe laser beam through the rod and
measuring the position of the beam diameter minimum. The measured curves have
been observed for the same rod size in different pump cavities. The focal length
changes faster than predicted, probably as a result of nonuniform pumping. The
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FIGURE 7.4. Thermally induced back focal length as a function of lamp input power for
Nd : YAG rods. Shown are calculated curves for (A) the radially and (B) tangentially po-
larized beam components, and (C, D) measurements of average focal length for different
rods and pump cavities [14].

calculations for the theoretical back focal length assumed that 5% of the electrical
input power will be dissipated as heat in a 7.5 × 0.63 cm diameter crystal. The
value of M for the radially polarized beam (A) is Mr = 18 × 104 Wcm, and
Mφ = 22 × 104 Wcm for the tangentially polarized beam (B).

7.1.5 Stress Birefringence

We will now investigate the influence of thermally induced birefringence on the
performance of a solid-state laser. Taking Nd : YAG as an example, it was shown
in (7.20), (7.21) that the principal axes of the induced birefringence are radially
and tangentially directed at each point in the rod cross section and that the magni-
tude of the birefringence increases quadratically with radius r . As a consequence,
a linearly polarized beam passing through the laser rod will experience a substan-
tial depolarization. We refer to Fig. 7.3, where we have chosen a point P(r, φ)



7.1. Cylindrical Geometry 259

in a plane perpendicular to the rod axes. At this point we have a radial refractive
index component nr , which is inclined at an angle φ with respect to the y-axis and
a tangential component nφ perpendicular to nr . Assume that E is the polarization
vector for incident radiation. Radiation incident at point P must be resolved into
two components, one parallel to nr and the other parallel to nφ . Since�nr �=�nφ ,
there will be a phase difference between the two components and the light will
emerge elliptically polarized. This will occur for all points of the rod cross section
with the exception for points located along the x- and y-axes in Fig. 7.3. Radia-
tion incident along the y-axis will see only one refractive index, nφ , while along
the x-axis, nr will be the only refractive index.

Birefringence effects in pumped laser rods can be studied in a polariscopic
arrangement in which the expanded and collimated light beam from an HeNe laser
serves as an illuminator for the observation of the rod between crossed polarizers.
Because of thermally induced birefringence, the probe light suffers depolarization
and is partially transmitted by the analyzer. The transmitted light forms the so-
called isogyres, which display the geometrical loci of constant phase difference.
Photographs of conoscopic patterns for various pump powers of an Nd : LaSOAP
rod between crossed polarizers are shown in Fig. 7.5.

FIGURE 7.5. Thermal stresses in a 7.5-cm long and 0.63-cm-diameter Nd : LaSOAP crys-
tal. The rod was pumped at a repetition rate of 40 pps by a single xenon flashlamp in an
elliptical pump cavity. Input power (a) 115 W, (b) 450 W, (c) 590 W, and (d) 880 W [14].
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The isogyre pattern exhibits a cross and ring structure, where the arms of the
cross are parallel and orthogonal to the incident polarization. As mentioned be-
fore, the crosses correspond to those regions of the crystal where an induced (ra-
dial or tangential) axis is along a polarizer axis, so that the induced birefringence
results only in a phase delay and not in a polarization rotation. The dark rings
correspond to an integral number of full waves of retardation.

A number of operations of solid-state lasers, such as, for example, electro-
optical Q-switching, frequency doubling, and external modulation of the beam, re-
quire a linearly polarized beam. An optically isotropic material, such as Nd : YAG,
must be forced to emit a linearly polarized beam by the introduction of a polar-
izer in the resonant cavity. In the absence of birefringence, no loss in output power
would be expected. However, the thermally induced birefringence causes a signif-
icant decrease in output power and a marked change in beam shape.

For a system with an intracavity polarizer, the effect of depolarization involves
two phenomena: coupling of power into the orthogonal state of polarization fol-
lowed by subsequent removal of that component by the polarizer and modification
of the main beam by the depolarization process leading to a distortion of beam
shape. When a birefringent crystal is placed between a polarizer and analyzer that
are parallel, the transmitted intensity is given by [9]

Iout

Iin
= 1 − sin2(2φ) sin2

(ϕ
2

)
, (7.37)

where φ is the angle between the polarizer and one of the principal birefringence
axes and ϕ is the polarization phase shift of the light emerging from the crystal.
The index difference, �nφ −�nr , leads to a phase difference

ϕ = 2π

λ
l(�nφ −�nr ). (7.38)

To illustrate the magnitude of stress birefringence in an Nd : YAG rod, the differ-
ence in optical path length normalized to the wavelength

�l

λ
= l(�nφ −�nr )

λ
(7.39)

is plotted in Fig. 7.6 as a function of pump power. The following constants were
used: Ph = 0.05Pin, l = 7.5 cm, r0 = 0.31 cm, and λ = 1.06 × 10−4 cm. As can
be seen from this figure, at maximum lamp input power of 12 kW, the path-length
difference is approximately six wavelengths.

Assuming a plane wave, we can calculate the total transmitted intensity from
(7.37), (7.38) by integrating over the cross-sectional area of the rod. The following
integral must be evaluated

(
Iout

Iin

)
T

=
(

1

πr2
0

)∫ 2π

φ=0

∫ r0

r=0

[
1 − sin2(2φ) sin2 ϕ

2

]
r dr dφ. (7.40)
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FIGURE 7.6. Differences in optical path length as a function of normalized rod radius in
an Nd : YAG rod. Parameter is the lamp input power.

with ϕ = CT Pa(r/r0)
2 where CT = 2n3

0αCB/λK . Integration of (7.40) yields

Iout

Iin
= 3

4
+ sin (CT Pa)

4CT Pa
. (7.41)

A laser resonator containing a polarizing element is optically equivalent to a
laser rod of twice the actual length located between a polarizer and analyzer. Sub-
tracting Iout/Iin from unity and multiplying the phase difference ϕ by a factor of
2 yields the fraction of the intracavity power which is polarized orthogonal to the
polarizer. This beam, caused entirely by birefringence, will actually be ejected
from the cavity and represents the depolarization loss of the resonator

δdepol = 0.25[1 − sinc(2CT Pa)]. (7.42)

This loss is plotted in Fig. 7.7, where the same constants as for Fig. 7.6 have been
used. Note that this curve represents the round-trip loss in the cavity for a plane-
parallel beam which was used as an approximation for a highly multimode laser
beam.

Also shown is the depolarization loss for a TEM00 mode for which it was as-
sumed that the beam radius w is w = r0/2. A similar calculation as the one
carried out for a plane wave yields the loss factor

δdepol = 0.25

(
1 + 16

C2
T P2

h

)−1

. (7.43)
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FIGURE 7.7. Calculated resonator loss caused by the combination of thermally induced
birefringence in an Nd : YAG rod and an intracavity polarizer.

For the same lamp input power the losses for the TEM00 mode are less than for
a highly multimode beam. This is expected since the energy in the TEM00 mode
is concentrated nearer the center of the rod, where the induced birefringence is
smaller.

The interaction of a linearly polarized beam with a birefringent laser rod and a
polarizer not only leads to a substantial loss in power, but also a severe distortion
of the beam shape. Figure 7.8 shows the output beam shape obtained from a cw-
pumped Nd : YAG laser with and without an intracavity polarizer. The output is
obtained in the form of a cross with a bright center. As discussed before, the

FIGURE 7.8. Output beam pattern for a high-power cw Nd : YAG laser (a) without and
(b) with a Brewster plate in the cavity.
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FIGURE 7.9. Orientation of the indicatrix of a thermally stressed rod [15].

depolarization losses are smallest in the rod center and in directions parallel and
orthogonal to the preferred direction of the polarizer. Areas of high depolarization
losses are removed from the cavity by the polarizer and are, therefore, missing in
the output beam.

The sin(2φ) dependence of birefringence on the azimuth angle φ is very nicely
illustrated in Fig. 7.9. The plane of polarization is assumed to be in the y-direction
and, consistent with observation, the largest depolarization occurs at 45◦ with
respect to this direction.

7.1.6 Compensation of Thermally Induced
Optical Distortions

Complete compensation of the thermal aberrations produced by a laser rod is
difficult because:

(a) The focal length depends on the operating conditions of the laser and changes
with pump power and repetition rate.

(b) The thermal lens is bifocal due to the stress-dependent variation of the refrac-
tive index.

(c) Nonuniform pumping leads to nonspherical aberrations.

In many pump configurations, with flashlamps as well as diode pump sources,
pump radiation is more intense at the center than at the periphery of the rod. The
focal length of a given area in the rod is inversely proportional to the intensity
of the absorbed pumped radiation. Therefore, in the case of on-axis focusing of
pump light, the focal length at the center of the rod is shorter than at the edges.
Or expressed differently, the thermally induced refractive index profile contains
terms that are higher than quadratic. A negative lens will remove the quadratic
term; however higher-order effects cannot be compensated. The objective of a
first-order compensation is to negate the positive lensing of the rod with a di-
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verging optical component. The most common approaches are the insertion of a
negative lens in the resonator, or a resonator featuring an internal telescope, or a
design where one of the mirrors has a convex surface. The latter approach was
discussed in Section 5.1.8.

A greater reduction of thermally induced optical distortions can be achieved
if thermal lensing compensation is combined with birefringence compensation.
In this case bifocusing is eliminated and depolarization losses are minimized in
resonators containing polarized beams. The objective of birefringence compensa-
tion is to achieve equal phase retardation at each point of the rod’s cross section
for radially and tangentially polarized radiation. This can be accomplished by ro-
tating the polarizations, either between two identical laser rods or in the same
rod on successive passes, such that the radial and tangential components of the
polarizations are exchanged.

On passing once through a rod with a radial temperature distribution, a phase
difference [�Pr (r) − �Pθ (r)] is introduced between the radially polarized ray
and the tangentially polarized ray at the same radius r . Now, if the two rays pass
through a 90◦ polarization rotator, the radially polarized ray will be converted to
tangential polarization, and vice versa. If the two rays are passed again through
the same rod, or through an identical rod, the phase difference between the two
rays will be removed.

For example, birefringence compensation in an oscillator containing two iden-
tical laser heads can be achieved by inserting a 90◦ quartz rotator between the
laser rods. This rotator can be of crystalline quartz, for example, cut perpendicu-
lar to the optic axis. The rotator produces a 90◦ rotation of every component of the
electric field of the laser beam. The part of a mode that is radially polarized in the
first rod, is tangentially polarized in the second rod. Since each part of the beam
passes through nearly identical regions of the two rods, the retardation induced by
one rod is reversed by the other.

Figure 7.10 shows an example of a thermally compensated resonator designed
to achieve high TEM00 mode output in a linearly polarized beam. The 90◦ quartz
rotator eliminates bifocusing and the convex rear mirror of the resonator com-
pensates for the positive thermal lensing of the Nd : YAG crystal. Instead of us-
ing a convex resonator mirror, a negative lens is sometimes inserted between the

FIGURE 7.10. Schematic diagram of a birefringence-compensated laser [16].
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two rods together with the quartz rotator. The resonator depicted in Fig. 7.10
also contains a Brewster plate to linearly polarize the laser output. Without the
quartz rotator, the insertion of the polarizer generates a large depolarization loss
for the TEM00 mode. With this technique, linearly polarized outputs with negli-
gible power loss and TEM00 output of 50 to 70% of the multimode power have
been achieved.

Other measures for achieving high TEM00 mode output are more fundamental
and address the origin of thermal distortions. Changing from an arc lamp-pumped
system to diode pumping drastically reduces the thermal distortions in the laser
crystal. For the same output power, a diode pump source generates only about
one-third the amount of heat in an Nd : YAG crystal compared to an arc lamp.
Also, instead of using a cylindrical rod, a rectangular slab with an internal zigzag
path minimizes wavefront distortions in the resonator. As explained in Section 7.2
such a structure provides a high degree of self-compensation of optical beam dis-
tortions. If the TEM00 output beam has to be linearly polarized, a naturally bire-
fringent crystal such as Nd : YLF can be advantageous in particular situations.
The natural birefringence in Nd : YLF is much larger than the thermally induced
birefringence.

In an amplifier, wavefront distortions can be eliminated with an optical phase
conjugated mirror as discussed in Section 10.4. This approach requires an injec-
tion seeded, narrow bandwidth oscillator with a diffraction limited output, and a
double pass amplifier. The oscillator typically has a low power output because
only aberrations in the amplifier are corrected. Compared to spherical diverging
lenses, optical phase conjugation does provide complete correction of wavefront
distortions over a large dynamic range.

7.2 Slab and Disk Geometries

Practical limitations arise in the operation of any solid-rod laser owing to the ther-
mal gradients required to dissipate heat from the rod. As was discussed in Sec-
tion 7.1, the thermally loaded cylindrical laser medium exhibits optical distortions
that include thermal focusing, stress-induced biaxial focusing, and stress-induced
birefringence. These thermally induced effects severely degrade the optical qual-
ity of the laser beam and eventually limit the laser output power, either because of
an unacceptably poor beam pattern or because of thermal stress-induced breakage
of the rod.

The limitations imposed by the rod geometry have long been recognized and a
number of designs have emerged, such as slab and disk geometries, in an attempt
to reduce the effect of thermal gradients on beam quality.

7.2.1 Rectangular-Slab Laser

The rectangular-slab laser provides a larger cooling surface and essentially a one-
dimensional temperature gradient across the thickness of the slab. Figure 7.11
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FIGURE 7.11. Geometry of a rectangular-slab laser.

shows the geometry of a rectangular slab laser. The z-axis coincides with the
optical axis of the slab.

The slab has thickness d and width w. The upper and lower surfaces are main-
tained at a constant temperature by water-cooling, and the sides are uncooled.
Provided the slab is uniformally pumped through the top and bottom surfaces, the
thermal gradients are negligible in the x- and z-directions and the thermal anal-
ysis is reduced to a one-dimensional case, that is, temperature and stress are a
function of y only. This, of course, is only true for an infinitely large plate in x
and y, and uniform pumping and cooling. Under these conditions we find that the
temperature assumes a parabolic profile (Fig. 7.12(a)).

The maximum temperature that occurs between the surface and the center of
the slab (y = d/2) is given by

�T = d2

8K
Q, (7.44)

where Q is the heat deposition, d is the thickness, and K is the thermal conduc-
tivity of the slab. For example, a heat deposition of 2 W/cm3, in a 1 cm thick glass

FIGURE 7.12. (a) Temperature profile and (b) stress in a rectangular slab.
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slab (K = 0.01 W/cm3) will create a temperature difference between the cooled
surfaces and the center of 25◦ C.

The temperature rise causes stress in the slab according to

σmax = 2αE

3(1 − ν)
�T = αEd2

12(1 − ν)K
Q, (7.45)

where σmax is the surface stress for the slab. The surfaces are in tension and the
center is under compression as shown in Fig. 7.12(b).

If we introduce the “thermal-shock parameter” from Section 7.1 we can cal-
culate the maximum temperature difference allowed between the surface and the
center before thermal fracture occurs; this is

�Tmax = 3Rs

2K
. (7.46)

With Rs = 1 W/cm for Nd : glass, one obtains

�Tmax = 150◦ C.

Stress fracture at the surface limits the total thermal power absorbed by the slab
per unit of face area. For slabs of finite width w, the power per unit length at the
stress fracture limit is given by

Ph

l
= 12σmax

(1 − ν)K

αE

(w
d

)
, (7.47)

where w/d is the aspect ratio of a finite slab. It is interesting to compare the
surface stress of a rod and slab for the same thermal power absorbed per unit
length. From (7.14), (7.47) it follows that

(Ph/ l)rod

(Ph/ l)slab
= 2π

3

(
d

w

)
. (7.48)

Thus, for a superior power handling capability relative to a rod, the aspect ratio of
the slab must be greater than 2.

The temperature and stress profile leads to a birefringent cylindrical lens. The
focal lengths of the birefringent lens are [17]

fx = 1

2l(S0 − S1)
, fy = 1

2l(S0 − S2)
, (7.49)

for x and y polarized light, respectively. The parameter S0 is the contribution from
thermal focusing, that is,

S0 = dn

dT

(
Q

2K

)
, (7.50)
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and the parameters S1 and S2 are related to stress-induced focusing

S1 = QαE

2(1 − ν)K
(B⊥ + B‖), S2 = QαE

(1 − ν)K
B⊥, (7.51)

where B‖ and B⊥ are the stress optic coefficients for stress applied parallel and
perpendicular to the polarization axis. Comparing the focal length of a rod (7.29)
with the focal length of a slab (7.49) and considering only thermal focusing, then
the slab has twice the focal power of a rod. In [17] it has been shown that if
the stress-induced focusing is included, the slab still shows about twice the focal
power compared to a rod.

In a slab, however, for incident radiation polarized along either the x- or y-
directions the stress-induced depolarization is zero. In a rectangular rod, the main
axes of the resulting index ellipse are oriented parallel to the x-and y-axes of the
rod, and a beam polarized along either one of these axes can propagate in a direc-
tion parallel to the z-axis without being depolarized. This is, as mentioned earlier,
in contrast to the situation in a cylindrical rod, where a plane-polarized beam does
suffer depolarization because the direction of the main axes of the index ellipsoid
vary from point to point within the cross section of the rod. The advantage of the
rectangular geometry is obtained at some cost: The focal lengths are shorter than
for the cylindrical rod, and cylindrical rather than spherical compensating optics
are needed. The idea of the zigzag path in a slab, which will be discussed next, is
to eliminate to a first-order focusing in a slab.

7.2.2 Slab Laser with Zigzag Optical Path

In the previous section we considered propagation straight through an infinite slab.
Due to the rectilinear pumping and cooling geometry of the lasing medium, ther-
mal gradients and thermally induced stresses are present only in the y-direction.
Therefore, for light polarized in either the x- or y-directions, stress-induced bi-
axial focusing and depolarization losses are eliminated. However, the slab still
behaves as a thin cylindrical lens with a focal length shorter by a factor of 2 rela-
tive to that of a rod.

The cylindrical focusing in the slab can be eliminated by choosing propaga-
tion along a zigzag optical path. In the zigzag geometry, the optical beam does
not travel parallel to the z-axis, as was the case for the straight-through optical
path. Instead the beam traverses the slab at an angle with respect to the x–z-plane
using total internal reflection from the slab y faces. This geometry is depicted in
Fig. 7.13.

The laser beam is introduced into the slab with suitable entrance/exit optics,
usually through surfaces at Brewster’s angle, as shown in Fig. 7.13(b). In order
to maintain total internal reflection for the desired path length the two opposing
faces have to be highly polished and have to be fabricated with a high degree
of parallelism. The same two optical faces are also employed for pumping and
cooling of the slab.
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FIGURE 7.13. Schematic of a zigzag laser with Brewster angle faces; (a) schematic and
(b) detail of Brewster angle entrance. The coordinate system is the same, as chosen in
Fig. 7.12.

In the ideal case, this geometry results in a one-dimensional temperature gradi-
ent perpendicular to the faces and a thermal stress parallel to the faces. Since the
thermal profile is symmetrical relative to the center plane of the slab, the thermal
stress averaged from one slab surface to the other is zero. Thus, for a beam travers-
ing from one slab surface to the other, the stress-optic distortion is compensated
for to a high degree. Also, since all parts of a beam wavefront pass through the
same temperature gradients in a surface-to-surface transit, no distortion results
from the variation of refractive index with temperature. Thus, in this geometry,
thermal distortion effects are fully compensated for within the host material in the
ideal case.

The advantage of this configuration is the combination of two ideas: the elim-
ination of stress induced birefringence by virtue of the rectangular geometry and
the elimination of thermal and stress-induced focusing by optical propagation
along a zigzag path.

A detailed model for calculating temperature and stress distributions in an in-
finitely long slab (plain strain approximation) has been described in [17]. Despite
the inherent advantages, at least on a conceptual level, of a zigzag slab to over-
come the thermal limitations of rod lasers, a number of practical engineering is-
sues have to be solved before the potential advantages of the zigzag slab laser over
the rod geometry can be realized. Distortions can only be eliminated in a slab of
infinite extent, which is uniformly pumped and cooled. In practice, the slab laser
approximates only an ideal infinite slab. For a slab of finite width and length,
pump- or cooling-induced gradients across the slab width (normal to the plane of
reflection), as well as end effects, give rise to distortions, and unavoidable tem-
perature nonuniformities. Residual thermal gradients and thermally induced strain
have in some cases resulted in beam qualities considerably below expectations.
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Earlier work on slab lasers concentrated on Nd : glass slabs pumped with flash-
lamps. A typical example of a flashlamp pumped zigzag Nd : glass slab laser is
shown in Fig. 6.26.

In recent years, design efforts have concentrated mainly on systems utilizing
Nd : YAG slabs. Flashlamp systems have been built in the multi-kilowatt regime,
and diode-pumped slab lasers range from small conductively cooled systems to
lasers with kilowatt output. Improvements in the growth technology of Nd : YAG
boules has made it possible to fabricate Nd : YAG slabs up to 20 cm in length
and 2.5 cm wide. The superior thermal properties of this crystal, compared to
glass, has led to dramatic performance improvements and also opened the door
for conductively cooled slabs in combination with diode pumping.

A large diode-pumped, liquid-cooled zigzag Nd : YAG slab laser is illustrated
in Fig. 6.34. A photograph and a drawing of a conductively cooled Nd : YAG
zigzag slab laser is shown in Fig. 6.33. The slab is designed for 13 bounces and
near normal incidence AR-coated input faces. This type of slab geometry allows
both S and P polarizations to be transmitted without loss. The slab dimensions are
138 mm × 9.5 mm × 8 mm. The side of the slab, mounted to the heat sink, was
coated with a high reflection coating at 808 nm to allow two passes of the pump
light through the slab.

7.2.3 Disk Amplifiers

Solid-state glass-disk amplifiers were considered very early in the development
of high-brightness pulsed laser systems in order to solve problems of cooling,
aperture size, gain uniformity, and pumping efficiency. In a disk laser amplifier
(see Fig. 6.42) pump radiation is distributed uniformly over the faces of the slab.
Pump-induced slab heating is uniform laterally, thus allowing transverse tempera-
ture gradients to be minimized. Such temperature gradients give rise to distortion
in the slab just as in the rod geometry. In contrast to the rod geometry, however,
the transverse gradients in the slab geometry arise only from spurious effects in
pumping and cooling, whereas in the rod geometry, transverse temperature gradi-
ents arise from the principal cooling mechanism.

The Brewster angle disk lasers have been primarily developed for very high
peak-power and relatively low average-power operation, with the slabs and
coolant all approaching thermal equilibrium in the interval between pulses. To
operate the Brewster angle slab laser at high average power requires adequate
cooling as, for example, with forced convection over the faces. In addition, since
the laser beam must pass through the coolant, the problem of thermal distortion
in the coolant must be dealt with. This operating mode requires that the slabs be
sufficiently thin so that the cooling time is several times less than the laser repeti-
tion period. Figure 7.14 shows a configuration of a gas-cooled disk module which
could potentially be developed for high average power operation, particularly if
the Nd : glass slabs are replaced with crystalline laser host materials.
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FIGURE 7.14. Concept of a gas-cooled disk amplifier module designed for high average
power operation [18].

7.3 End-Pumped Configurations

So far, we have discussed cylindrical rods and rectangular slab configurations
which are pumped from the side. As we have seen, analytical solutions generally
assume uniform heating in an infinitely long rod or slab structure. End effects are
treated separately as a distortion of the two-dimensional temperature distribution.

In contrast to transversally pumped systems, heat deposition in end-pumped
lasers is very inhomogeneous. The very localized heat deposition leads to highly
nonuniform and complex temperature and stress profiles. Besides the tempera-
ture and stress-dependent variations of the refractive index, the contribution of
end bulging to the formation of a thermal lens can be substantial in end-pumped
lasers. Inhomogeneous local heating and nonuniform temperature distribution in
the laser crystal lead to a degradation of the beam quality due to the highly aber-
rated nature of the thermal lens.

With the availability of high-power diode lasers, end-pumping, or longitudinal-
pumping, of laser crystals has become a very important technology. End-pumped
lasers are described in Chapters 3, 6, and 9. Here, we are concerned with the
thermal aspects of end-pumping.

The most common end-pumped configuration is a cylindrical rod mounted in a
temperature-controlled heat sink with its cylindrical surface maintained at a con-
stant temperature. The attraction of this arrangement is the relative simplicity of
its implementation, but owing to the predominantly radial heat flow, it has the
disadvantage of strong thermal lensing. Figure 7.15 shows the calculated temper-
ature distribution in a conductively cooled end-pumped laser rod. An end-pumped
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FIGURE 7.15. Temperature distribution in an end-pumped laser rod [19].

laser rod has a temperature profile across the pumped region which is a function
of the distribution of pump radiation. From the edge of the pumped region, the
temperature decays logarithmically to the cooled cylindrical surface of the rod.
Along the axis of the rod, the temperature profile will decay exponentially due to
the exponential absorption of pump radiation.

The large thermal gradients and associated stresses in an end-pumped laser are
illustrated in Figs. 7.16(a) and 7.17(a). Shown are the temperature and stress dis-
tributions calculated by finite-element analysis for an Nd : YAG crystal. In this
analysis, a 15 W pump beam from a diode array was assumed to be focused onto
an Nd : YAG rod of 4.75 mm radius. The pump beam, which enters the laser crys-
tal from the left along the z-axis in Figs. 7.16 and 7.17, has a Gaussian intensity
distribution and a spot-size radius of 0.5 mm in the x-direction. It was assumed
that 32% of the incident pump radiation is converted to heat. In the case consid-
ered here, the absorption length is much larger than the pump spot size. For the
1.3 at.%- doped rod an absorption coefficent of 4.5 cm−1 was assumed. Therefore,
90% of the pump radiation is absorbed in a 5 mm long path length.

Figure 7.16(a) illustrates the temperature distribution in one-half of the cross
section of the rod. The isotherms represent the temperature difference from the
heat sink surrounding the cylindrical surface of the rod. The temperature reaches
a maximum of 59.5 K at the center of the pumped surface. The temperature gra-
dients lead to thermal stress. The corresponding stresses in the Nd : YAG rod are
indicated in Fig. 7.17(a). Positive values of the isobars indicate tensile stresses,
and negative values show areas under compression. The core of the crystal is in
compression, while the outer regions are in tension. The highest stress occurs on
the face of the end-pumped rod, but in contrast to the temperature profile, not at
the center, but at the edge of the pump beam (about 2wp from the center). The
heat generated by the pump radiation causes an axial expansion of the rod, that
is, the front face begins to bulge as the crystal heats up. In the example above, the
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FIGURE 7.16. Modeled temperature profiles of an end-pumped Nd : YAG rod: (a) with
uniform doping and (b) with a 5 mm long undoped end cap. The maximum values and
their locations are indicated by arrows. The temperature difference beween two isotherms
is 4 K [20].

bending of the pumped surface resulted in a dioptic power of 1.4 m−1. The axial
expansion of the rod leads to the high tensile stress at the pump face, as indicated
in Fig. 7.17(a).

The above-mentioned example illustrates a number of characteristic features
of end-pumped systems. In order to maximize gain, and to match the TEM00
resonator mode, the pump beam is tightly focused, which leads to high-pump-
power irradiance incident on the end of the laser rod. As a result, the input face
is under a high thermal load. The thermal stress, which leads to strong thermal
lensing, is often high enough to cause fracture of the end face of the laser rod.

The thermal management of end-pumped lasers can be greatly improved by
the use of composite rods. Laser crystals, such as Nd : YAG, Nd : YVO4, and
Yb : YAG, have become available with sections of undoped host material on one
or both ends. These end caps are diffusion bonded to the doped laser crystal. Com-
posite rods are proven to provide a very effective way to reduce temperature and
stresses at the face of end-pumped lasers. This is illustrated in Figs. 7.16(b) and
7.17(b) that show the result of an analysis carried out for an Nd : YAG rod with a
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FIGURE 7.17. Distribution of the stresses (megapascals) generated by the temperature
gradients illustrated in Fig. 7.16 (a) for the uniformly doped crystal and (b) the rod with an
undoped end cap [20].

5 mm long undoped YAG section at the pumped front end. The other parameters
are the same as for the uniformly doped crystal. Because the undoped region is
transparent to the impinging pump radiation, there is no thermal load generated at
the rod pump face.

The diffusion bond provides uninhibited heat flow from the doped to the un-
doped region. A large temperature reduction of about 35% is achieved for the
composite rod, where a significant part of heat flow occurs into the undoped end
cap. The undoped end cap prevents the doped pump face from expanding along its
axis; therefore no surface deformation takes place at this interface. This leads to
strong compressive stresses (as shown in Fig. 7.17(b)) instead of tensile stresses,
as was the case for the unrestrained surface (Fig. 7.17(a)). Since the Nd : YAG
crystal, like most materials, is much stronger under compression than under ten-
sion, the undoped end cap increases the stress fracture limit and thereby the max-
imum thermal loading that can be tolerated by the end-pumped laser.

An important parameter for the design of the optical resonator is the amount
of thermal lensing caused by the temperature distribution in an end-pumped laser
crystal. In a first approximation, the thermally induced lens can be described by
considering only the temperature-dependent part of the refractive index. Also as-
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suming only radial heat flow in a rod that is in contact with a thermal heat sink
of fixed temperature, an analytical solution for the focal length of the thermal
lens was derived in [21]. A Gaussian pump beam incident on the crystal has been
assumed

I (r, z) = I0 exp(−2r2/w2
p) exp(−α0z), (7.52)

where α0 is the absorption coefficient and wp is the (1/e2) Gaussian radius of the
pump beam. With Ph the fraction of the pump power that results in heating, the
effective focal length for the entire rod can be expressed by

f = πKw2
p

Ph(dn/dT )

(
1

1 − exp(−α0l)

)
, (7.53)

where K is the thermal conductivity of the laser material and dn/dT is the change
of refractive index with temperature. From (7.53) it follows that the effective focal
length depends on the square of the pump-beam radius wp. Therefore, it is desir-
able to use the largest pump-beam radius consistent with resonator-mode match.

The dependence of thermal lensing on pump power is illustrated in Fig. 7.18.
An end-pumped Nd : YAG rod with a length of 20 mm and a radius of 4.8 mm was
pumped with a fiber-coupled laser-diode array. The output from the fiber bundle
was imaged onto the crystal surface into a pump spot with radius wp = 340µm.
Figure 7.18 displays the measured thermal lens and the calculated values accord-
ing to (7.53). In using this equation, we assume that 32% of the pump power
results in heating. The material parameters required for Nd : YAG are dn/dT =
7.3 × 10−6K−1, α0 = 4.1 cm−1, K = 0.13 W/cm K.

Equation (7.53) is an approximation for low and medium pump intensities. At
high pump levels, the contribution of end bulging to thermal lensing is substan-
tial and in Nd : YVO4 can be as high as the thermal index variations [23]. As

FIGURE 7.18. Thermal lensing in an end-pumped Nd : YAG laser. Measured values are
from [22].



276 7. Thermo-Optic Effects

discussed above, end bulging due to thermal deformation can be prevented by
diffusion bonding of an undoped end cap at the pump side of the laser. Another
approach to reduce bulging is the application of mechanical stress to the crystal
to compensate for thermally induced deformation. In this approach a thin crys-
tal is compressed between a sapphire window and a copper heat sink. Pump and
resonator beam enter through the sapphire window. At an applied pressure on the
order of 700 MPa a marked reduction of thermal lensing was observed [24].

Summary

In solid-state lasers only a small fraction of electrical input power is converted
to laser radiation; the remainder of the input power is converted to heat. Solid
state lasers require cooling of the pump source, active medium, and in case of
flash lamp pumping, cooling of the pump enclosure. In this chapter we are con-
cerned with the thermally induced effects caused by internal heating and removal
of waste heat from the active medium. Heating of the laser medium is caused by
nonradiative transitions within the active ions and by absorption of pump radiation
by the host material. The amount of heat generated in a Nd : YAG crystal is about
equal to the laser output power for laser diode pumping; in flash lamp pumped
systems the heat generated is about three times as high as the laser output.

The combination of volumetric heating of the laser medium by the absorbed
pump radiation and surface cooling required for heat extraction leads to a nonuni-
form temperature distribution. The thermal gradients cause optical distortions that
can severely degrade the optical quality of the laser beam and eventually limit
the laser output power, either because of an unacceptable poor beam pattern or
because of thermal stress-induced breakage of the laser material. The optical dis-
tortions are due to temperature and stress-dependent variations of the refractive
index.

In long cylindrical laser rods that are transversely pumped by arc lamps or
diode lasers, the rods develop a quadratic radial temperature, refractive index and
thermal strain profile. This leads to thermal focusing of the laser rod, and in case
of Nd : YAG, where the strain is different in radial and tangential directions, gives
rise through the photoelastic effect, to thermally induced birefringence and stress-
induced biaxial focusing.

The two-dimensional radial stress profile inherent in cylindrical geometrics is
reduced to a one-dimensional plane stress distribution in a thin rectangular slab
cooled only at the two opposing large faces. For incident radiation polarized along
the major axis of the slab the stress-induced birefringence is zero. Cylindrical fo-
cusing in a slab can be eliminated by choosing a propagation direction along a
zigzag path, which averages the distortions caused by the one-dimensional ther-
mal gradient.

In end-pumped lasers a short cylindrical or rectangular laser crystal is mounted
in a heat sink. Heat deposition in end-pumped lasers is very inhomogeneous. The
very localized heat deposition leads to highly nonuniform and complex temper-
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ature and stress profiles, depending on whether cooling is through the lateral or
front surface of the crystal. Also in end-pumped configurations the pumped front
surface tends to bend owing to the locally varying expansion of the material.

In disk-type geometries the pump and laser radiation propagate in the same
direction just as in end-pumped systems. However, heat extraction is also in the
longitudinal direction. The idea behind the design of disk-shaped lasers is a re-
duction or elimination of thermally induced index of refraction gradients across
the beam. Thermal gradients are predominantly in the direction of beam propaga-
tion. In very thin disks, such as utilized in Yb : YAG lasers, heat is extracted from
the back side, whereas the pump and laser beam enter the disk through the front
face. Very large disks employed in Nd : glass lasers are air or gas cooled on both
sides.
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Exercises

1. Evaluate (7.34) for Nd : YAG and, ignoring end effects, find the material con-
stant that determines the thermal lensing-induced focal length of a laser rod
made of this material that is uniformly pumped.

2. Is the assumption of uniform pumping in the previous problem strictly valid?
If you think it is, explain in words and sketches why this is so. If you think it
is not, explain in words and sketches why it is not so.

3. If an Nd : YAG laser rod with flat and parallel faces is placed centered between
two flat resonator mirrors spaced by 1 m, is the resonator stable or unstable?
When the pump lamp (assume an ideal elliptical pump cavity and an ideal
cw discharge lamp) power reaches the threshold value for oscillation that you
would calculate using the formalism of Chapter 3, you find that lasing does
not begin. Instead, you have to pump harder. At what pump power would you
exptect it to start lasing and why?

4. When the laser in Problem 3 is lasing you try to get more output by pumping
still harder. You do up to a point and then the lasing stops. At what pump power
would you expect the lasing to stop and why?
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A mode of laser operation extensively employed for the generation of high pulse
power is known as Q-switching. It has been so designated because the optical Q
of the resonant cavity is altered when this technique is used. As was discussed in
Chapter 3, the quality factor Q is defined as the ratio of the energy stored in the
cavity to the energy loss per cycle. Consequently, the higher the quality factor, the
lower the losses.

In the technique of Q-switching, energy is stored in the amplifying medium
by optical pumping while the cavity Q is lowered to prevent the onset of laser
emission. Although the energy stored and the gain in the active medium are high,
the cavity losses are also high, lasing action is prohibited, and the population in-
version reaches a level far above the threshold for normal lasing action. The time
for which the energy may be stored is on the order of τf, the lifetime of the upper
level of the laser transition. When a high cavity Q is restored, the stored energy is
suddenly released in the form of a very short pulse of light. Because of the high
gain created by the stored energy in the active material, the excess excitation is
discharged in an extremely short time. The peak power of the resulting pulse ex-
ceeds that obtainable from an ordinary long pulse by several orders of magnitude.

Figure 8.1 shows a typical time sequence of the generation of a Q-switched
pulse. Lasing action is disabled in the cavity by a low Q of the cavity. Toward
the end of the flashlamp pulse, when the inversion has reached its peak value, the
Q of the resonator is switched to some high value. At this point a photon flux
starts to build up in the cavity, and a Q-switch pulse is emitted. As illustrated in

279
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FIGURE 8.1. Development of a Q-switched laser pulse. Shown is the flashlamp output,
resonator loss, population inversion, and photon flux as a function of time.

Fig. 8.1, the emission of the Q-switched laser pulse does not occur until after an
appreciable delay, during which time the radiation density builds up exponentially
from noise.

8.1 Q-Switch Theory

A number of important features of a Q-switched pulse, such as energy content,
peak power, pulsewidth, rise and fall times, and pulse formation time, can be
obtained from the rate equations discussed in Chapter 1. In all cases of interest
the Q-switched pulse duration is so short that we can neglect both spontaneous
emission and optical pumping in writing the rate equations.

From (1.61, 1.58), it follows that

∂φ

∂t
= φ

(
cσn

l

L
− ε

tr

)
(8.1)

and
∂n

∂t
= −γ nφσc. (8.2)
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In (8.1) we expressed the photon lifetime τc by the round-trip time tr and the
fractional loss ε per round trip according to (3.8). Also, a distinction is made
between the length of the active material l and the length of the resonator L .
Q-switching is accomplished by making ε an explicit function of time (e.g., ro-
tating mirror or Pockels cell Q-switch) or a function of the photon density (e.g.,
saturable absorber Q-switch). The losses in a cavity can be represented by

ε = −lnR + δ + ζ(t), (8.3)

where the first term represents the output coupling losses determined by the mirror
reflectivity R, the second term contains all the incidental losses such as scattering,
diffraction, and absorption, and ζ(t) represents the cavity loss introduced by the
Q-switch. For a particular explicit form of ζ(t, φ), the coupled rate equations can
be solved numerically with the boundary condition ζ(t < 0) = ζmax; ζ(t ≥
0) = 0. In many instances Q-switches are so fast that no significant change of
population inversion takes place during the switching process; in these cases ζ
can be approximated by a step function.

In the ideal case, where the transition from low Q to high Q is made instan-
taneously, the solution to the rate equations is particularly simple. In this case
we assume that at t = 0 the laser has an initial population inversion ni, and the
radiation in the cavity has some small but finite photon density φi. Initially, the
photon density is low while the laser is being pumped and the cavity losses are
εmax = − ln R + δ + ζmax as illustrated in Fig. 8.1. The losses are suddenly re-
duced to εmin = − ln R + L . The photon density rises from φi, reaches a peak
φmax many orders of magnitude higher than φi, and then declines to zero. The
population inversion is a monotone decreasing function of time starting at the ini-
tial inversion ni and ending at the final inversion nf. We note that the value for nf
is below the threshold inversion nt for normal lasing operation. At nt the photon
flux is maximum and the rate of change of the inversion dn/dt is still large and
negative, so that n falls below the threshold value nt and finally reaches the value
nf. If ni is not too far above nt, that is, initial gain is close to threshold, then the
final inversion nf is about the same amount below threshold as ni is above and
the output pulse is symmetric. On the other hand, if the active material is pumped
considerably above threshold, the gain drops quickly in a few cavity transit times
tr to where it equalizes the losses. After the maximum peak power is reached at
nt, there are enough photons left inside the laser cavity to erase the remaining
population excess and drive it quickly to zero. In this case the major portion of
the decay proceeds with a characteristic time constant τc, which is the cavity time
constant.

The equations describing the operation of rapidly Q-switched lasers involves
the simultaneous solution of two coupled differential equations for the time rate
of change of the internal photon density in the resonator, (8.1), and the population
inversion density in the active medium, (8.2). We can express the output energy
of the Q-switched laser as follows [1]:
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Eout = hνA

2σγ
ln

(
1

R

)
ln

(
ni

nf

)
, (8.4)

where hν is the laser photon energy and A is the effective beam cross sectional
area. The initial and final population inversion densities, ni and nf, are related by
the transcendental equation

ni − nf = nt ln

(
ni

nf

)
, (8.5)

where nt is the population inversion density at threshold, that is,

nt = 1

2σ�

(
ln

1

R
+ δ

)
. (8.6)

The pulse width of the Q-switch pulse can also be expressed as a function of the
inversion levels, ni, nf, nt,

�tp = τc
ni − nf

ni − nt[1 + ln(ni/nt)] . (8.7)

The equations for pulse energy, pulse width, and therefore peak power, are ex-
pressed in terms of the initial and final population inversion densities which de-
pend not only on the particular choice of output coupler, but which are also related
via a transcendental equation.

An analytical solution has been reported in [2], which reveals that key parame-
ters such as optimum reflectivity, output energy, extraction efficiency, pulse width,
peak power, etcetera, can all be expressed as a function of a single dimensionless
variable z = 2g0�/δ, where 2g0� is the logarithmic small-signal gain and δ is the
round-trip loss.

It is interesting to note that in Chapter 3 we derived expressions for Topt, Popt,
and ηE for normal mode operation of the oscillator which were also functions
of the parameter z. We will summarize the results of [2] because the equations
presented in this work are particularly useful to the laser designer. The following
expression for the optimum reflectivity was derived

Ropt = exp

[
−δ

(
z − 1 − ln z

ln z

)]
. (8.8)

For values of Ropt close to one, this expression simplifies to

Topt = δ

(
z − 1

lnz − 1

)
. (8.9)

This equation has a similar functional form as (3.70), which was derived for the
long pulse operation. In both cases the optimum transmission increases for larger
values of z and δ.
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The energy output for an optimized system is

Eout = Esc(z − 1 − ln z), (8.10)

where Esc is a scale factor with the dimension of energy which contains a number
of constants

Esc = Ahνδ/2σγ,

where A is the beam cross section, hν is the photon energy, σ is the stimulated
emission cross section, δ is the round-trip loss, and γ is one for a four-level laser.
The FWHM pulse width versus z is obtained from

tp = tr
δ

(
ln z

z[1 − a(1 − ln a)]
)
, (8.11)

where tr is the cavity round-trip time and a = (z − 1)/(z ln z).
In the limit of large z, the output energy approaches the total useful stored

energy in the gain medium

Est = Ahνδ

2σγ
z = V hνni

γ
. (8.12)

With (8.10), (8.12) one can define an energy extraction efficiency

ηE = 1 −
(

1 + ln z

z

)
(8.13)

which is plotted in Fig. 8.2. As one would expect, a high gain-to-loss ratio leads
to a high Q-switch extraction efficiency. For a ratio of logarithmic gain to loss of

FIGURE 8.2. Q-switch extraction efficiency as a function of z.
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about 10, an extraction efficiency of 70% is achieved. For higher factors of z, the
extraction efficiency increases only very slowly.

The reader is reminded that the shape of the curve for ηE is similar to the results
obtained for the free-running laser discussed in Chapter 3, see Fig. 3.7, which
also depends only on the ratio of 2g0�/δ. It is also important to remember that
besides the Q-switch extraction efficiency expressed by (8.13), the total energy
extraction from a Q-switched laser also depends on the fluorescence losses and
ASE depopulation losses prior to opening of the Q-switch. The overall efficiency
of the Q-switch process was defined in Section 3.4.1 as the product of the Q-
switch extraction efficiency, storage efficiency, and depopulation efficiency.

Laser-design trade-offs and performance projections and system optimization
can be accomplished quickly with the help of (8.8)–(8.13). For example, we
consider the design parameters for a Q-switched Nd : YAG laser with a desired
multimode output of 100 mJ. The laser crystal has a diameter of 5 mm and the
laser resonator is 30 cm long. Assuming a 5% round-trip cavity loss (δ = 0.05),
and with hν = 1.86 × 10−19 J and σ = 2.8 × 10−19, cm2 we calculate Esc =
3.2 × 10−3 J. This requires a ratio of Eout/Esc = 31 in order to achieve the de-
sired output energy. From (8.10), one therefore obtains a value 2g0�/δ = 35, or a
single-pass power gain of the rod of G = exp(g0�) = 2.4. Extraction efficiency
follows from (8.12) to be around 87% for z = 35 and the optimum output coupler
has a reflectivity of R = 0.65 according to (8.9). Since the cavity transit round-trip
time for the given resonator length is about 2 ns, the expected pulse width from
the laser is tp = 11 ns according to (8.11). The peak power of the Q-switch pulse
follows from the parameters already calculated and is Pp = Eout/tp = 9 MW.

8.1.1 Continuously Pumped, Repetitively
Q-Switched Systems

A very important class of laser systems, employed extensively in micromachining
applications, is the cw-pumped, repetitively Q-switched Nd : YAG laser. In these
laser systems the population inversion undergoes a cyclic variation, as shown in
Fig. 8.3. Between Q-switches the population inversion rises from a value nf to a
value ni. The buildup of the inversion under the influence of a continuous pumping
rate and spontaneous decay is described as a function of time by

n(t) = n∞ − (n∞ − nf) exp

(
− t

τf

)
, (8.14)

where n∞ is the asymptotic value of the population inversion which is approached
as t becomes large compared to the spontaneous decay time τf. The value n∞,
which depends on the pump input power, is reached only at repetition rates small
compared to 1/τf. For repetition rates larger than 1/τf, the curves representing
the buildup of the population are shorter segments of the same exponential curve
followed for the lower repetition rates.
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FIGURE 8.3. Population inversion versus time in a continuously pumped Q-switched laser.
Shown is the inversion for two different repetition rates. At repetition rates less than 1/τf,
the inversion approaches the asymptotic value n∞.

During the emission of a Q-switch pulse, the inversion changes from ni to nf.
Figure 8.4 shows the development of the Q-switched pulse on an expanded time
scale. At t = 0 the cavity Q factor starts to increase until it reaches its maximum
value Qmax at t = t1. Pulse formation ensues until the full pulse output is achieved
at t = t2. Stimulated emission ceases at t = t3; at this time continued pumping
causes the inversion to start to increase. At the point where the inversion begins
to increase, t = t3, the cavity Q begins to decrease, reaching its minimum value
at t = t4. During the time period t3–t5, the inversion is allowed to build up to its
initial value ni.

The theory of Q-switch operation [1], summarized at the beginning of this chap-
ter for the case of single Q-switched pulses, can also be applied to the case of
repetitive Q-switches, with some modifications that take into account the effects
of continuous pumping. Equations (8.1), (8.2) are applicable, however we will set
γ = 1 and n = n2 because all repetitively Q-switched lasers of practical use are

FIGURE 8.4. Development of a Q-switched pulse in a cw-pumped system [3].
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four-level systems. The inversion levels nf and ni are connected by (8.7). During
the low-Q portion of the cycle, the inversion n2 is described by the differential
equation

dn2

dt
= Wp(ntot − n2)− n2

τf
. (8.15)

With the assumption that n2 	 ntot and with

n∞ = Wpτfntot (8.16)

we obtain (8.14) as a solution. For repetitive Q-switching at a repetition rate f ,
the maximum time available for the inversion to build up between pulses is 1/ f .
Therefore,

ni = n∞ − (n∞ − nf) exp

(
− 1

τf f

)
(8.17)

in order for the inversion to return to its original value after each Q-switch cycle.
During each cycle a total energy (ni − nf) enters the coherent electromagnetic

field. Of this a fraction, T/(T + δ), appears as laser output. Therefore, the Q-
switched average power Pav at a repetition rate f is given by

Pav = T f

T + δ
(ni − nf)hνV . (8.18)

The peak power Pp of the Q-switched pulses is obtained from (8.6). The effective
pulse width tp can be calculated from the peak and average powers according to
tp = Pav/Pp f . It is convenient to calculate the ratios Pp/Pcw and Pav/Pcw, where
Pp is the Q-switched peak power and Pcw is the cw power from the laser at the
same pumping level. For cw operation the time derivatives in (8.1) and (8.2) are
zero, and we have

Pcw = T

T + δ

(
n∞ − nt

τf

)
hνV . (8.19)

Because of the transcendental functions expressed by (8.6), (8.7), and (8.17), the
ratios Pp/Pcw and Pav/Pcw cannot be expressed in closed form. The result of
numerical calculations is shown in Figs. 8.5 and 8.6.

In Fig. 8.5 the ratio of Q-switched peak power output to the maximum cw
output is plotted versus repetition rate for an Nd : YAG laser. For repetition rates
below approximately 800 Hz (τf f ≈ 0.20) the peak power is independent of the
repetition rate. At these low repetition rates there is sufficient time between pulses
for the inversion to reach the maximum value n∞. In the transition region between
0.8 and 3 kHz, peak power starts to decrease as the repetition rate is increased.
Above 3 kHz, the peak power decreases very rapidly for higher repetition rates.

Figure 8.6 shows the ratio of Q-switched average power to cw power as a
function of repetition rate. Above a repetition rate of approximately 10 kHz, the
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FIGURE 8.5. Ratio of peak power to cw power as a function of the repetition rate for a typ-
ical cw-pumped Nd : YAG laser. The parameter n∞/nt expresses the fractional inversion
above threshold [4].

FIGURE 8.6. Ratio of Q-switched average power to maximum cw power as a function of
normalized repetition rate f [4].
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FIGURE 8.7. Performance of a cw-pumped Nd : YAG laser system. Plotted is the peak
power, average power, pulse buildup time, and pulse width as a function of repetition rate.

Q-switch average power approaches the cw power. At low repetition rates the
average power is proportional to the repetition rate. In Fig. 8.7 the experimen-
tally determined peak power, average power pulse width, and pulse buildup time
is plotted as a function of repetition rate for an Nd : YAG laser. In accordance
with theory, for higher repetition rates the pulse width and the pulse buildup time
increase as a result of the reduction of gain.

In the following sections we will describe and compare different Q-switch tech-
niques.

8.2 Mechanical Devices

Q-switches have been designed based upon rotational, oscillatory, or translational
motion of optical components. These techniques have in common that they inhibit
laser action during the pump cycle by either blocking the light path, causing a
mirror misalignment, or reducing the reflectivity of one of the resonator mirrors.
Near the end of the flashlamp pulse, when maximum energy has been stored in
the laser rod, a high Q-condition is established and a Q-switch pulse is emitted
from the laser.

Mechanical Q-switches are relatively slow and tend to emit multiple pulses;
also, the mechanical wear requires frequent maintenance. Owing to these disad-
vantages mechanical Q-switches have been replaced by electro-optic or acousto-
optic devices.
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8.3 Electro-Optical Q-Switches

Very fast electronically controlled optical shutters can be designed by exploiting
the electro-optic effect in crystals or liquids. The key element in such a shutter
is an electro-optic element that becomes birefringent under the influence of an
external field. Birefringence in a medium is characterized by two orthogonal di-
rections, called the “fast” and “slow” axes, which have different indices of refrac-
tion. An optical beam, initially plane-polarized at 45◦ to these axes and directed
normal to their plane, will split into two orthogonal components, traveling along
the same path but at different velocities. Hence, the electro-optic effect causes a
phase difference between the two beams. After traversing the medium, the combi-
nation of the two components results, depending on the voltage applied, in either
an elliptical, circular, or linearly polarized beam. For Q-switch operation only
two particular voltages leading to a quarter-wave and half-wave retardation are of
interest. In the first case, the incident linearly polarized light is circular polarized
after passing the cell, and in the second case the output beam is linearly polarized;
however, the plane of polarization has been rotated 90◦.

The two most common arrangements for Q-switching are shown in Fig. 8.8. In
Fig. 8.8(a) the electro-optic cell is located between a polarizer and the rear mirror.

FIGURE 8.8. Electro-optic Q-switch operated at (a) quarter-wave and (b) half-wave retar-
dation voltage.
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The inclusion of the polarizer is not essential if the laser radiation is polarized,
such as, for example, in Nd : YLF. The sequence of operation is as follows: During
the flashlamp pulse, a voltage V1/4 is applied to the electro-optic cell such that the
linearly polarized light passed through the polarizer is circularly polarized. After
being reflected at the mirror, the radiation again passes through the electro-optic
cell and undergoes another λ/4 retardation, becoming linearly polarized but at
90◦ to its original direction. This radiation is ejected from the laser cavity by the
polarizer, thus preventing optical feedback. Toward the end of the flashlamp pulse
the voltage on the cell is switched off, permitting the polarizer–cell combination
to pass a linearly polarized beam without loss. Oscillation within the cavity will
build up, and after a short delay a Q-switch pulse will be emitted from the cavity.

In the arrangement of Fig. 8.8(b) an electric voltage must first be applied to
the cell to transmit the beam. In this so-called pulse-on Q-switch, the cell is lo-
cated between two crossed polarizers. As before, polarizer P1, located between
the laser rod and the cell, is not required if the active medium emits a polarized
beam. During the flashlamp pulse, with no voltage applied to the cell, the cavity
Q is at a minimum due to the crossed polarizers. At the end of the pump pulse
a voltage V1/2 is applied to the cell, which causes a 90◦ rotation of the incoming
beam. The light is therefore transmitted by the second polarizer P2. Upon reflec-
tion at the mirror the light passes again through polarizer P2 and the cell, where
it experiences another 90◦ rotation. Light traveling toward the polarizer P1 has
experienced a 180◦ rotation and is therefore transmitted through P1.

Two types of electro-optic effects have been utilized in laser Q-switches: the
Pockels effect, which occurs in crystals that lack a center of point symmetry, and
the Kerr effect, which occurs in certain liquids. Pockels cells, which require a
factor of 5 to 10 lower voltage than Kerr cells, are the most widely used active
devices for Q-switching pulsed lasers.

Pockels Cell Q-Switch

The Pockels cell contains an electro-optic crystal in which a refractive index
change is produced by an externally applied electric field. Crystals are classified
into 32-point groups according to their structure. Only 20-point groups, namely
those that lack a center on symmetry, exhibit a nonvanishing electro-optic effect.
The index change produced by an externally applied field is described in each
case by a 6 × 3 matrix of electro-optic coefficients. The number of coefficients is
greatly reduced by the structural characteristics of crystals. The most commonly
used electro-optic materials have only a few distinct coefficients. The location of
a coefficient in the matrix array interrelates the crystal orientation, the applied
field direction, and the polarization and direction of the optical beam. The magni-
tude of each coefficient determines the strength of the electro-optic effect for each
geometry.

The basic requirements for a crystal to be useful as an electro-optic Q-switch
are: a good optical quality combined with a high laser damage threshold and a
large electro-optic coefficient for light propagating parallel to the optic axis. The
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latter requirement is important because the two-phase-shifted orthogonal compo-
nents of the beam travel along the same path only if the direction of the light
beam is either parallel or normal to the optical axis of the crystal. For other di-
rections the fast and slow axes of the beam include a small angle. Two crystals
that meet these criteria and are widely employed in electro-optical Q-switches are
potassium dihydrogen phosphate (KDP) and lithium niobate (LiNbO3).

KDP (KH2POH) and its isomorph KD∗P (KD2POH) are grown at room tem-
perature from a water solution that yields large distortion-free single crystals. The
attributes of this family of crystals are their high damage threshold and excel-
lent optical quality combined with a large electro-optic coefficient. Crystals with
cross sections up to 100 mm have been produced. A disadvantage is the fact that
the crystals are fairly soft and hygroscopic and must be protected from the envi-
ronment by enclosing them in cells that are hermetically sealed or filled with an
index matching fluid. In order to avoid walk-off between the fast and slow beam
axes, the electric field has to be applied longitudinally in the same direction as
the beam propagation axis and the optical axis of the crystal. The electric field is
applied to the crystal by means of a pair of electrodes that contain openings for
passage of the laser beam.

Lithium niobate is grown from the melt; it is hard and nonhygroscopic. The
crystals can be antireflection coated and do not need a special protection from
the environment. Also, the quarter and half-wave voltages are about a factor of 2
lower compared to KD∗P. In LiNbO3, the electric field is applied perpendicularly
to the beam propagation and optical axis of the crystal. As we will see, this has
the advantage of reducing the required voltage by the width to length ratio of the
crystal. A drawback of LiNbO3 is that the crystal is only available in relatively
small sizes, with cross sections of about 10 mm, and the laser damage threshold
is considerably below that of KD∗P.

KDP and KD∗P

Potassium dihydrogen phosphate (KH2PO4) or KDP and the deuterated form,
which is (KD2PO4) or KD∗P, are widely used crystals for Pockels cell Q-switches.
The latter is usually preferred because of its larger electro-optic coefficient. The
dependence of the index of refraction on the electric field can be described in
terms of a change in orientation and dimensions of the index ellipsoid. The crys-
tals are uniaxial, that is, in the absence of an electric field the index ellipsoid is
an ellipse of revolution about the optic (z) axis. As indicated in Fig. 8.9 the in-
dex ellipsoid projects as a circle on a plane perpendicular to the optic axis. The
circle indicates that the crystal is not birefringent in the direction of the optic axis.
When an electric field is applied parallel to the crystal optic axis, the cross section
of the ellipsoid becomes an ellipse with axes x ′ and y ′, making a 45◦ angle with
the x and y crystallographic axes. This angle is independent of the magnitude of
the electric field. The length of the ellipse axes in the x ′- and y ′-directions are
proportional to the reciprocals of the indices of refraction in these two directions.

We will now express the phase shift between the orthogonal components corre-
sponding to a wave polarized in the x ′- and y ′-directions. Changes of the refractive
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FIGURE 8.9. Change of the index ellipsoid in a KDP crystal when an electric field is
applied parallel to the z-axis, I0 is an incident wave polarized in the x-direction, x and y
are the crystallographic axes, and x ′ and y′ are the electrically induced axes.

index �n are related by the electro-optic tensor ri j of rank 3 to the applied field

�

(
1

n2
i

)
=

3∑
j=1

ri j E j , (8.20)

where i = 1, . . . , 6 and j = 1, . . . , 3.
Generally there exist 18 linear electro-optic coefficients ri j . However, in crys-

tals of high symmetry, many of these vanish. For phosphates of the KDP family,
r63 is the only independent electro-optic coefficient that describes the changes in
the ellipsoid when a longitudinal field is applied to the crystal. The change of
refractive index in the x ′- and y ′-directions is

nx ′ = n0 + 1
2 n3

0r63 Ez, ny′ = n0 − 1
2 n3

0r63 Ez, (8.21)

where n0 is the ordinary index of refraction and Ez is the electric field in the
z-direction. The difference in the index of refraction for the two orthogonal com-
ponents is then

�n0 = n3
0r63 Ez . (8.22)

For a crystal of length l, this leads to a path-length difference �n0l and a phase
difference of �ϕ = (2π/λ)�n0l.

The phase difference δ in a crystal of length l is related to the voltage Vz = Ezl
applied across the faces by

�ϕ = 2π

λ
n3

0r63Vz . (8.23)

It should be noted that δ is a linear function of voltage and is independent of the
crystal dimensions. If linearly polarized light is propagated through the crystal
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with the direction of polarization parallel to the x- or y-axis, as shown in Fig. 8.9,
the components of this vector parallel to the electrically induced axes x ′ and y ′
will suffer a relative phase shift δ. In general, orthogonal components undergoing
a relative phase shift produce elliptically polarized waves. Thus, the application of
voltage in this configuration changes linearly polarized light to elliptically polar-
ized light. If the light then passes through a polarizer, the resulting light intensity
will be a function of the ellipticity and therefore the voltage applied to the crystal.
A simple derivation shows that, with the analyzer axis oriented at right angles to
the input polarization direction, the voltage and the transmitted light intensity I
are related by [5]

I = I0 sin2 �ϕ

2
, (8.24)

where I0 is the input light intensity.
For Q-switch operation, two particular values of phase shift are of interest:

these are the λ/4 and λ/2 wave retardations that correspond to a phase shift
of π/2 and π . With linearly polarized light being applied, for example, in the
x-direction, as shown in Fig. 8.9, the output from the crystal is circularly polar-
ized if �ϕ = π/2. For �ϕ = π the output beam is linearly polarized, but the
plane of polarization has been rotated 90◦.

From (8.23) it follows that the voltage required to produce a retardation of π is

V1/2 = λ

2n3
0r63

. (8.25)

KD∗P has an index of refraction of n = 1.51 and an electro-optic constant r63 =
26.4 × 10−6 µm/V. With these values we calculate a voltage of Vλ/2 = 5.8 kV at
1.06µm in order to produce a half-wave retardation.

LiNbO3

The crystal lithium niobate is employed in transverse field electro-optic Q-
switches. In an arrangement as shown in Fig. 8.10 light propagates along the
c-axis of the crystal. If the light is polarized parallel to the a-axis and an electric
field is applied parallel to the a axis, the half-wave retardation is

V1/2 = λd

2r22n3
0l
, (8.26)

where l is the length of the crystal in the c-direction, d is the distance between the
electrodes along the a-axis, and r22 is the electro-optic coefficient.

The half-wave voltage is directly proportional to the distance between the elec-
trodes and inversely proportional to the path length. At a wavelength of λ = 1.064
µm, the linear electro-optic coefficient is r22 = 5.61×10−6 µm/V and the refrac-
tive index of the ordinary ray is n0 = 2.237 in LiNbO3. The theoretical half-wave
voltage obtained from (8.26) for a typical crystal size of 9 mm × 9 mm × 25 mm
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FIGURE 8.10. Electro-optic Q-switch employing an LiNbO3 crystal.

is 3.0 kV. The high refractive index of LiNbO3 and the geometrical factor d/� are
responsible for the lower voltage requirements of LiNbO3 as compared to KD∗P.

Examples of Pockels Cell Q-Switched Lasers

Output energies between 100 and 250 mJ are obtained from Nd : YAG oscillators.
The energy extraction is limited by the high gain of this material, which leads to
prelasing and subsequently to a depopulation of the inversion. The width of the
Q-switched pulses is usually between 10 and 25 ns, and the pulse buildup time is
between 50 and 100 ns in typical systems.

For typical KD∗P Pockels cell Q-switches the maximum power density is
around 250 MW/cm2 and for LiNbO3 Q-switches about 50 MW/cm2. Switching
a Pockels cell to obtain a quarter-wave retardation has the advantage that it re-
quires only half the voltage of a half-wave retardation device. But the voltage
has to be applied to the crystal for the duration of the pump pulse (i.e., about
240µs for Nd : YAG). In the case of a half-wave retardation, the voltage is only
applied to the crystal during the pulse build-up time at the end of the pump cycle
(typically about 100 ns). As far as the electronics is concerned, for λ/4, switching
a fast turn-off of the high voltage is critical and, for λ/2, switching a fast rise-time
of the high voltage pulse is important to minimize resonator losses.

Operation of an electro-optically Q-switched laser requires fast switching of
voltages in the multi-kilovolt regime. The driver for the Pockels cell must be a
high-speed, high-voltage switch that also must deliver a sizeable current. The cell
has a few tens of picofarads capacitance which is charged (or discharged) to sev-
eral kilovolts in a few nanoseconds. The resulting current is of the order of 10 to
20 A. Common switching techniques include the use of MOSFET’s, SCR’s, and
avalanche transistors.

A typical circuit is based on a Marx bank, in which a number of capacitors
are charged in parallel and then connected in series by means of semiconduc-
tor switches. The advantage of the Marx bank circuit is the fact that the voltage



8.4. Acousto-Optic Q-Switches 295

FIGURE 8.11. Circuit diagram of Pockels cell drive electronics employing avalanche tran-
sistors.

requirement of the power supply is only a fraction of the voltage generated at
the crystal. Figure 8.11 illustrates such a design. The capacitors C1 to Cn are all
charged through resistors R1 and Rn to about 1 kV. A string of transistors is con-
nected in parallel to each capacitor and associated diode D. The transistors are
operated close to their avalanche breakdown voltage. As soon as one transistor
is triggered, all the transistors are switched on, which connects all capacitors in
series and a large negative voltage appears on the Pockels cell. Typically four
to six strings of avalanche transistors are employed to generate voltages in the
(2.5–6) kV range starting with 0.8 to 1 kV at the power supply.

8.4 Acousto-Optic Q-Switches

In acousto-optic Q-switches, an ultrasonic wave is launched into a block of trans-
parent optical material, usually fused silica. By switching on the acoustic field,
a fraction of the energy of the main beam is diffracted out of the resonator, thus
introducing a loss mechanism that prevents laser action. When the acoustic field
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is switched off, full transmission through the Q-switch cell is restored and a laser
pulse is created.

The acousto-optic Q-switch is the device of choice for repetitively Q-switching
cw lasers. The low gain characteristics of cw-pumped solid-state lasers do not
require very high extinction ratios but do demand an exceptionally low insertion
loss. Since high optical-quality fused silica with antireflection coatings can be
used as the active medium in the acousto-optical Q-switch, the overall insertion
loss of the inactive Q-switch can be reduced to less than 0.5% per pass. The low-
insertion loss of the acousto-optic Q-switch offers the convenience of converting
from Q-switched to cw operation simply by removing the rf drive power.

An acousto-optic Q-switch is activated by the application of rf power to a trans-
ducer that is attached to the transparent medium. The resulting acoustic wave
gives rise to a sinusoidal modulation of the density of the medium. The index
to refraction is coupled to these periodic variations of the density and strain via
the photoelastic effect. Considering only the one-dimensional case for an acoustic
wave traveling in the y-direction, we can write

n(y, t) = n0 +�n0 sin(wst − ks y), (8.27)

where n0 is the average refractive index of the medium, �n0 is the amplitude of
the index change, and ws = 2πνs and ks = 2π/λs are the angular frequency and
the wave vector of the sound wave which travels with the sound velocity vs = νsλs
through the medium.

The refractive index change described by (8.27) forms a traveling-wave phase
grating across the width of the optical beam. The grating has a period equal to
the acoustic wave length and an amplitude proportional to the sound amplitude.
A portion of the optical beam which passes through the region occupied by the
acoustic wave is diffracted by this phase grating. Acousto-optic Q-switches are
operated at ultrasonic frequencies in the tens of megahertz, and the beam interac-
tion length is on the order of several centimeters. In this so-called Bragg regime,
the grating acts as thick phase grating. The diffracted beam is primarily confined
to a single direction and has a maximum at the Bragg angle. The condition for
Bragg scattering to occur is lλ � λ2

s , where l is the interaction length and λ and
λs are the optical and acoustical wavelengths in the medium, respectively.

In the case of a short interaction length or long acoustical wavelength the
acousto-optic cell becomes a thin phase grating and the light beam is diffracted
into many orders. This is the regime of Raman–Nath scattering. Because of
the higher rf power requirements acousto-optic Q-switches are not used in this
regime.

Figure 8.12 displays the geometry for Bragg reflection. The incident beam ap-
pears to be reflected from the acoustic wavefronts as if they were mirrors. This
phenomenon is called acoustic Bragg reflection in analogy to the selective reflec-
tion of X-rays by the lattice of crystals first observed by Bragg. Conservation of
energy and momentum of the photon–phonon interaction leads to the condition

sin� = λ/2λs, (8.28)
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FIGURE 8.12. Geometry for Bragg reflection.

where � is the angle of incidence between the optical beam and the acoustic
wave, and λ = λ0/n0 is the optical wavelength in the diffracting medium. We can
derive the Bragg condition (8.28) with the aid of Fig. 8.13 if we assume for the
moment that there is no motion of the sound wave. Rays A and B are reflected by
two successive acoustic wavefronts. The rays differ in pathlength by the distance
2s. In order for the rays to be in phase and reinforce we require 2s = λ. From
Fig. 8.13 we also obtain the relationship sin� = s/λs. Elimination of s in these
two equations yields the Bragg condition. The beam observed at the Bragg angle
arrives from reflections at successive acoustic wavefronts. The rays from each
wavefront add in phase and the total intensity is, therefore, N times the intensity
of a single reflection.

The difference in direction of the diffracted and incident beam inside the
medium is twice the Bragg angle, that is, 2 sin θ or 2θ , since the angle is very
small. Reflection at the external boundary of the device will increase the angle by
n, accordingly we obtain

2�′ = λ0/λs. (8.29)

The external angular separation of the two beams is equal in radians to the ratio
of the optical to acoustic wavelengths.
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Sound 
Wave

ssθ

θ λ
λs

FIGURE 8.13. Reflection of rays A and B by two successive acoustic wavefronts.
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A typical acousto-optic Q-switch uses fused silica as the ultrasonic medium and
an rf frequency to the transducer for launching an acoustic wave of νs = 50 MHz.
The velocity of sound in fused silica is vs = 5.95 km/s. With these numbers and
λ0 = 1.06µm, we obtain λs = 119µm and 2θ ′ = 8.9 mr.

Although of no particular consequence for Q-switch operation, it is worth men-
tioning that the diffracted beam is frequency shifted. The diffracted beam may be
though of as having been Doppler-shifted during diffraction from the acoustic
traveling wave. It has the frequency (ν ± νs) depending on whether the optical
beam is incident in front of the oncoming acoustic wave (see Fig. 8.12) or from
behind the receding wave.

We will now calculate the partitioning of the power between the incoming and
diffracted beam as a function of acoustic power and material parameters. A rig-
orous treatment of the subject that requires the solution of two coupled traveling
wave equations can be found in [6], [7].

The total electric field E(x, t) is taken as the sum of two waves along the dis-
tance x . The diffracted wave grows at a rate [8]

d E1(x)

dx
= 1

2
E2

dϕ

dx
(8.30)

and the undeflected beam decreases at a corresponding rate

d E2(x)

dx
= −1

2
E1

dϕ

dx
, (8.31)

where E1, E2 are the electric field strength of the diffracted and undeflected beam,
respectively, and dϕ is the phase excursion of the beam over an incremental length
x given by

dϕ = β0
�n0

n0
dx, (8.32)

where β0 is the propagation constant β0 = 2π/λ0 in free space. Equations (8.30)
and (8.31) have the solution

E1 = E3 sin(�ϕ/2) (8.33)

and
E2 = E3 cos(�ϕ/2), (8.34)

where E3 is the amplitude of the wave entering the crystal.
The diffracted power P1 as a function of the incident power P3 follows

from (8.33)

P1/P3 = sin2(�ϕ/2) (8.35)

and the reduction of power of the undeflected beam is obtained from (8.34)

P2/P3 = cos2(�ϕ/2), (8.36)



8.4. Acousto-Optic Q-Switches 299

where �ϕ is the total phase shift the beam experienced over the interaction
length �,

�ϕ = �β0�n0. (8.37)

The sum of the powers of the undeflected and diffracted beams remains constant
P1 + P2 = P3. Now we have to connect a change of�n0 with the acoustic power
Pac in the medium.

The change of refractive index as a function of strain s is given by [5]

�n0 = n3
0 pi j

2
s, (8.38)

where pi j is the elasto-optic coefficient in the medium, and the strain s is related
to the acoustic power Pac by [6]

s =
[

2Pac

ρ0v3
s �w

]1/2

. (8.39)

In the above equation vs is the velocity of sound in the medium, ρ0 is the mass
density, and � and w are the length and width of the transducer that launches the
acoustic wave into the medium. Introducing (8.37)–(8.39) into (8.35) yields

P1

P3
= sin2

[
π

λ

(
�Pac Mac

2w

)1/2
]
. (8.40)

The quantity Mac is a material constant that determines the inherent efficiency of
diffraction and is called the figure of merit

Mac = n6
0 p2

i j/ρ0v
3
s . (8.41)

It is apparent from (8.40) that the amount of diffracted power depends on the
material parameters expressed by Mac, the ratio of length to width of the interac-
tion path and the acoustical power Pac. In a given material such as, for example,
fused silica, the value of the photoelastic coefficient pi j in (8.41) depends on the
plane of polarization of the light beam with respect to the ultrasonic propagation
direction and on the type of ultrasonic wave, that is, longitudinal or shear wave.
With shear wave generation the particle motion is transverse to the direction of
the acoustic wave propagation direction. In this case the dynamic optical loss is
independent of polarization in isotropic materials such as fused quartz.

Table 8.1 lists the pertinent material parameters for an acousto-optic Q-switch
fabricated from fused silica. The p coefficients and velocity of sound in fused
silica are from [10]. The figure of merit Mac follows from (8.41) with n0 = 1.45 at
1.06µm and ρ0 = 2.2 g/cm3. The acoustic power requirement for 1% diffraction
has been calculated from (8.40) for l/w = 10 and λ = 1.06µm. The dimension
of Pac in (8.40) is erg/s (1 erg/s = 10−7 W.)
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TABLE 8.1. Material parameters of acousto-optic Q-switches employing fused silica.

Polarization of
optical beam Velocity Figure of Acoustical power
with respect of sound merit Mac Pac [W] for
to acoustic ×105 ×10−18 1% diffraction

Acoustic wave p coefficient wave vector [cm/s] [s3/g] (l/w = 10)

Shear wave p44 = 0.075 Independent 3.76 0.45 0.51
Longitudinal p11 = 0.121 Parallel 5.95 0.30 0.77
Longitudinal p12 = 0.270 Perpendicular 5.95 1.46 0.16

8.4.1 Device Characteristics

Figure 8.14 shows an optical schematic of a cw-pumped laser that contains an
acousto-optic Q-switch: The Q-switch consists of a fused silica block to which a
crystalline quartz or an LiNbO3 transducer is bonded. Both the transducer and the
fused silica interface contain vacuum-deposited electrodes to allow for electrical
connections. An inductive impedance-matching network couples the signal of the
rf generator to the quartz transducer. The ultrasonic wave is launched into the Q-
switch block by the piezoelectric transducer that converts electrical energy into
ultrasonic energy. The laser is returned to the high Q-state by switching off the
driving voltage to the transducer. With no ultrasonic wave propagating through
it, the fused silica block returns to its usual state of high optical transmission
and a Q-switch pulse is emitted. The width of the transducer is typically 3 mm,
which is about twice the beam diameter for most TEM00-mode Nd : YAG lasers.
The length of the Bragg cell and the transducer is around 50 mm. From (8.40) it
follows that a large length-to-width ratio reduces the acoustic power requirement
for a given diffraction ratio P1/P3.

FIGURE 8.14. Acousto-optic Q-switch employed in a cw-pumped Nd : YAG laser.
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Virtually all acousto-optic Q-switches are single-pass devices; i.e., the acoustic
wave generated by the transducer is absorbed after traveling across the interaction
region. The absorber, consisting of a piece of lead attached to the tapered end
of the quartz block, prevents reflected acoustical waves from interfering with the
incident light beam.

Although the figure of merit Mac of fused quartz is quite low, its optical high-
quality, low optical absorption, and high damage threshold make it superior to
other, more efficient acousto-optic materials, such as lithium niobate (LiNbO3),
lead molybdate (PbMoO4), tellurium dioxide (TeO2), and dense flint glass. These
materials are usually employed in low-power light modulators and optical scan-
ners.

By properly choosing the parameters of the acousto-optic device, a large
enough fraction of the laser beam can be deflected out of the resonator to provide
an energy loss that inhibits laser action. The frequency of the rf generator de-
termines the diffraction angle according to (8.29), whereas the magnitude of the
diffracted power is controlled by the rf power according to (8.40). The frequency
of the rf signal driving the transducer is typically in the 40 to 50 MHz range. For
these frequencies we obtain, with the values from Table 8.1 for both shear wave
and longitudinal wave Q-switches, scattering angles in fused quartz between 14.1
and 7.1 mr. These angles are large enough to deflect the diffracted beam out of
the resonator.

The amount of acoustical power required to achieve a certain diffraction effi-
ciency can be calculated from (8.40). Unpolarized lasers are usually Q-switched
with shear-wave devices, whereas for polarized laser radiation longitudinal mod-
ulators are employed. A longitudinal Q-switch in which the large p12 coefficient
is utilized requires substantially lower rf powers compared to a shear wave de-
vice.

For the practical case of a shear wave Bragg cell having a length of � = 50 mm
and a width of w = 3 mm, we find from (8.40) that in order to deflect 35%
of the laser beam out of the resonator an acoustic power of 11.7 W is required.
Since the Q-switch diffracts radiation in both directions the total insertion loss
per round trip is δ = (P1/P3)(2 − P1/P3), where (P1/P3) is the fraction of
radiation diffracted out of the resonator in one pass. For the example above one
obtains a round trip insertion loss of 58%, which is large enough to prevent laser
action in most cw lasers. The conversion efficiency of rf power delivered to the
transducer to acoustic power is on the order of 25 to 30%; therefore, at least 40 W
of rf power have to be delivered to the transducer. If the laser output is polarized
a Bragg cell with a longitudinal wave can be utilized, in this case only 12 W of rf
power is required to achieve the same insertion loss.

The Q-switch must be able to switch from the high-loss to the low-loss state
in less than the time required for the laser pulse to build up if maximum output
energy is to be achieved. The turn-off time of an acousto-optical Q-switch is deter-
mined by the transit time of the sound wave across the beam diameter. Depending
on the type of interaction, the transit time of the acoustic wave across a 1-mm
diameter beam is between 266 and 168 ns. The relatively slow transit-time is not
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a serious drawback since the Q-switch pulse evolution time in most cw-pumped
systems is on the order of several hundred nanoseconds.

8.5 Passive Q-Switch

A passive Q-switch consists of an optical element, such as a cell filled with or-
ganic dye or a doped crystal, which has a transmission characteristic as shown in
Fig. 8.15. The material becomes more transparent as the fluence increases, and
at high fluence levels the material “saturates” or “bleaches,” resulting in a high
transmission. The bleaching process in a saturable absorber is based on saturation
of a spectral transition. If such a material with high absorption at the laser wave-
length is placed inside the laser resonator, it will initially prevent laser oscillation.
As the gain increases during a pump pulse and exceeds the round-trip losses, the
intracavity flux increases dramatically causing the passive Q-switch to saturate.
Under this condition the losses are low, and a Q-switch pulse builds up.

Since the passive Q-switch is switched by the laser radiation itself, it requires
no high voltage, fast electro-optic driver, or rf generator. As an alternative to ac-
tive methods, the passive Q-switch offers the advantage of an exceptional simple
design, which leads to very small, robust, and low-cost systems. The major draw-
backs of a passive Q-switch are the lack of a precision external trigger capability
and a lower output compared to electro-optic or acousto-optic Q-switched lasers.
The latter is due to the residual absorption of the saturated passive Q-switch which
represents a rather high insertion loss.

Originally, saturable absorbers were based on different organic dyes, either dis-
solved in an organic solution or impregnated in thin films of cellulose acetate.
The poor durability of dye-cell Q-switches, caused by the degradation of the light
sensitive organic dye, and the low thermal limits of plastic materials severely re-

FIGURE 8.15. Nonlinear transmission of a saturable absorber versus fluence normalized
to the saturation fluence Es of the absorber.
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stricted the applications of passive Q-switches in the past. The emergence of crys-
tals doped with absorbing ions or containing color centers have greatly improved
the durability and reliability of passive Q-switches.

The first new material to appear was the F−
2 : LiF color center crystal. The color

centers are induced in the crystal by irradiation with gamma, electron, or neutron
sources. Today, the most common material employed as a passive Q-switch is
Cr4+ : YAG. The Cr4+ ions provide the high absorption cross section of the laser
wavelength and the YAG crystal provides the desirable chemical, thermal, and
mechanical properties required for long life.

A material exhibiting saturable absorption can be represented by a simple
energy-level scheme such as that shown in Fig. 8.16. For the moment we will
only consider levels 1–3. Absorption at the wavelength of interest occurs at the
1–3 transitions. We assume that the 3–2 transition is fast. For a material to be
suitable as a passive Q-switch, the ground state absorption cross section has to
be large and, simultaneously, the upper state lifetime (level 2) has to be long
enough to enable considerable depletion of the ground state by the laser radiation.
When the absorber is inserted into the laser cavity, it will look opaque to the laser
radiation until the photon flux is large enough to depopulate the ground level. If
the upper state is sufficiently populated the absorber becomes transparent to the
laser radiation, a situation that is similar to a three-level laser material pumped to
a zero inversion level.

Solutions of the rate equation lead to an absorption coefficient which is inten-
sity dependent [11]

α0(E) = α0

1 + Ei/Es
, (8.42)

where α0 is the small-signal absorption coefficient and Es is a saturation fluence

FIGURE 8.16. Energy levels of a saturable absorber with excited state absorption (σgs and
σes is the ground state and excited state absorption, respectively, and τ is the excited state
lifetime).
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Es = hν/σgs, (8.43)

where σgs is the absorption cross section for the 1–3 transition.
Important characteristics of a saturable absorber are the initial transmission T0,

the fluence Es at which saturation becomes appreciable, and the residual absorp-
tion which results in a Tmax of the fully bleached absorber.

The small signal transmission of the absorber is

T0 = exp(−α0�s) = exp(−ngσgs�s), (8.44)

where �s is the thickness of the bleachable crystal and ng is the ground state
density. In order to calculate the transmission as a function of fluence, the photon
flux and population density must be considered as a function of position within
the absorbing medium.

Identical to the situation which occurs in pulse amplifiers (Section 4.1), differ-
ential equations for the population density and photon flux have to be solved. The
solution is the Frantz–Nodvik equation, which is identical to (4.11) except that
gain G,G0 is replaced by transmission Ti, T0. Therefore the energy transmission
Ti of an ideal saturable absorber as a function of input fluence Ei is given by

Ti = Es

Ei
ln[1 + (eEi/Es − 1)T0] (8.45)

Equation (8.45) reduces to Ti = T0 for Ei < Es and Ti = 1 for Ei > Es.
In practical saturable absorbers, the transmission never reaches 100%. The

reason for that is photon absorption by the excited atoms. A passive Q-switch
requires a material which exhibits saturation of the ground state absorption. How-
ever, most materials also exhibit absorption from an excited state. This is illus-
trated in Fig. 8.16 by the transition from the excited state (level 2) to some higher
level 4 which has an energy level corresponding to the laser transition. As the
ground state is depleted, absorption takes place increasingly between levels 2
and 4. Excited State Absorption (ESA) results in a residual loss in the resonator
when the ground state absorption has been saturated. The 2–4 transition does not
saturate because of the fast relaxation of level 4. A saturable absorber is useful for
Q-switching only as long as σgs > σes, where σes is the cross section for excited
state absorption.

A saturable absorber with ESA can be described by a four-level model [11],
[12]. In this case, maximum transmission Tmax is given by

Tmax = exp(−ngσes�s). (8.46)

In [12] an approximation in closed form that gives the shape of the transmission
versus fluence curve in the presence of ESA, has been derived. For a nonideal
absorber the transmission Tn can be approximated by

Tn = T0 + Ti − T0

1 − T0
(Tmax − T0), (8.47)
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where Ti is the transmission of an ideal absorber given by (8.45) and T0 and Tmax
are the lower and upper limits of the transmission.

In Fig. 8.15, Tn is plotted for the case of T0 = 60% and Tmax = 90%. For
a given saturable absorber one needs to know the cross sections σgs and σes, the
ground state concentration n0, and the thickness ls of the material. With these
quantities known one can calculate T0, Tmax, and Es and plot a transmission versus
energy density curve as determined by (8.47).

Because of the importance of Cr4+ : YAG as a passive Q-switch material, we
will briefly review the properties of this material. In order to produce Cr4+ : YAG,
a small fraction of chromium ions in YAG are induced to change valence from
the normal Cr3+ to Cr4+ with the addition of charge compensating impurities
such as Mg2+ or Ca2+. The crystal Cr4+ : YAG has broad absorption bands cen-
tered at 410, 480, 640, and 1050 nm. Published values for the cross section of
the ground state vary greatly [12], [13]. The most recent measurements indi-
cate σgs = 7 × 10−18 cm2 and σes = 2 × 10−18 cm2 for the excited-state ab-
sorption at the Nd : YAG wavelength [12]. The excited state lifetime (level 2 in
Fig. 8.16) is 4.1µs and the lifetime of the higher excited state (level 4) is 0.5 ns.
With hν = 1.87 × 10−19 J at 1.06µm and the above value for σgs one obtains a
saturation fluence of Es = 27 mJ/cm2 for Cr4+ : YAG.

Commercially available Cr4+ : YAG passive Q-switches are specified by the
low power transmission at the laser wavelength. Typical transmission values range
from 30 to 50%, and the crystal thickness is usually between 1–5 mm. Values of
the small signal absorption coefficient α0 vary from 3–6 cm−1. For example, for
α0 = 4 cm−1 and �s = 2 mm the low power transmission is T0 = 45%.

For a given pump power, that is, gain in the laser medium, there is an optimal
choice of output coupler reflectivity and unsaturated absorber transmission. De-
sign procedures which permit optimization of passively Q-switched lasers have
been reported in [14], [15].

Summary

When the lifetime of the upper laser level is much longer than the desired pulse
length of the laser output pulse, the laser medium can act as an energy storage
medium. In this situation the upper laser level is able to integrate the power sup-
plied by the pump source. The stored energy can be released in a short output
pulse using the method of Q-switching. This chapter describes the theory and
techniques of Q-switching solid-state lasers. Q-switching is a method to generate
pulses in the nanosecond regime from a solid-state laser.

In analogy to electrical terminology the losses in an optical resonator can be
characterized by a Q-factor that is defined as the ratio of energy stored in the
resonator to the energy loss per cycle. The higher the quality factor Q, the lower
the losses. In the Q-switch mode the loss of the optical resonator is made so large
that a photon flux cannot build up and stimulated emission cannot occur. During
this time the Q of the resonator is kept low, although the energy stored in the laser
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material is high. After there is considerable energy stored in the laser material,
the loss in the resonator is suddenly removed, that is, the Q-factor is increased.
This results in a sudden increase of photon flux and the energy stored in the gain
medium is converted to optical radiation and a short powerful pulse is emitted.

A number of different methods have been devised to introduce a controllable
dynamic loss into the resonator. A simple technique of Q-switching consists of
the rotation of one of the resonator mirrors by a high-speed motor. In an acoustic-
optic Q-switch a fraction of the optical beam is diffracted out of the resonator as
a result of the modulation of the refractive index by an acoustic wave launched
into a transparent solid. In a passive Q-switch the absorption of laser radiation
is dependent on the intensity. The active element, either a liquid or a crystal, be-
comes more transparent as the fluence increases, and at very high fluence levels
the material saturates and becomes transparent. In an electro-optic Q-switch, a
high voltage applied to a suitable crystal rotates the plane of polarization. In con-
junction with a polarizer in the resonator the device represents an electro-optical
shutter.
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Exercises

1. Explain why it is unwise to place the Q-switch in a Q-switched laser between
the gain medium and the output mirror of the resonator.

2. An early mechanical Q-switch was a flat mirror rotated by a high-speed motor
spinning with its axis perpendicular to the resonator axis. This is still used
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today for infrared lasers where there are no acceptable electro-optic materials
or polarizers to allow one to use electro-optic Q-switching. If the motor speed
was 24,000 rpm and the necessary misalignment for hold-off were 1 mrad,
how long would the rotating mirror require to switch from hold-off to lasing
alignment? What would be the effects of using a 45–90–45◦ prism rotating
so that its roof top or 90◦ ridge were parallel to the axis of the motor rotation?
Would it be better to orient the roof top ridge to be perpendicular to the rotation
axis of the prism? Explain your answers. Draw sketches to help both yourself
and the reader of your solution to understand your reasoning.

3. Consider an ideal (that means lossless and very fast) Q-switch in a laser res-
onator where all the components have been designed or selected to have prop-
erties that are independent of temperature. On the other hand, there is nothing
you can do about the temperature dependence of the stimulated emission cross
section of the lasing medium, σ . Assume that you always pump this laser to
the exact same initial inversion and find the temperature dependence of the out-
put energy of the laser. If σ decreases with increasing temperature, as it does
in Nd : YAG, what would you expect the output energy to do as temperature
increases? What problems might this cause?
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As we have seen in the previous chapter, the minimum pulse width obtainable
from a Q-switched laser is on the order of 10 ns because of the required pulse
buildup time. With the cavity dumping technique, the pulse width can be reduced
to a minimum of 1 to 2 ns. The limitation here is the length of the cavity, which
determines the pulse length. Ultrashort pulses with pulse widths in the picosecond
or femtosecond regime are obtained from solid-state lasers by mode-locking.
Employing this technique, which phase-locks the longitudinal modes of the laser,
the pulse width is inversely related to the bandwidth of the laser emission.

The output from laser oscillators is subject to strong fluctuations that originate
from the interference of longitudinal resonator modes with random phase rela-
tions. These random fluctuations can be transformed into a powerful well-defined
single pulse circulating in the laser resonator by the introduction of a suitable non-
linearity, or by an externally driven optical modulator. In the first case, the laser is
referred to as passively mode-locked because the radiation itself, in combination
with the passive nonlinear element, generates a periodic modulation that leads to
a fixed phase relationship of the axial modes. In the second case, we speak of
active mode-locking because an rf signal applied to a modulator provides a phase
or frequency modulation, which leads to mode-locking.

9.1 Pulse Formation

In a free-running laser, both longitudinal and transverse modes oscillate simul-
taneously without fixed mode-to-mode amplitude and phase relationships. The
resulting laser output is a time-averaged statistical mean value. Restricting oscil-
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lation of the laser to the TEM00 mode for the moment, we recall from Chapter 5
that in a typical laser cavity there are perhaps a few hundred axial modes that fall
within the frequency region where the gain of the laser medium exceeds the losses
of the resonator.

As an example for illustrating the formation of a mode-locked pulse, we
consider a passively mode-locked laser containing as a nonlinear element a
bleachable dye absorber. As mentioned in Chapter 8, a saturable absorber has a
decreasing loss for increasing pulse intensities. In order for the passive mode-
locking process to start spontaneously from the mode-beating fluctuations of a
free-running laser, the nonlinear element must create an amplitude instability so
that an intensive fluctuation experiences lower losses compared to less intensive
parts of the radiation. A further requirement is that the reaction time of the non-
linear element be as short as the fluctuation itself in order to lock all the modes
oscillating in the resonator.

A computer simulation of the evolution of a mode-locked pulse train from noise
is shown in Fig. 9.1. This figure shows the transformation of irregular pulses into a
single mode-locked pulse. The simultaneous Q-switched and mode-locked pulse
evolution from noise can be divided into several stages.

In Figs. 9.1(a)–(c) the noiselike fluctuations are linearly amplified; however,
a smoothening and broadening of the pulse structure can be seen. The chaotic
sequence of fluctuations shown in Fig. 9.1(a) represents the laser radiation in the
early stage of pulse generation. As the pump process continues, the gain increases
above threshold and the noiselike signal is amplified. During the linear amplifica-
tion a natural mode selection takes place because the frequency-dependent gain
favors cavity modes in the center of the fluorescence line. As a result of the spec-
tral narrowing caused by the amplification process, a smoothening and broadening
of the amplitude fluctuations occurs, as shown in Figs. 9.1(b) and (c).

The following numbers are typical for the linear amplification process in
Nd : glass. A large number of longitudinal modes is initially excited. For a typical
cavity length of ∼ 1 m, one calculates ∼ 4 × 104 cavity modes in Nd : glass with
�ν ≈ 7500 GHz. Assuming a typical pulse build-up time of 10µs, the linear
stage comprises ≈ 1500 round trips. The light intensity rises by many orders of
magnitude to approximately 107 W/cm2.

In Figs. 9.1(d)–(e) the peak-to-peak excursions of the fluctuations have in-
creased and, in particular, the amplitude of the strongest pulse has been selectively
emphasized. In this second phase of pulse evolution, the gain is still linear but the
absorption of the dye cell becomes nonlinear because the intensity peaks in the
laser cavity approach values of the saturation intensity Is of the dye. In the non-
linear regime of the mode-locked laser we note two significant processes acting
together.

First, there is a selection of one peak fluctuation or at least a small number.
The most intense fluctuations at the end of the linear amplification phase prefer-
entially bleach the dye and grow quickly in intensity. The large number of smaller
fluctuations, on the contrary, encounter larger absorption in the dye cell and are
effectively suppressed.
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FIGURE 9.1. Computer simulation of the evaluation of a mode-locked pulse from noise:
(a–c) regime of linear amplification and linear dye absorption, (d–e) nonlinear absorption
in the dye cell, and (f) regime of nonlinear amplification, dye completely bleached [1].
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The second effect is a narrowing of the existing pulses in time, which broadens
the frequency spectrum. The shapes of the pulses are affected by the nonlinearity
of the dye because the wings of the pulse are more strongly absorbed than the
peak. The second phase ends when the absorbing transition in the dye cell is
completely saturated. Under favorable conditions the final transmission is close
to one; that is, the dye is transparent.

In Fig. 9.1(f) the background pulses have been completely suppressed. The fi-
nal phase of the pulse evolution occurs when the intensity is sufficiently high for
complete saturation of the absorber transition to take place and for the amplifica-
tion to be nonlinear. This is the regime of high-peak power. During the nonlinear
stage the pulse intensity quickly rises within ≈ 50 cavity round trips to a value of
several gigawatts per square centimeter. Successive passages of the high-intensity
radiation pulse through the resonator result in a pulse train appearing at the laser
output. Finally, the population inversion is depleted and the pulse decays.

In Fig. 9.2 the spectral and temporal structure of the radiation inside a laser
cavity are shown for a non-mode-locked laser. In the frequency domain, the radi-
ation consists of a large number of discrete spectral lines spaced by the axial mode

FIGURE 9.2. Signal of a non-mode-locked laser. (a) In the frequency domain the intensities
i(ν) of the modes have a Rayleigh distribution about the Gaussian mean and the phases are
randomly distributed. (b) In the time domain the intensity has the characteristic of thermal
noise.
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interval c/2L . Each mode oscillates independent of the others, and the phases are
randomly distributed in the range −π to +π . In the time domain, the field consists
of an intensity distribution which has the characteristic of thermal noise.

If the oscillating modes are forced to maintain a fixed phase relationship to each
other, the output as a function of time will vary in a well-defined manner. The laser
is then said to be “mode-locked” or “phase-locked.” Figure 9.3 shows the output
signal of an ideally mode-locked laser. The spectral intensities have a Gaussian
distribution, while the spectral phases are identically zero. In the time domain the
signal is a single Gaussian pulse. As can be seen from this figure, mode-locking
corresponds to correlating the spectral amplitudes and phases. When all the initial
randomness has been removed, the correlation of the modes is complete and the
radiation is localized in space in the form of a single pulse.

Because the radiation with intensity profiles I (t) shown in Figs. 9.2(b) and
9.3(b) circulates around inside the cavity with a repetition rate determined by
the round-trip transit time, these signals will repeat themselves and appear in the
laser output at a rate of c/2L . Therefore, mode-locking results in a train of pulses
whose repetition period is twice the cavity transit time, i.e.,

PRF = c/2L , (9.1)

where PRF is the pulse repetition frequency and L is the resonator length.

FIGURE 9.3. Signal structure of an ideally mode-locked laser. (a) The spectral intensities
have a Gaussian distribution, while the spectral phases are identically zero. (b) In the time
domain the signal is a transform-limited Gaussian pulse.
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If we make some simplifying assumptions, we can obtain a general idea about
the pulse width and peak power of the mode-locked output pulses. The structure
of an optical pulse is completely defined by a phase and an intensity. Whether
these refer to time or to frequency is immaterial since, if the description in one
domain is complete, the profiles in the other are obtained from the Fourier trans-
form. However, there is no one-to-one correspondence between the two intensity
profiles I (t) and i(ν) since each depends not only on the other but also on the
associated phase function. The only general relationship between the two is

�νtp ≥ ψ, (9.2)

where tp and �ν are the full width half-maximum of I (t) and i(ν), respectively,
andψ is a constant of the order of unity. In particular, the shortest pulse obtainable
for a given spectral bandwidth is said to be transform-limited; its duration is

tp = ψ

�ν
. (9.3)

For mode-locking purposes �ν corresponds to the gain bandwidth �νL of the
laser. The number of axial modes that are contained within the oscillating band-
width is N = �νLtr, where tr = 2L/c is the round-trip time in the optical res-
onator. The width of the individual mode-locked pulses is therefore

tp ≈ 1

�νL
≈ tr

N
. (9.4)

Equation (9.4) expresses the well-known result from Fourier’s theorem that the
narrower the pulse width tp, the larger the bandwidth required to generate the
pulse. From (9.4) also follows the interesting fact that the pulse width of the mode-
locked pulses roughly equals the cavity round-trip time divided by the number of
phase-locked modes.

For simplicity, the spectral intensity in Fig. 9.3(a) was chosen to be a Gaussian
function and hence the temporal profile has also a Gaussian distribution. The most
general Gaussian optical pulse is given by

E(t) =
(

E0

2

)
exp(−αt2) exp[ j (ωpt + βt2)]. (9.5)

The term α determines the Gaussian envelope of the pulse, and the term jβt is a
linear frequency shift during the pulse (chirp). From (9.5) follows, for the pulse
width at the half-intensity points,

tp =
(

2 ln 2

α

)1/2

, (9.6)

and a bandwidth again taken at the half-power points of the pulse spectrum [2]
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�νp = 1

π

[
2 ln 2

(
α2 + β2

α

)]1/2

. (9.7)

Note how the frequency chirp contributes to the total bandwidth. The pulsewidth–
bandwidth product is a parameter often used to characterize pulses. For Gaussian
pulses, the pulsewidth-bandwidth product is given by

tp�νp =
(

2 ln 2

π

)[
1 +

(
β

α

)2
]1/2

. (9.8)

For the important special case β = 0 (i.e., no frequency chirp), one obtains ψ =
tp�νp ≈ 0.441.

Before leaving this subject, we have to mention one other important pulse
shape, namely the hyperbolic secant function. The steady-state solution of the dif-
ferential equation describing the pulse envelope I (t) of a cw mode-locked pulse
is a function of the form [3]:

I (t) = IO sech2(t/tp). (9.9)

The FWHM pulsewidth of a sech2 pulse is t ′p where t ′p = 1.76tp, and a transform-

limited sech2 pulse has a pulsewidth-bandwidth product of

t ′p�ν = 0.315. (9.10)

Mode-locked lasers can have high peak powers because the power contained in
the entire output of the uncoupled laser is now contained within the more intense
ultrafast pulses. From (9.4) follows, for the ratio of pulse-on-to-pulse-off time,
that is, the duty cycle, a value of tp/tR = 1/N , so that the peak power of the
pulse is N times the average power resulting from incoherent phasing of the axial
modes

Pp = N Pav. (9.11)

Typical output-pulse formats from pulsed and cw mode-locked lasers are il-
lustrated in Fig. 9.4. The output of a flashlamp-pumped, mode-locked, solid-state
laser consists of a burst of pulses with amplitudes that fit underneath the enve-
lope of a Q-switched pulse. A cw mode-locked laser produces a train of pulses
with equal amplitude. In both cases are consecutive pulses separated by the cavity
round-trip time.

A modern diode end-pumped Nd : YAG laser, cw mode-locked with an acousto-
optic modulator, produces pulses of about 20 ps in duration and has an average
output power of about 200 mW. If we assume a resonator length of L = 1.2 m we
obtain, from (9.1), a PRF of 125 MHz or a pulse separation of 8 ns. The pulsewidth
of 20 ps in combination with (9.4) indicates that about 400 longitudinal modes are
phase-locked together (N = 400). From (9.11) follows a peak power of 80 W.
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FIGURE 9.4. Output pulses from (a) a cw mode-locked and (b) a pulsed mode-locked laser.

The homogeneously broadened line in Nd : YAG is�ν = 120 GHz. Therefore,
the ultimate limit in short-pulse generation in Nd : YAG is, according to (9.10),
about two picoseconds. Passively cw mode-locked Nd : YAG have approached
this limit. The modulation index one can achieve in active mode-locking is not
large enough to support phase-locking over a very large bandwidth. Therefore,
actively mode-locked lasers emit longer pulses compared to cw passively mode-
locked systems.

The generation of mode-locked pulses from a laser requires that the longitudi-
nal modes be coupled together. This is achieved experimentally by placing inside
the laser cavity either an externally driven loss or phase modulator, or a passive
device which exhibits saturable absorption. Details of the generation of mode-
locked pulses with active and passive devices will be discussed in the following
sections. Tutorial discussions of the work on mode-locked lasers with extensive
references can be found in [4], [5].

9.2 Passive Mode-Locking

Originally the nonlinear absorption of saturable absorbers was employed for si-
multaneously Q-switching and mode-locking solid-state lasers. The saturable ab-
sorbers consisted of organic dyes that absorb at the laser wavelength. At sufficient
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intense laser radiation, the ground state of the dye becomes depleted, which de-
creases the losses in the resonator for increasing pulse intensity.

In pulsed mode-locked solid-state lasers, pulse shortening down to the limit set
by the gain-bandwidth is prevented because of the early saturation of the absorber,
which is a result of the simultaneously occurring Q-switching process. Shorter
pulses and a much more reproducible performance are obtained if the transient
behavior due to Q-switching is eliminated. In steady-state or cw mode-locking,
components or effects are utilized, which exhibit a saturable absorber-like behav-
ior, that is, a loss that decreases as the laser intensity increases. In this section, we
will briefly review mode-locking by means of saturable dye absorbers, and then
concentrate on cw mode-locking via the Kerr effect.

9.2.1 Liquid Dye Saturable Absorber

The distinction between an organic dye suitable for simultaneous mode-locking
and Q-switching, as opposed to only Q-switching the laser, is the recovery time
of the absorber. If the relaxation time of the excited-state population of the dye
is on the order of the cavity round trip, that is, a few nanoseconds, passive Q-
switching will occur, as described in Chapter 8. With a dye having a recovery
time comparable to the duration of mode-locked pulses, that is, a few picoseconds,
simultaneous mode-locking and Q-switching can be achieved. A typical example
of a mode-locked laser utilizing a saturable absorber is illustrated in Fig. 9.5.

One major requirement in the resonator design of a mode-locked system is the
complete elimination of reflections that can occur from components located be-
tween the two cavity mirrors. This is accomplished by employing laser rods with
Brewster’s angle at the ends, placing the dye cell at Brewster’s angle in the res-
onator, and by using cavity mirrors which are wedged. Reflection from an optical
surface that is parallel to the cavity mirrors will create a secondary resonator.
The mode-locked pulse will be split into several pulses that will circulate inside
the resonators with different round-trip times. The result is a very erratic output
usually consisting of several superpositioned pulse trains or containing subsidiary
pulses in the train. With all optical surfaces inside the resonator, either at Brew-
ster angle or antireflection-coated and tilted away from the resonator axis, coupled
resonator structures can be avoided and the occurrence of satellite pulses is mini-

FIGURE 9.5. Mode-locking with a liquid dye saturable absorber.
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mized. Similar attention must be paid to avoid back-reflection into the cavity from
external components.

Despite the relatively simple construction of a passively mode-locked laser os-
cillator, the output will be very unpredictable unless dye concentration, optical
pumping intensity, and resonator alignment are carefully adjusted. Furthermore,
mixing and handling the dye solution and maintaining proper dye concentration
proved cumbersome. As a result of the inherent shortcomings of pulsed passive
mode-locking, this technology has been superseded by cw mode-locking.

9.2.2 Kerr Lens Mode-Locking

In recent years, several passive mode-locking techniques have been developed
for solid-state lasers, whereby fast saturable absorberlike action is achieved in
solids. Most of these novel optical modulators utilize the nonresonant Kerr effect.
The Kerr effect produces intensity-dependent changes of the refractive index. It is
generally an undesirable effect because it can lead to self-focusing and filament
formation in intense beams, as explained in Section 4.5.

In contrast to the absorption in bleachable dyes, the nonresonant Kerr effect is
extremely fast, wavelength-independent, and allows the generation of a continu-
ous train of mode-locked pulses from a cw-pumped laser. For a Gaussian beam,
the Kerr effect focuses the radiation toward the center, and essentially an intensity-
dependent graded-index lens is formed. The action of a fast saturable absorber can
be achieved if an aperture is introduced in the resonator at a position where the
mode size decreases for increased intensity.

The transformation of the power-dependent change in the spatial profile of the
beam into an amplitude modulation is illustrated in Fig. 9.6. Transmission through
the aperture is higher for an intense beam, as compared to a low-power beam.
This technique, which provides an extremely simple means for ultrashort pulse
generation in tunable lasers, has been termed Kerr lens mode-locking (KLM).

The laser crystal acts as a lens with a focal length that changes with the intra-
cavity intensity. With the assumption of a parabolic index variation and a focal
length much longer than the Kerr medium we obtain, to a first approximation,

FIGURE 9.6. Intensity-dependent amplitude modulation of the resonator mode.
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(see also Section 4.5)

f = w2

4γ I0l
(9.12)

where w is the beam waist, γ is the nonlinear refractive coefficient, I0 is the peak
intensity, and l is the length of the Kerr medium.

Assuming a waist radius w of 50µm in a 4 mm long Ti : Al2O3 crystal, and a
peak power of 150 kW we obtain, with γ = 3.45 × 10−16 cm2/W, a focal length
of f = 24 cm.

As was discussed in Section 4.5 beam focusing due to the Kerr effect can lead to
catastrophic beam collapse with the beam breaking up into filaments. The critical
power level at which beam collapse will set in is usually defined by

Pcr = aλ2
0

8πn0γ
, (9.13)

where the factor a can take on values between 3.77 and 6.4 depending on the
severity of nonlinear phase distortion. For the materials and wavelengths of inter-
est, one finds Pcr = 2–3 MW. For example, Pcr = 2.6 MW for Al2O3 and BK7
glass at 0.8µm. In KLM lasers, the peak power has to be large enough to pro-
duce a strong nonlinearity, but needs to be well below the critical power for beam
collapse.

Returning to Fig. 9.6, for a hard aperture of radius r0, the rate of change in
transmission T with respect to the beam waist w for a Gaussian beam is given by

dT/dw = (−4r2
0/w

3) exp(−2r2
0/w

2). (9.14)

If one assumes that the aperture size is close to the mode size r0 ≈ w, one obtains
δT ≈ −(1/2w) δw. The limiting aperture introduces a loss discrimination for low
power (cw) and high peak power (mode-locked) operation which is proportional
to mode size changes.

Since the mode size, w is power dependent due to the Kerr effect, the resonator
losses are expressed as

δ = δ0 − u P, (9.15)

where δ0 are the fixed losses, P is the intracavity power, and u is the nonlinear loss
coefficient. For the design of KLM systems, it is more convenient to use, instead
of u, the small-signal relative spot size variation s, where s ∼ −u. The parameter
s, also called the Kerr lens sensitivity is an important factor for analyzing and
designing KLM resonators. It is defined as

s =
(

1

w

dw

d(P/Pcr)

)
, (9.16)

where w is the spot size at a given place inside the resonator. The second term is
the slope of the spot size versus normalized power, taken at P = 0.
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FIGURE 9.7. Beam-waist radius as a function of peak power [6].

In Fig. 9.7 the beam waist at the center of a Ti : Al2O3 crystal is plotted. The cal-
culations were performed for a 100 fs pulsewidth, 3 W intracavity average power,
and a 80 MHz pulse repetition rate. The beam radius decreases with a slope of
approximately −1.5 × 10−5 µm/W. Introducing this value into (9.16), and nor-
malizing to the spot size w and critical power Pcr, gives s = −1.36.

A typical resonator, used for KLM of a Ti : Al2O3 crystal pumped by an argon
laser, consists of two plane mirrors and two focusing mirrors. The crystal is at the
beam waist as shown in Fig. 9.8. An aperture is usually located close to one of
the flat mirrors. As will be explained later, the spot size variation s, at the aperture
as a function of the circulating power, critically depends on the position x of the
Kerr medium around the focus of the beam, and on the separation z of the two
focusing mirrors.

We will first consider the properties of the empty resonator illustrated in
Fig. 9.8. The equivalent resonator consists of two flat mirrors with two internal
lenses essentially forming a telescope with a magnification of one, as shown in
Fig. 9.9. For a slightly misadjusted telescope, the lens spacing is z = 2 f − �z
where �z measures the misadjustment. The focal length of the lens assembly
is then fef = f 2/�z, where f is the focal length of the individual lenses. The
distances from the resonator mirrors and the principal planes of the lenses are L1
and L2. The g-parameters for a resonator comprised of two flat mirrors and an

FIGURE 9.8. Typical resonator used for Kerr lens mode-locking (KLM).
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FIGURE 9.9. Equivalent resonator of the arrangement shown in Fig. 9.8 ( f = 50 mm,
L1 = 500 mm, L2 = 1100 mm).

internal telescope are (see also Section 5.1.7)

g1 = 1 − (L2/ fef) and g2 = 1 − (L1/ fef) (9.17)

or

g1 = 1 − (L2�z/ f 2) and g2 = 1 − (L1�z/ f 2). (9.18)

The operating region of the passive resonator is depicted in the stability diagram
(Fig. 9.10). For �z = 0, the lenses are in focus and the resonator configura-
tion becomes plane-parallel. As the lenses are moved closer together, a stability
limit is reached for g2 = 0. As both g-parameters become negative, a second
zone of stable operation is reached. As �z becomes larger, a point is reached
for g1g2 = 1, where the lens assembly focuses the beam onto one of the flat
mirrors, that is, the spot size becomes zero at the mirror. If the two legs of the
resonator are of unequal length, L1 �= L2, two stability regions exist, as indi-
cated by curve A in Fig. 9.10. Curve B gives the stability range of a resonator
with L1 = L2 = 850 mm. The two stability regions are joined and the resonator
changes from plane-parallel, confocal, to concentric for increasing values of �z
(or decreasing mirror separation z).

A particularly useful and practical design procedure for KLM lasers can be
found in [7]–[9]. The authors introduced a nonlinear ABCD ray matrix to treat
the Gaussian beam propagation in a Kerr medium. The dependence of the spot
size w on the power P is given in closed form by a set of equations. From these
equations contour plots can be generated of the spot size variation s as a function
of x and z for a given spot size and power of the input pump beam. The results of
these calculations provide guidelines for the design of KLM resonators.

An example of such a plot is shown in Fig. 9.11. Plotted is the Kerr lens sen-
sitivity s for the resonator characterized by curve B in Fig. 9.10. However, the
resonator now contains the laser crystal which increases the optical length and
also makes the resonator axis rotational unsymmetrical because of the Brewster
angle.
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FIGURE 9.10. Stability diagram for the resonator shown in Fig. 9.9.

FIGURE 9.11. Contour plot of Kerr sensitivity for a resonator with R = 100 mm, L1 =
L2 = 850 mm, and a 25 mm long Ti : sapphire crystal.
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The plots are for the tangential plane of the resonator because δ is larger in this
plane as compared to the saggital plane. The curves for δ are bound by the stability
limits of the resonator in the first quadrant of the stability diagram, i.e., g1 ·g2 = 1
and g1 = g2 = 0. Similar curves are obtained for the third quadrant. Experiments
performed on an actual system revealed that, for reliable mode-locking, a value
of |δ| ≥ 0.5 was necessary. This defines the operating regime of the laser system
indicated by the shaded areas.

It was found that the best compromise between a large δ and a reasonably stable
performance is achieved for a symmetric resonator L1 = L2 and operation close
to g1g2 = 0. For this configuration, which is equivalent to a confocal resonator,
the tolerance for stable operation is about ±0.6 mm in the z-direction, with the
resonator operated about 0.5–1 mm from the stability limit. From the results illus-
trated in Fig. 9.11 it is clear that the alignment of a KLM resonator is very critical
and the tolerance in length adjustments are fractions of a millimeter.

Specific resonator designs can be analyzed by following the formulas devel-
oped in the referenced papers. The design usually starts with the assumption of a
pump beam that has a certain spot size and power in the Kerr medium (defined
by n2 and Pcr). From this a nonlinear matrix is developed which, combined with
the linear matrix of the passive elements of the resonator, describes the behavior
of the system. Kerr lens mode-locking is the preferred method for the generation
of femtosecond lasers. Pulses on the order of a few tens of femtoseconds have
been obtained from solid-state tunable lasers. The ultimate limit of pulse duration
for Ti : sapphire is somewhere in the range of ∼ 3 fs, or about 1 cycle of light at
800 nm.

9.3 Active Mode-Locking

By placing inside a laser cavity either a phase modulator (FM) or an amplitude
modulator (AM), driven at exactly the frequency separation of the axial modes,
one can cause the laser to generate a train of mode-locked pulses with a pulse
repetition rate of νm = c/2L . Active mode-locking, performed on cw-pumped
lasers such as the Nd : YAG system, is achieved by inserting into the resonator an
electro-optic or acousto-optic modulator.

A cw actively mode-locked laser generates a train of equal pulses at a repeti-
tion rate typically in the range of 80–250 MHz with pulse energies in the nano-
joule range. Figure 9.12 presents an example of an end-pumped Nd : YAG laser
in a folded resonator containing an LiNbO3 phase modulator for active mode-
locking of the laser. Although the system architecture looks identical, we have to
distinguish between AM and FM modulation.

9.3.1 AM Modulation

From a frequency-domain viewpoint, introducing a time-varying transmission
T (t) through an amplitude modulator inside the laser resonator creates sidebands
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FIGURE 9.12. Schematic of an FM mode-locked Nd : YAG laser [10].

on each oscillating axial mode that overlap with adjoining axial modes. The oper-
ation can be described by assuming that the mode with the frequency ν0, nearest
the peak of the laser gain profile, will begin to oscillate first. If a loss modulator
operating at a frequency νm is inserted into the resonator, the carrier frequency
ν0 will develop sidebands at ±νm. If the modulating frequency is chosen to be
commensurate with the axial mode frequency separation νm = c/2L , the coinci-
dence of the upper (ν0 + νm) and the lower (ν0 − νm) sidebands with the adjacent
axial mode resonances will couple the ν0 −νm, ν0, and ν0 +νm modes with a well-
defined amplitude and phase. As the ν0 +νm and ν0 −νm oscillations pass through
the modulator, they will also become modulated and their sidebands will couple
the ν0 ± 2νm modes to the previous three modes. This process will continue until
all axial modes falling within the laser linewidth are coupled.

Viewed in the time domain, the same intracavity modulating element, with its
modulation period equal to the round-trip transit time 2L/c, can reshape the inter-
nal circulating field distribution repeatedly on each successive round trip inside
the cavity. For example, light incident at the modulator during a certain part of
the modulation cycle will be again incident at the same point of the next cycle
after one round trip in the laser resonator. Light suffering a loss at one time will
again suffer a loss on the next round trip. Thus, all the light in the resonator will
experience loss except that light which passes through the modulator when the
modulator loss is zero (Fig. 9.13(a)). Light will tend to build up in narrow pulses
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FIGURE 9.13. Mode-coupling behavior in the case of (a) AM mode-locking and (b) FM
mode-locking.

in these low-loss time positions. In a general way, we can see that these pulses will
have a width given by the reciprocal of the gain bandwidth since wider pulses will
experience more loss in the modulator, and narrower pulses will experience less
gain because their frequency spectrum will be wider than the gain bandwidth.

By following a single mode-locked pulse through one round trip around the
laser cavity a comprehensive analysis of active mode-locking has been developed
[11]–[13]. For steady-state mode-locking the pulse shape should be unchanged
after a complete round-trip. The self-consistent solution carried out for a Gaussian
pulse leads to a simple expression that shows the dependence of the mode-locked
pulsewidth on the spectral linewidth, modulation frequency, depth of modulation,
and saturated gain.

For an acousto-optic AM operating in the Bragg regime, as well as for electro-
optic AMs, the round trip amplitude transmission is

T (t) ≈ cos2(δAM sinωmt), (9.19)

where δAM is the modulation depth and ωm = 2πνm is the angular frequency
of the modulation. In the ideal mode-locking case, the pulse passes through the
modulator at the instant of maximum transmission. This occurs twice in every
period of the modulation signal ωm and, hence, one drives these modulators at a
modulation frequency equal to half the axial mode-spacing of the laser. Expanding
(9.19) at the transmission maximum gives, for the round-trip modulation function,

T (t) = exp(−δAMω
2
mt2), (9.20)

which results in a pulse width for the AM mode-locked laser of

tp(AM) = µ
(gl)1/4

(δAMνm�ν)1/2
. (9.21)

where µ = 0.53 for Bragg deflection and µ = 0.45 for Raman–Nath modulation,
g is the saturated gain coefficient at the line center, �ν is the gain bandwidth of
the laser, and l is the length of the active medium. The AM mode-locked pulses
have no frequency “chirp”; that is, β = 0 in (9.5).

The pulsewidth-bandwidth product for AM is

tp (AM)×�ν (AM) = 0.440. (9.22)
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From (9.21) it follows that the pulse duration of cw AM mode-locked lasers
is inversely related to the product of the modulation depth and modulation fre-
quency, tp(AM) ∼ (δAMνm)

−1/2. It follows that pulse duration can be shortened
by increasing the modulation depth or the frequency of the mode locker. The
pulsewidth is also inversely proportional to the gain bandwidth �ν. Therefore
Nd : glass and Nd : YLF produce shorter pulses as compared to Nd : YAG.

As is the case with passive mode-locked systems, etalon effects due to intra-
cavity elements will reduce the bandwidth of the system and broaden the mode-
locked pulses. In a cw-pumped Nd : YAG laser, even a weak etalon effect due to
the modulator or rod surfaces can decrease the effective value of �ν by a large
amount. Therefore, one of the most important considerations in a practical mode-
locking system is the elimination of residual reflections and optical interference
effects in the laser cavity.

On the other hand, it is possible to use a tilted etalon inside a mode-locked
laser to deliberately lengthen the pulse width. With uncoated quartz etalons
of thickness between 1 and 10 mm, good control of the pulse width can be
achieved.

9.3.2 FM Modulation

Light passing through an electro-optic phase modulator will be up- or down-
shifted in frequency unless it passes through at the time when the intracavity phase
modulator δ(t) is stationary at either of its extrema. The recirculating energy pass-
ing through the phase modulator at any other time receives a Doppler shift pro-
portional to dδ/dt , and the repeated Doppler shifts on successive passes through
the modulator eventually push this energy outside the frequency band over which
gain is available from the laser medium. The interaction of the spectrally widened
circulating power with the narrow laser linewidth leads to a reduction in gain for
most frequency components. Thus, the effect of the phase modulator is similar to
the loss modulator, and the previous discussion of loss modulation also applies
here. As shown in Fig. 9.13(b), the existence of two phase extrema per period
creates a phase uncertainty in the mode-locked pulse position since the pulse can
occur at either of two equally probable phases relative to the modulating signal.
The quadratic variation of δ(t) about the pulse arrival time also produces a fre-
quency “chirp” within the short mode-locked pulses.

In the FM case, the internal FM introduces a sinusoidally varying phase per-
turbation such that the round-trip transmission through the modulator is given
approximately by

T (t) ≈ exp(± jδFMω
2
mt2), (9.23)

where δFM is the peak phase retardation through the modulator. The ± sign corre-
sponds to the two possible phase positions at which the pulse can pass through the
modulator, as mentioned earlier. With these parameters the pulse width of phase
mode-locked pulses is given by
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tp (FM) = 0.54

(
gl

δFM

)1/4 1

(νm�ν)1/2
. (9.24)

The time-bandwidth product is given by

tp (FM)×�ν (FM) = 0.626. (9.25)

In an electro-optic phase modulator the phase retardation is proportional to the
modulating voltage, hence δFM ∝ P1/2

in , where Pin is the drive power into the
modulator. Therefore, we obtain from (9.24) the following expression for the
pulse width: tp(FM) ∝ P−1/8

in , which indicates that the pulses shorten very slowly
with increased modulator drive. More effective in shortening the pulses is an in-
crease of the modulation frequency. Since νm = c/2L , the pulse width will be
proportional to the square root of the cavity length.

In order to calculate the pulse width from (9.24), we can calculate the saturated
gain coefficient g by equating the loop gain with the loss in the resonator

2gl ≈ ln

(
1

R

)
, (9.26)

where R is the effective reflectivity of the output mirror and includes all losses.
For a typical Nd : YAG laser with 10% round-trip loss, that is, R = 0.9, a res-
onator length of 60 cm, and a linewidth of 120 GHz, the pulse length is given by
tp(FM) = 39(1/δFM)

1/4. For δFM = 1 rad, which is easily obtainable, pulses of
39 ps can be generated.

9.4 Picosecond Lasers

Today, diode-pumped cw Nd : YAG or Nd : YLF lasers, mode-locked with an
acousto-optic modulator, are the standard sources for the production of pico-
second pulses. A typically end-pumped and actively mode-locked neodymium
laser is shown in Fig. 9.14. The output from a GaAlAs diode array is focused onto
the end of the laser crystal. Spot sizes of the pump beam range from 50µm to a
few hundred micrometers. A common resonator configuration for diode-pumped
actively mode-locked lasers is a three-mirror arrangement. A folded cavity geom-
etry provides a beam waist at both the laser crystal and the modulator, as well
as astigmatic compensation. In commercial mode-locked lasers, the resonator is
usually folded a few times to decrease the overall length of the system. The length
of the cavity is usually a compromise between the need for short pulses, which
requires a short resonator and a high-modulation frequency, and the ability to slice
out a single pulse with a Pockels cell.

Typical of end-pumped lasers is the highly reflective coating applied to the
back face of the crystal (Fig. 9.14) to form one of the resonator mirrors. Small
thermal or vibrational changes in the pump radiation readily induce relaxation
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FIGURE 9.14. Typical end-pumped and actively mode-locked neodymium laser [14].

oscillations in mode-locked systems. These relaxation oscillations cause fluctua-
tions in amplitude, accompanied by damped oscillations at frequencies in the 30
to 150 kHz range. Therefore, careful alignment and isolation is required for clean
mode-locking. The modulator is usually placed close to the front mirror at the
beam waist created by the folding mirror. The resonator length is typically on the
order of 1 m or longer to provide a sufficiently large separation between pulses
for pulse selection by an external switching device. Actively mode-locked lasers
are very sensitive to cavity length detuning. In practice, cavity length changes on
the order of 1µm can cause serious degradation in pulse quality. Therefore, ac-
tive length stabilization of the resonator by a feedback loop is needed to maintain
long-term stability of mode-locking.

Active mode-locking of a laser can be achieved by using a tunable rf oscil-
lator and adjusting the modulator frequency to agree with the cavity length; or,
alternatively, selecting a fixed frequency and adjusting the mirror spacing.

9.4.1 AM Mode-Locking

Amplitude modulation for mode-locking cw lasers is usually performed with an
acousto-optic modulator. These devices are different from the modulators em-
ployed for Q-switching lasers because they are operated at resonance. The mod-
ulator material, such as a quartz block, has parallel faces and the sound wave is
reflected back and forth in the material. The length of the quartz cell is cut such
that the length is equal to an integer number of half-wavelength of the sound
wave. In such a standing-wave pattern, the diffraction loss of the optical beam
will be modulated at twice the frequency of the sound wave since the diffraction
loss reaches a maximum wherever the standing-wave pattern has a maximum. The
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TABLE 9.1. Modulation depth and rf power requirements for typical
mode lockers.

Frequency Modulation Corresponding
[MHz] depth (δAM) Drive power [W] resonator length

38 0.8 5 197.4 cm
120 0.63 1 62.5 cm

transducer of the acousto-optic modulator is therefore driven at an rf frequency of
νrf = c/4L . Operation of the modulator at resonance requires considerably less
rf power compared to a traveling-wave device. For Q-switching of lasers, this ap-
proach is not feasible because the high Q of the acoustic resonance prevents fast
switching.

Acousto-optic mode-locking requires a precise match of the drive rf with one
of the acoustic resonances of the modulator and also with the frequency spac-
ing of the cavity modes. Since an acousto-optic mode locker operates at a fixed
frequency, exact synchronism between the modulation frequency and the cavity
length is achieved by mounting one of the resonator mirrors on a piezoelectric
translator for cavity-length adjustment. A second feedback loop is usually re-
quired to maintain synchronism between the rf drive frequency and the resonance
frequency of the high-Q modulator. This is achieved by sampling the rf reflected
back from the modulator by means of a directional coupler. This reflected rf power
provides an error signal for slight frequency adjustments caused by a shift of the
modulator’s resonance due to thermal effects.

Usually, fused quartz is used as the Bragg deflector in mode lockers because
of its excellent optical quality, which ensures a low-insertion loss. A transducer,
such as LiNbO3, is bonded to the quartz block and launches an acoustic wave into
the substrate. Such mode lockers are driven by an rf generator anywhere from
40 to 120 MHz and at power ranges from 1 to 5 W. For example, two commer-
cially available units at the low and high ends of the frequency range have the
performance characteristics, as listed in Table 9.1.

Optimum mode-locking is achieved by adjusting the cavity length such that its
resonant frequency matches the frequency of the mode locker. This is usually ac-
complished by fixing the frequency of the mode locker and tuning the resonator
length to match the mode locker’s frequency. The cavity length is tuned by trans-
lating one mirror mounted on a piezoelectric translator.

Figure 9.15 shows feedback control of a laser mode-locked with an acousto-
optic Bragg cell. The mode locker is driven by an rf generator whose output fre-
quency is divided by 2. Manually, the cavity length is adjusted until a region of
stable mode-locking is achieved. This is accomplished by adjusting the reference
voltage of a differential operational amplifier, which then provides a dc voltage to
the piezoelectric transducer. At that point, the feedback loop is closed. The train of
mode-locked pulses is detected by a photodiode. Appropriate filtering of the pho-
todiode output provides a sine wave that corresponds to the resonator round-trip
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FIGURE 9.15. Feedback control of an acousto-optic mode-locked laser.

repetition frequency. The phase of this waveform is compared with the waveform
of the rf generator in a phase detector. A deviation or drift between these two
frequencies produces an error signal directed to the differential amplifier that, in
turn, provides a dc voltage to the piezoelectric translation stage.

9.4.2 FM Mode-Locking

To achieve FM mode-locking, an intracavity electro-optic phase modulator is
driven at the cavity resonance frequency. Electrically, the modulator consists of a
pair of electrodes between which the crystal is placed. An inductive loop and a
tuning capacitor are shunted across these electrodes and are used to achieve the
desired resonant frequency.

Lithium niobate is usually the crystal employed in electro-optic modulators.
With the electric field applied transversely to the optical beam, the r33 electro-
optic coefficient can be utilized, and one obtains

�nz = −1

2
r33(n

e)3 Ez, (9.27)

where ne is the extraordinary index of refraction. The light propagates in the
x-direction, and the beam is polarized in the z-direction in the same direction
as the applied electric field.



330 9. Mode-Locking

The total phase change in the crystal is δFM = 2π �n�/λ0, where � is the
length of the crystal in the x-direction. If a voltage V = V0 cosωmt is applied
across the crystal in the z-direction, the peak single-pass phase retardation of the
modulator is

δFM = πr33(ne)3V0�

λ0d
, (9.28)

where d is the dimension of the crystal in the z-direction.
For LiNbO3, the materials parameters are ne = 2.16 at 1.06µm and r33 =

30.8×10−10 m/V. Typically, a phase retardation of about δFM = 1 rad is achieved
with 300 V across a 5 × 5 × 20 mm crystal. At a frequency of a few hundred
megahertz, this requires an rf power of a few watts.

We will illustrate the performance of an FM mode-locked Nd : YLF laser that
has an optical design, as shown in Fig. 9.14. The Brewster cut LiNbO3 FM had
dimensions of 15 × 6 × 2 mm and was driven by 1 W of rf power at a frequency
of 200 MHz. The Nd : YLF rod was pumped by a 3 W cw laser diode. The output
from the 500 × 1µm diode-emitting aperture was focused to a 300µm spot at
the laser crystal. The mode-locked oscillator generated 14 ps pulses at an output
power of 830 mW at an output wavelength of 1.047µm.

In the case of an FM mode-locked laser, a simple mode-locking system can
be built by allowing the laser to determine its own drive frequency, as shown in
Fig. 9.16. This can be accomplished by using a high-speed photodetector to sense
the first beat frequency c/2L of the oscillator. This signal is amplified, phase-
shifted a variable amount, and then applied to the intracavity modulator. The
adjustable phase shifter compensates for the delay in the feedback loop. When
the phase of the electric signal on the modulator and the signal derived from the

FIGURE 9.16. Direct drive mode-locking system.
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laser equal an integer times π , the loop goes into regeneration and the laser is
mode-locked. The resultant mode-locking system is a closed-loop oscillator us-
ing the laser cavity as the basic reference. Such a system will automatically track
changes in cavity length.

9.5 Femtosecond Lasers

The goal of an all solid-state laser source for ultrafast pulse generation has mo-
tivated research efforts world-wide. Kerr lens mode-locking (KLM) has revolu-
tionized femtosecond pulse generation in solid-state materials because the KLM
technique produces the shortest pulses, and it is relatively simple to implement.

9.5.1 Laser Materials

The laser most actively explored for ultrashort pulse generation is Ti : Al2O3. This
laser has the largest gain bandwidth and is therefore capable of producing the
shortest pulses; it also provides the widest wavelength tunability. Typically, the
Ti : Al2O3 crystal is pumped by a cw argon laser. The future trend will be to
replace the argon laser with a diode-pumped, frequency-doubled Nd : YAG laser
in order to create an all-solid-state source.

With regard to providing a compact, reliable femtosecond source, Cr : LiSAF
(Cr : LiSrAlF6) is an intriguing material because it can be pumped directly by
laser diodes. Compared to Ti : Al2O3 systems, Cr : LiSAF does not have as wide
a tuning range, but the much longer upper-state lifetime (67µs) and a broad
absorption band centered at 640 nm permit pumping with red AlGaInP diodes.
Diode-pumped Cr : LiSAF lasers are currently the most compact femtosecond
pulse sources.

A third material which has a broad gain bandwidth is Cr : Forsterite. This laser
can be pumped with the output from a diode-pumped Nd : YAG laser to produce
femtosecond pulses at around 1.3µm. Table 9.2 lists key parameters of these three
important materials for femtosecond pulse generation in solid-state lasers.

TABLE 9.2. Spectroscopic properties of broadband solid-state laser materials.

Ti : sapphire Cr: LiSAF Cr: Forsterite

Peak emission cross section
[×10−20 cm2] 30 4.8 14.4

Emission peak [nm] 790 850 1240
Gain bandwidth [nm] 230 180 170
Upper state lifetime [µs] 3.2 67 2.7
Nonlinear coefficient γ

[×10−16 cm2/W] 3.2 1.5 2.0
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FIGURE 9.17. (a) Resonator for Kerr lens mode locking and (b) equivalent resonator.

9.5.2 Resonator Design

A resonator commonly employed for KLM is an astigmatically compensated ar-
rangement consisting of two focusing mirrors and two flat mirrors. In order to
obtain a high nonlinearity, the Kerr medium is inserted into the tightly focused
section of the resonator, as shown in Fig. 9.17(a). Taking into account the astig-
matism of the Brewster cut crystal and the tilted mirrors, the resonator shown in
Fig. 9.17(a) has to be evaluated in the tangential and sagittal plane. The curved
mirrors correspond to lenses with focal lengths f , which are different for the
two planes, the same is true for the equivalent lengths l of the laser crystal. Fig-
ure 9.17(b) depicts the equivalent resonator. The function of the two prisms is to
provide dispersion compensation in the resonator, as will be explained in the next
subsection.

As was explained in Section 9.2.2, the operation of a KLM laser is a trade-
off between output power, stability, and tolerance to the exact position of the
components. An analytical treatment of nonlinear resonators has shown that for a
given pump power and pump spot size, the most critical parameters are:

(a) the distance z of the two focusing mirrors;

(b) the location x of the Kerr medium with respect to the mirrors, and

(c) the spot size variation s at the aperture.

As we have seen in Section 9.2.2, the Kerr lens sensitivity s is highest near the
limit of the stability range of the resonator, therefore loss-modulation efficiency
has to be traded off against stable laser performance.
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Because of the Brewster angle design, these resonators behave differently in
the tangential and sagittal planes. This is illustrated in Fig. 9.18 which shows the
change in beam size in two orthogonal directions at the flat mirror for a resonator
configuration as depicted in Fig. 9.17. Since the spot size changes essentially in
only one direction, a slit rather than a round aperture is usually employed for the
adjustment of the proper loss modulation.

Dispersion Compensation

For ultrashort pulse generation, the round-trip time tr in the resonator for all fre-
quency components of the mode-locked pulse must be frequency independent,
i.e., tr(ν) = dϕ/dν = constant, where ϕ is the phase change after one round
trip. Otherwise, frequency components that experience a cumulative phase shift
no longer add constructively and are attenuated. This limits the bandwidth of the
pulse and leads to pulsewidth broadening. The frequency-dependent phase shift
of the pulse during one round trip can be expressed in a Taylor series about the
center frequency ν0,

dϕ

dν
= ϕ′(ν0)+ ϕ′′(ν0)�ν + 1

2
ϕ′′′(ν0)�ν

2, (9.29)

where ϕ′, ϕ′′, ϕ′′′ are the derivatives of the phase with respect to frequency. When
ϕ′′ is nonzero, the pulse will have a linear frequency chirp, while a nonzero third-
order dispersion will induce a quadratic chirp on the pulse.

Generally speaking, in the design of the femtosecond lasers, dispersion effects
have to be minimized. The two major sources of dispersion in a mode-locked laser
are self-phase modulation that is part of the Kerr effect and normal dispersion in
the laser crystal or any other optical component in the resonator.

FIGURE 9.18. Spot sizes as a function of intracavity peak power for two orthogonal direc-
tions [15].
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Self-Phase Modulation. Besides modifying the spatial profile of the beam lead-
ing to a self-induced quadratic index gradient, the Kerr effect also causes a phase
shift among the frequency components as the pulse propagates through the crys-
tal. The time varying phase shift ϕ(t) or phase modulation produced by the pulse
itself can be expressed by

�ϕ(t) = (2π/λ)n2 I (t)l, (9.30)

where I (t) is the intensity and l is the length of the Kerr medium. Since the
Kerr effect always leads to an increase of n0 for increasing intensity, the ris-
ing edge of the pulse experiences a medium which is getting optically denser,
i.e., dn0/dt > 0. The increasing index of refraction at the rising edge of the
pulse delays the individual oscillations of the electric field, which is equivalent of
red-shifting of the leading edge. The opposite occurs at the trailing edge of the
pulse, the trailing edge is blue-shifted. Self-phase modulation will thus cause a
frequency chirp of the pulse and prevent the pulsewidth from becoming transform-
limited.

Normal Dispersions. The change of group velocity with frequency is usually
expressed by

dvg

dν
= −v2

gβ
′′, (9.31)

where β ′′ is the group dispersion of the medium. Materials in the visible region of
the spectrum have positive or normal dispersion, i.e. β ′′ > 0. Therefore in a laser
crystal vg decreases with increasing frequency, that is, longer wavelengths travel
faster than short ones, causing a red-shift of the pulse.

Negative Dispersion. From the foregoing discussion it follows that a high-
intensity mode-locked pulse is red-shifted due to self-phase modulation and
normal dispersion. Positive self-phase modulation and positive group-velocity
dispersion in the Kerr medium can be compensated for by a dispersive delay line
based on a prism pair that intentionally introduces negative dispersion into the
resonator. Although the glasses of the prisms have normal dispersion, the geom-
etry of the ray path can be arranged such that the blue components of the pulse
traverses the two prisms in a shorter time than do the red components. Although
a number of prism arrangements can be devised, usually two prisms are used at
minimum deviation and Brewster angle incidence at each surface. In Fig. 9.19 the
entrance face of prism II is parallel to the exit face of prism I, and the exit face of
prism II is parallel to the entrance of prism I. The prisms are cut so that the angle
of minimum deviation is also the Brewster angle. The plane M M ′ normal to the
rays is a plane of symmetry.

Referring to Fig. 9.19 it can be shown that the optical path that contributes to
dispersion is l = 2L cosβ. Group-velocity dispersion is the second derivative of
the pathlength with respect to wavelength. From [16] we obtain
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FIGURE 9.19. Dispersive delay line employing a prism pair.

d2l

dλ2
= 4L

{[
d2n0

dλ2
+
(

2n0 − 1

n3
0

)(
dn0

dλ

)2
]

sinαp − 2

(
dn0

dλ

)2

cosαp

}
.

(9.32)

The second part of (9.32) is responsible for negative dispersion; therefore the first
part has to be made as small as possible. The term L sin αp expresses the distance
of the beam from the apex of the first prism. This term is minimized by placing
the beam as close to the apex as possible. In actual systems, the incident beam
is adjusted to pass at least one beam diameter inside the apex of the first prism.
We introduce L sin β = 4w, where w is the beam radius, and with cosβ ≈ 1 and
2n0 � 1/n3

0 we obtain

d2l

dλ2
= 16w

[
d2n0

dλ2
+ 2n

(
dn0

dλ

)2
]

− 8L

(
dn0

dλ

)2

. (9.33)

For sufficiently large prism separation L , the right-hand side of (9.33) can be
made negative, as illustrated by the following example. We assume a Ti : sapphire
laser, with two SF10 glass prisms for dispersion compensation. With n0 = 1.711,
dn0/dλ = −0.0496µm−1, d2n0/dλ2 = 0.1755µm−2 at 800 nm, and a beam
radius of w = 1 mm,

d2l

dλ2
= 0.294 − 0.0197L (cm) [1/cm]. (9.34)

Therefore, for a prism separation larger than about 15 cm, negative group-velocity
dispersion is obtained.

Self-Starting of KLM. The Kerr nonlinearity is usually not strong enough for the
cw mode-locking process to self-start. In order to initiate KLM, usually a strong
fluctuation must be induced by either perturbing the cavity or by adding another
nonlinearity to the system. The simplest method to start KLM in a laboratory set-
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up is to slightly tap one of the resonator mirrors. Disturbing the cavity mirrors will
sweep the frequencies of competing longitudinal modes, and strong amplitude
modulation due to mode-beating will occur. The most intense mode-beating pulse
will be strong enough to initiate mode-locking.

Several methods for the self-starting of KLM that are practical enough to be
implemented on commercial lasers have recently been developed. A simple ap-
proach for starting KLM is to mount one of the resonator mirrors on a PZT and
introduce a vibration on the order of a few micrometers at a frequency of tens
of hertz.

In synchronous pumping, the Kerr material is pumped from a source that
produces already mode-locked pulses. For example, a Ti : Al2O3 crystal can be
pumped with a frequency-doubled Nd : YAG laser which is actively mode-locked.

Summary

This chapter deals with the formation of ultrashort pulses by longitudinal mode-
locking and the techniques employed for the generation of pulses with durations
less than 100 picoseconds and as short as a few femtoseconds.

In typical lasers the phases of different longitudinal modes vary randomly with
time. This causes the intensity of the laser output to fluctuate producing an irreg-
ular, spiking emission. When the longitudinal modes are forced to oscillate with
their phases locked, the modes interfere and produce short pulses in the pico- or
femto-second regime. The longitudinal modes of a laser oscillator can be locked
in phase by means of a suitable nonlinear process or by the action of an active
element that modulates the loss in the resonator.

In passive mode-locking the intensity of the radiation in combination with a
passive nonlinear element generates a periodic modulation that leads to a fixed
phase relationship of the longitudinal modes. In active mode-locking, a rf signal
is applied to a phase or frequency modulator at exactly the frequency interval of
the longitudinal modes.

The output of a mode-locked laser consists of a train of pulses with a separation
equal to the round-trip time of the resonator. The laser radiation can therefore
also be understood in terms of a pulse that propagates back and forth between the
mirrors of the resonator. The pulse width is equal to the round-trip time divided by
the number of modes locked together. Therefore the shortest pulses are obtained
from solid-state lasers, such as Ti : sapphire, that have a large gain bandwidth and
can support many longitudinal modes.

The generation of femtosecond pulses requires a nonlinear process in the res-
onator that has an extremely fast response time. Most femtosecond lasers utilize
the Kerr effect in a solid that produces an intensity-dependent change of the re-
fractive index. The Kerr medium acts as a lens with an intensity-dependent focal
length. Dispersion of various elements in the resonator causes a phase shift of in-
dividual modes, thus reducing the number of modes that can be mode-locked. In
the design of femtosecond lasers, dispersion effects have to be minimized.
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Exercises

1. Consider a continuously operating laser that is restricted to a single transverse
mode of oscillation but which is oscillating in N + 1 longitudinal modes that
are exactly equally spaced from each other in frequency by the amount �Hz.
Assume that they all have equal electric field amplitude E0. Since these modes
must all satisfy the same boundary conditions on a cavity mirror, they can be
assumed to have equal phase intervals from one mode to the next. Let us set
that to zero. Each mode can be written as an oscillating electromagnetic field
that satisfies Maxwell’s equations. The electric field of each mode is given
as

Ep = E0 exp(i(kpz + ωpt)),

where p is an integer from zero to N . The total output electric field of this
laser is the sum of these fields. Find an expression for the electric field as a
function of time at some arbitrary plane, say where z = 0. Then show that the
output intensity is given by
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I = E2
0


 sin2

(
1
2 (N�t)

)
sin2

(
1
2 (�t)

)

 .

If there are peaks of intensity in the output what is the intensity of the
laser at a peak? How does this compare to the intensity you would have
if the modes were spaced by random frequency differences? What is � in
terms of cavity parameters and what is the interval in time between the
peaks? (Hint: This is the derivation of (9.9). See the discussion of mode-
locking in Laser Fundamentals by William T. Silfvast, Cambridge Univer-
sity Press, Cambridge, UK, 1996, ISBN 0-521-55424-1, if you can’t do this
problem yourself. To do it yourself you will need to look up the summa-
tion of a geometric series with a finite limit. It is not hard once you do
that.)

2. In Problem 1 you found an expression for the intensity as a function of time for
a mode-locked laser. Use that expression and find the full width of the peaks
at half-maximum (FWHM). If the cavity of the laser has an optical length of
15 cm, and the number of modes that are locked together (e.g., have constant
intermode frequency spacing) in N + 1 = 100, what is the duration at FWHM
of the intensity maxima?
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Nonlinear optical devices, such as harmonic generators and parametric oscillators,
provide a means of extending the frequency range of available laser sources. In
1961, Franken and coworkers detected ultraviolet light at twice the frequency of
a ruby laser beam when this beam was propagated through a quartz crystal [1].
This experiment marked the beginning of an intense investigation into the realm
of the nonlinear optical properties of matter.

Frequency conversion is a useful technique for extending the utility of high-
power lasers. It utilizes the nonlinear optical response of an optical medium
in intense radiation fields to generate new frequencies. It includes both elastic
(optical-energy-conserving) processes, such as harmonic generation, and inelas-
tic processes (which deposit some energy in the medium), such as stimulated
Raman or Brillouin scattering.

There are several commonly used elastic processes. Frequency doubling gener-
ates a single harmonic from a given fundamental high-power source. The closely
related processes of sum- and difference-frequency generation also produce a
single new wavelength but require two high-power sources. These processes have
been used to generate high-power radiation in all spectral regions, from the ul-
traviolet to the far-infrared. Optical parametric oscillators and amplifiers generate
two waves of lower frequency from a pump source. They are capable of generating
a range of wavelengths from a single frequency source, in some cases spanning
the entire visible and near-infrared regions.

339
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As far as inelastic processes are concerned, the Raman process can be utilized
in solid-state lasers for the generation of additional spectral output lines. The
strongest interaction is for the output shifted toward a longer wavelength (first
Stokes shift), but at sufficiently high-pump intensities additional lines at longer,
as well as shorter, wavelengths with respect to the pump wavelength will appear
(Stokes and anti-Stokes lines).

Although it produces a small wavelength shift, stimulated Brillouin scattering
is mainly of interest for the realization of phase-conjugating mirrors. The appli-
cation of phase conjugation, or wavefront reversal, via stimulated Brillouin scat-
tering, offers the possibility of minimizing thermally induced optical distortions
[2] which occur in solid-state laser amplifiers.

10.1 Nonlinear Optics

Nonlinear optical effects are analyzed by considering the response of the dielec-
tric material at the atomic level to the electric fields of an intense light beam.
The propagation of a wave through a material produces changes in the spatial and
temporal distribution of electrical charges as the electrons and atoms react to the
electromagnetic fields of the wave. The main effect of the forces exerted by the
fields on the charged particles is a displacement of the valence electrons from
their normal orbits. This perturbation creates electric dipoles whose macroscopic
manifestation is the polarization. For small field strengths this polarization is pro-
portional to the electric field. In the nonlinear case, the reradiation comes from
dipoles whose amplitudes do not faithfully reproduce the sinusoidal electric field
that generates them. As a result, the distorted reradiated wave contains different
frequencies from that of the original wave.

On a microscopic scale, the nonlinear optical effect is rather small even at rela-
tively high-intensity levels, as the following example illustrates. We will compare
the applied electric field strength of a high-intensity beam to the atomic electric
field which binds the electrons to the nucleus. The magnitude of the atomic field
strength is approximately equal to Eat = e/4πε0r2 where e is the charge of an
electron, ε0 is the permitivity of free space, and r is the radius of the electron or-
bit. With r = 10−8 cm one obtains Eat = 109 V/cm. A laser beam with a power
density of I = 100 MW/cm2 generates an electric field strength in the material
of about E = 105 V/cm according to I = n0 E2(µ0/ε0)

−1/2, where n0 is the
refractive index and (µ0/ε0)

1/2 is the impedance of free space. To observe such
a small effect, which is on the order of 10−4, it is important that the waves add
coherently on a macroscopic scale. This requires that the phase velocities of the
generated wave and the incident wave are matched.

In a given material, the magnitude of the induced polarization per unit volume
P will depend on the magnitude of the applied electric field E. We can therefore
expand P in a series of powers of E and write

P = ε0�(1)E + ε0�(2)EE + ε0�(3)EEE + · · · , (10.1)
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where ε0 is the permitivity of free space and �(1) is the linear susceptibility rep-
resenting the linear response of the material. The two lowest-order nonlinear re-
sponses are accounted for by the second- and third-order nonlinear susceptibilities
�(2) and �(3). The expression of the polarization in anisotropy materials is rather
complicated, for the induced polarization depends not only on the magnitude of
the electric vector but on the magnitude and direction of all vectors that charac-
terize the electromagnetic field. Normally �(1) � �(2) � �(3) and therefore the
nonlinear effects will be negligible unless the electric field strength is very high.

The linear term in (10.1) represents three separate equations, one for each value
of the i th Cartesian coordinate of P, that is,

Pi = �i j E j (i, j = 1, 2, 3). (10.2)

The linear polarization tensor, which is rank 2, has an array of nine coefficients.
The linear susceptibility, related to the refractive index through � = n2

0 −1 and to
the dielectric constant ε = ε0(1 + �), is responsible for the linear optical proper-
ties of the medium such as refraction, dispersion, absorption, and birefringence.
In the linear regime optical properties are independent of light intensity and the
wavelength of radiation does not change.

The nonlinear optical susceptibilities of second and third order which describe
three- and four-wave mixing processes, respectively, give rise to a large variety of
optical phenomena since each electric field can have a different frequency, prop-
agation vector, polarization, and relative phase. Therefore P can contain many
different product terms of the various interacting fields. In the following overview
only interactions that are utilized in the nonlinear devices described in the remain-
der of this chapter are described.

10.1.1 Second-Order Nonlinearities

The second-order susceptibility �(2) is responsible for second harmonic genera-
tion, sum and difference frequency generation, and optical parametric amplifica-
tion. Sections 10.2 and 10.3 describe devices based on these nonlinear phenom-
ena. The above-mentioned second-order nonlinear effects are produced by two
waves, which interact to produce a third wave. Conservation of momentum and
conservation of photon energy is always required in these processes. The opti-
cal fields of the three waves are coupled to one another through the second-order
susceptibility. The coupling provides the mechanism for the exchange of energy
among the interacting fields. The second-order nonlinear susceptibility in a Carte-
sian coordinate system can be written as

P j = ε0�(2)i jkE j Ek , i, j, k = 1, 2, 3. (10.3)

The tensor �(2)i jk in general has 27 independent coefficients. By taking into ac-
count symmetry conditions, the second-order susceptibility can be expressed by a
two-dimensional 3×6 tensor, commonly known as the d-tensor. The nonlinear co-
efficients ranging from d11 to d36 will be frequently used throughout this chapter.
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Most nonlinear crystals are described by only a few d-coefficients. For example,
the nonlinear crystal KDP has only three nonvanishing terms (d14, d25, d36). Fur-
thermore, for those crystals of main interest there is usually one predominant co-
efficient associated with a beam propagation direction which yields maximum
harmonic power. In centrosymmetric crystals the �(2) tensor is actually zero;
therefore second-order nonlinear processes are only possible in crystals that lack
inversion symmetry. Using the d-coefficients, the nonlinear polarization is given
by

P = ε0dEE, (10.4)

where d has the dimension of meter per volt.

Sum- and Difference-Frequency Generation

Two waves of comparable intensity and frequency ω1 and ω2 are initially present,
and a wave at the third frequency ω3 is created through the nonlinear interaction

P(ω3) = ε0�(2)E(ω1)E(ω2), (10.5)

where ω3 = ω1 +ω2. Similarly, a wave at the difference frequency ω3 −ω2 = ω1
may be generated (ω3 > ω2 > ω1). Sum frequency generation is described in
section 10.2.5. A very common technique to produce the third harmonic of a
neodymium laser is, first, the generation of the second harmonic and then sum
frequency generation by mixing the second harmonic (ω2) with the unconverted
portion of the fundamental beam (ω1).

Second Harmonic Generation

This is a special case of frequency mixing with the initial waves having a com-
mon frequency, i.e., ω = ω1 = ω2 and ω3 = 2ω in (10.5). The generation
of a second harmonic can be readily shown if we describe the applied field by
E = E0 sin(ωt). The induced polarization, according to (10.1) takes the form

P = ε0[�(1)E sin(ωt)+ �(2)E2 sin2(ωt)+ · · · , (10.6a)

which can be written as

P = ε0[�(1)E sin(ωt)+ 1/2�(2)E2(1 − cos 2ωt)+ · · · . (10.6b)

In the last expression, the presence of the second term shows that a wave having
twice the frequency of the fundamental can be formed in a nonlinear medium.
Second harmonic generation is described in Section 10.2.

Parametric Amplification

Parametric amplification refers to the coupled growth of two waves in the presence
of a strong wave, which will be referred to as the pump. Energy and momentum
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are conserved if ω3 = ω2 + ω1, where ω3 is the frequency of the input pump
beam and ω2 and ω1 are the frequencies of the resulting signal and idler beams.
Parametric oscillators are described in Section 10.3.

10.1.2 Third-Order Nonlinearities

Third-order optical nonlinearities involve the nonlinear susceptibility tensor �(3)

in (10.1). This term governs third harmonic generation, optical Kerr effect, Ra-
man effect, and Brillouin scattering. In general, �(3) will couple together four
frequency components, that is, three fields interact to produce a fourth field,

P(ω4) = ε0�(3)E(ω3)E(ω2)E(ω1), (10.7)

where ω4 = ω3 + ω2 + ω1. �(3) is a four-rank tensor with 81 elements, because
an array of 3 × 27 coefficients couple a single component of the polarization P to
three independent components of three electric field vectors.

The third-order optical nonlinearity is thus a four-photon process. There can
be up to three different input laser frequencies, but several of the frequencies can
also be the same. In a lossless medium the susceptibility coefficients of �(3) are
real. In this case, the primary nonlinear optical effects are the generation of new
frequency components and the intensity-dependent change in the refractive index
(Kerr effect). In third-order interactions involving absorption, the imaginary part
of �(3) describes Raman and Brillouin scattering.

Third Harmonic Generation

The third harmonic generated by an intense beam at frequency ω can be described
by (10.7) with ω = ω1 = ω2 = ω3 and ω4 = 3ω. The expression of a si-
nusoidal electric field raised to the third power will include a term sin3(ωt) =
3/4 sin(ωt) − 1/4 sin(3ωt) which illustrates the creation of a third harmonic.
The possibility of third-harmonic generation exists in principle, although it suf-
fers from practical drawbacks. Typical values of �(3) are orders of magnitude
smaller than �(2) coefficients found in nonlinear crystals. Therefore the preferred
method of third-harmonic generation is the utilization of two second-order effects.
(Second-harmonic generation, followed by sum-frequency mixing, is explained in
Section 10.2.5.)

Optical Kerr Effect

The third-order nonlinearity can lead to an intensity-dependent refractive index
known as the optical Kerr effect. With ω2 = −ω1, (10.7) transforms to

P(ω) = [�(3)E2
av]E(ω), (10.8)

where Eav is the average electric field strength. The tensor �(3) describes the
effect of an intense light beam upon the propagation path of the beam. The self-
induced effect manifests itself as an intensity-dependent contribution to the index
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of refraction

n2 = n0 + (12π/n0)�
(3)E2

av. (10.9)

The effect of an intensity-dependent refractive index is exploited in Kerr lens
mode-locking (KLM), which is described in Section 9.2.2. In high-intensity
beams the nonlinear refractive index can be the source of optical damage because
it can lead to self-focusing and small-scale ripple growth. Both phenomena are
discussed in Sections 4.3 and 4.5.

Stimulated Raman Scattering

This nonlinear process involves the interaction of a laser beam with the molecular
vibrations in gases or liquids. In the presence of a strong external electric field,
the charge distribution of a diatomic molecule is polarized. The molecule acquires
a dipole that can interact with the driving field. The external field exerts a force
on the molecule proportional to E2. This implies that there must be two input
photons driving the interaction. Therefore two electric fields in (10.7) have the
same frequency and represent the pump beam ωp which drives the interaction to
provide amplification at ωp − ω0, where ω0 is the frequency of the molecular
vibration wave. In accordance with (10.7) three waves produce a fourth wave via
the third-order polarization, and energy at the pump frequency can be transferred
to the signal frequency ωp − ω0. In addition, nonlinear mixing processes create
additional frequency components atωp− jω0 andωp+ jω0 where j = 1, 2, 3, . . . .
Raman lasers employed to shift the wavelength of solid-state lasers are described
in Section 10.4.

Stimulated Brillouin Scattering

In this process an optical beam interacts with an acoustic wave in the medium.
The acoustic wave is associated with the propagation of pressure in the medium,
leading to periodic density fluctuations. Electrostriction provides the coupling
mechanism between the acoustic wave and electromagnetic wave, that is, a lo-
cal compression of the medium in response to the strength of the electromagnetic
field. An incident laser beam can scatter with the periodic index variations as-
sociated with a propagating acoustic wave. The interaction is stimulated because
the acoustic and scattered waves can grow as the pump beam is depleted. The
acousto-optic interaction with the laser pump beam depends on the intensity of
the pump, just as in stimulated Raman scattering; therefore the polarizability is
a function of E2. The four-wave mixing process is characterized by two electro-
magnetic fields with the same frequency ωp interacting with an acoustic wave of
frequency ωa to produce a fourth wave at ωp − ωa. The frequency of the acoustic
wave is determined by the conservation of energy and momentum. The stimulated
wave is usually radiated backward toward the incoming pump beam. The acous-
tical frequency for a backward wave is ωa = 2ωp(n0va/c), where va is the speed
of sound in the medium. Since va is very small compared to the speed of light in
the medium c/n0, the frequency shift is very small.
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Acoustic waves occur at frequencies orders of magnitude smaller than molecu-
lar vibrations. Brillouin scattering is therefore frequency shifted from the incident
radiation by a much smaller amount as compared to Raman scattering. From an
engineering point of view, interest in Brillouin scattering is not related to the fre-
quency shift which occurs in the interaction, but in the phase-conjugate reflection
of the pump beam. Brillouin scattering is the mechanism for phase conjugation
discussed in Section 10.5.

10.2 Harmonic Generation

In this section, we will review the basic theory and discuss system parameters and
material properties which affect harmonic generation. The subject of nonlinear
optics has been treated in several books [2]–[6] and tutorial review articles [7],
[8]. For a general introduction to crystal optics the reader is referred to standard
texts [9], [10].

10.2.1 Basic Equations of Second-Harmonic Generation

The process of harmonic generation by an incident wave of frequency ω1 must be
viewed as a two-step process. First, a polarization wave at the second harmonic
2ω1 is produced and has a phase velocity and wavelength in the medium which
are determined by n1ω, the index of refraction for the fundamental wave, that is,
λp = c/2ν1n1ω. The second step is the transfer of energy from the polarization
wave to an electromagnetic wave at frequency 2ν1. The phase velocity and the
wavelength of this electromagnetic wave are determined by n2ω, the index of re-
fraction for the doubled frequency, that is, λ2 = c/2ν1n2ω. For efficient energy
transfer it is necessary that the two waves remain in phase, which implies that
n1ω = n2ω. Since almost all materials have normal dispersion in the optical re-
gion, the radiation will generally lag behind the polarization wave. The phase mis-
match between the polarization wave and the electromagnetic wave for collinear
beams are usually expressed as the difference in wave number, �k = 2kω − k2ω,
or

�k = 4π

λ1
(n1ω − n2ω). (10.10)

If Maxwell’s equations are solved for a coupled fundamental and second-
harmonic wave propagating in a nonlinear medium, then the ratio of the power
generated at the second-harmonic frequency, to that incident at the fundamental,
is given by [2]

P2ω

Pω
= tanh2

[
l K 1/2

(
Pω
A

)1/2 sin �kl/2

�kl/2

]
, (10.11)
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where

K = 2Z3ω2
1d2

eff, (10.12)

l is the length of the nonlinear crystal, A is the area of the fundamental beam,
Z is the plane-wave impedance Z = √

µ0/ε0ε = 120π/n0[V/A], ω1 is the
frequency of the fundamental beam, and deff is the effective nonlinear coeffi-
cient of the nonlinear polarizability tensor �(2) in (10.1). The dimension of deff
in (10.12) is given in the MKS system and includes ε0, the permittivity of free
space, thus deff [As/V2]. Some authors exclude ε0 from the d coefficient, in this
case d [As/V2] = 8.855 × 10−12d [m/V]. The conversion from the cgs system to
MKS units becomes d [As/V2] = 3.68 × 10−15d [esu].

For low conversion efficiencies, (10.11) may be approximated by

P2ω

Pω
= l2K

Pω
A

sin2 (�kl/2)

(�kl/2)2
. (10.13)

For a given wavelength and a given nonlinear material, K is a constant. The con-
version efficiency, therefore, depends on the length of the crystal, the power den-
sity, and the phase mismatch. For a crystal of fixed length, the second-harmonic
power generation is strongly dependent on the phase mismatch expressed by the
sinc2 function, as is illustrated in Fig. 10.1. In this case, a variation of�k was ob-
tained by changing the crystal temperature. The harmonic power is at maximum

FIGURE 10.1. Second-harmonic generation as a function of temperature in a
Ba2NaNb5O15 crystal employed to frequency-double an Nd : YAG laser.
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when �k = 0, that is, at the exact phase-matching temperature. For a fixed �k,
the second-harmonic power as a function of distance l along the crystal grows
and decays with a period of �kl/2 = π. Half of this distance has been termed
the coherence length lc. It is the distance from the entrance face of the crystal to
the point at which the second-harmonic power will be at its maximum value. This
parameter is not to be confused with the coherence length lc of the laser beam,
which was defined in Chapter 5.

For normal incidence the coherence length is given by

lc = π/�k. (10.14)

Expressing the phase mismatch �k in terms of coherence length in (10.13) one
obtains

P2ω

Pω
= l2

c K
4

π2

Pω
A

sin2
(
πl

2lc

)
. (10.15)

The oscillatory behavior of (10.15) is shown in Fig. 10.2 for several values of lc.
For the ideal case lc = ∞, the second-harmonic conversion efficiency is propor-
tional to the square of the crystal length, at least in the small-signal approximation

P2ω

Pω
= l2K

Pω
A
. (10.16)

Clearly, if the crystal is not perfectly phase-matched (lc = ∞), the highest
second-harmonic power we can expect to generate will be the signal obtained
after the beam propagates one coherence length, no matter how long the crystal

FIGURE 10.2. Second-harmonic power conversion efficiency as a function of distance l
from the entrance surface of a CDA crystal. Parameter is the coherence length lc (K =
1.3 × 10−9 W−1; λ = 1.06µm; I = 100 MW/cm2).
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is. The decrease in harmonic power, for example, between lc and 2lc, is explained
by a reversal of the power flow. Instead of power being coupled from the polariza-
tion wave into the electromagnetic wave, it is coupled from the electromagnetic
wave into the polarization wave: that is, the power is coupled back into the input
beam. Thus we find that the power oscillates back and forth between the harmonic
and the fundamental wave.

In almost all practical cases the coherence length is limited by the beam diver-
gence and the bandwidth of the laser beam and by angular and thermal deviations
of the crystal from the phase-matching angle and temperature.

10.2.2 Index Matching

With typical dispersion values in the visible region, the coherence length in
most crystals is limited to about 10µm. For this reason the intensity of second-
harmonic power is small. Only if n1 can be made substantially equal to n2 will
relatively high efficiencies of frequency-doubled power be obtained.

An effective method of providing equal-phase velocities for the fundamental
and second-harmonic waves in the nonlinear medium utilizes the fact that disper-
sion can be offset by using the natural birefringence of uniaxial or biaxial crystals.
These crystals have two refractive indices for a given direction of propagation,
corresponding to two allowed orthogonally polarized beams; by an appropriate
choice of polarization and direction of propagation it is often possible to obtain
�k = 0. This is termed phase matching or index matching.

We shall restrict our discussion to that of uniaxial crystals. These crystals, to
which the very important nonlinear crystals KDP, and its isomorphs, and LiNbO3
belong, have an indicatrix that is an ellipsoid of revolution with the optic axis
being the axis of rotation, as shown in Fig. 10.3. The two directions of polar-
ization and the indices for these directions are found as follows: We draw a line

FIGURE 10.3. Indicatrix ellipsoid of a uniaxial crystal. Also shown is a cross section per-
pendicular to the light propagation direction P .
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through the center of the ellipsoid in the direction of beam propagation (line OP
in Fig. 10.3). Then we draw a plane perpendicular to the direction of propagation.
The intersection of this plane with the ellipsoid is an ellipse. The two axes of this
ellipse are parallel to the two directions of polarization, and the length of each
semiaxis is equal to the refractive index in that direction.

We now examine how the indices of refraction vary when the direction of prop-
agation is changed. We notice that for the direction of polarization perpendicular
to the optic axis, known as the ordinary direction, the refractive index is inde-
pendent of the direction of propagation. For the other direction of polarization,
known as the extraordinary direction, the index changes between the value of the
ordinary index n0 when OP is parallel to z, and the extraordinary index ne when
OP is perpendicular to z. When the wave propagation is in a direction � to the
optic axis, the refractive index for the extraordinary wave is given by [9]

ne(�) = none

[(no)2 sin2�+ (ne)2 cos2�]1/2
, (10.17)

where the superscripts “o” and “e” refer to the ordinary and extraordinary rays.
Changing the point of view, we look now at the shape of the wavefronts for

these two rays instead of their direction and polarization. Assuming that the input
is a monochromatic point source at O, the expanding wavefront for the o-ray
is spherical, whereas the spreading wavefront for the e-ray is an ellipsoid. This
property of crystals is described by the index surface, which has the property that
the distance of the surface from the origin along the direction of the wave vector
is the refractive index. For a uniaxial crystal this surface has two sheets—a sphere
for ordinary waves polarized perpendicular to the optic axis with index no, and an
ellipsoid for extraordinary waves with index ne(�). By definition the optic axis is
that direction at which the o- and e-rays propagate with the same velocity. If the
value of ne −no is larger than zero, the birefringence is said to be positive, and for
ne −no smaller than zero the birefringence is negative; the corresponding crystals
are called positive or negative uniaxial. Figure 10.4 shows a cross section of the
index surface of a negative uniaxial crystal (for the moment we consider only the
solid lines no

1 and ne
1). The complete surfaces are generated by rotating the given

sections about the z-axis. The wavefront velocity v and the refractive index no are
related by v = c/no, where c is the velocity of light.

Both refractive indices no and ne are a function of wavelength. Figures 10.4
and 10.5 illustrate how the dependence of the refractive index on beam direction,
wavelength, and polarization can be utilized to achieve angle-tuned phase match-
ing. The dashed lines in these figures show the cross section of the index surfaces
n2 at the harmonic frequency. As can be seen, the negative uniaxial crystal has
sufficient birefringence to offset dispersion, and the matching condition can be
satisfied for a beam deviating from the z-axis by the angle �m.

The directions for phase-matched second-harmonic generation are obtained by
considering the intersection of the index surfaces at the fundamental and harmonic
frequencies. As was mentioned earlier, frequency doubling may be considered
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FIGURE 10.4. Cross section of the index surface of a negative uniaxial crystal for two
different wavelengths.

FIGURE 10.5. Direction for phase-matched second-harmonic generation (type-I) in a uni-
axial crystal, where�m is the phase-matching angle measured from z and φ is the azimuth
angle measured from x .
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as a special case, where two incident waves with electric fields Em and En are
identical waveforms. There are two types of processes in harmonic generation,
depending on the two possible orientations for the linear polarization vectors of
the incident beams. In the type-I process both polarization vectors are parallel: in
the type-II process the polarization vectors are orthogonal.

In a negative uniaxial crystal there are two loci where the index surfaces inter-
sect and �k = 0 [11]

ne
2(�m) = no

1 type-I, (10.18a)

ne
2(�m) = 1

2 [ne
1(�m)+ no

1] type-II, (10.18b)

first, in a symmetrical cone at �m (type-I) about the optic axis where two o-rays
at ω are matched to an e-ray at 2ω; second, in a cone at �m (type-II) where an
o-ray and an e-ray at ω are matched to an e-ray at 2ω.

The harmonic power is not independent of the azimuthal angle of the phase-
matched direction (Fig. 10.5). In general, deff is a combination of one or several
coefficients of �(2), and the angles � and φ that define the direction of the wave
propagation vector. For example, for KDP and its isomorphs and type-I index
matching, one obtains

deff = d14 sin 2φ sin�m. (10.19)

The phase-matching angle �m is obtained by combining (10.17) and (10.18a)

sin2�m = (no
1)

−2 − (no
2)

−2

(ne
2)

−2 − (no
2)

−2
. (10.20)

For frequency doubling of 1.05µm radiation, the beam propagation vector is
at �m = 41◦ with respect to the optical axis of the KDP crystal and the azimuth
angle is at 45◦ in type-I phase-matching. The fundamental beams, E j = Ek in
(10.3), are polarized perpendicular to the optical axis (ordinary direction) and the
frequency doubled beam is polarized parallel to the optical axis of the crystal
(extraordinary direction). The orientation of the beam propagation vector, polar-
ization, and crystal axes is illustrated in Fig. 10.6(a) for the case of KDP.

For type-II phase-matching in KDP one obtains

deff = d14 cos 2φ sin 2�m. (10.21)

In this case the angle between the beam direction and the crystal axis is�m = 59◦
and φ = 90◦ with respect to the x-axis. A single linearly polarized fundamental
beam incident on the crystal may be equally divided into o- and e-rays by ori-
enting the polarization vector at 45◦ with respect to the x-axis. The polarization
vector of the harmonic beam is rotated 45◦ from the fundamental beam with the
polarization parallel to the optical axis (see Fig. 10.6(b)).
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FIGURE 10.6. Crystal and electric vector orientation for harmonic generation in KDP and
its isomorphs for (a) Type-I and (b) Type-II phase-matching [12].

Comparing type-I and type-II phase-matching, we find that type-I is more fa-
vorable when �m is near 90◦, whereas type-II leads to a higher deff when�m lies
near 45◦.

Critical Phase-Matching

The reason for not achieving the optimum second harmonic output from a par-
ticular set-up is in many cases the divergence of the pump beam. For second-
harmonic generation in a negative crystal we find from (10.10) that �k = 0 if
no

1 = ne
2(�m), which is exactly true only at � = �m. In Section 10.1.2 it will

be shown that there is a linear relationship between small deviations δθ from the
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phase-matching angle and�k. The change of �k as a function of δθ can be large
enough to limit the conversion efficiency in real devices. Consider as an example
second-harmonic generation in KDP at 1.064 µm. The linear change in �k with
� is sufficiently great to restrict the deviation from the phase-matched direction to
approximately 1.2 mrad if the coherence length is to be greater than 1 cm. Phase-
matching under these unfavorable conditions is termed “critical phase-matching.”

Also if phase-matching is accomplished at an angle �m other than 90◦ with
respect to the optic axis of a uniaxial crystal, there will be double refraction.
Therefore, the direction of power flow (Poynting vector) of the fundamental and
second harmonics will not be completely collinear but occur at a small angle.

For a negative uniaxial crystal and type-I phase-matching, this angle is given
by [13]

tan � = (no
1)

2

2

(
1

(ne
2)

2
− 1

(no
2)

2

)
sin 2�. (10.22)

The angle � has the effect of limiting the effective crystal length over which har-
monic generation can take place. The beams completely separate at a distance of
order

la = D/� (10.23)

called the aperture length where D is the beam diameter. Of course, at only a
fraction of this distance the reduction of conversion efficiency because walk-off
becomes noticeable and has to be taken into account.

For weakly focused Gaussian beams, the aperture length can be expressed as

la = w0
√
π/�, (10.24)

where w0 is the fundamental beam radius.

Noncritical Phase-Matching

If the refractive indices can be adjusted so that �m = 90◦, by variation of a
parameter such as the temperature or chemical composition of the crystal, the
dependence of �k on beam divergence or angular misalignment δθ is due to a
much smaller quadratic term, instead of a linear relationship as is the case in
critical phase-matching.

For example, second-harmonic generation in LiNbO3 occurs at 90◦ for 1.064
µm radiation provided the crystal is at a temperature of ≈ 107◦ C (for a crystal
doped with 5% MgO). The allowable departure from the phase-matched direction
is greater than 26 mrad if the coherence length is to be 1 cm. For these reasons,
90◦ phase-matching is often called noncritical phase-matching. Provided that no

1
and ne

2 are nearly equal and d(no
1 − ne

2)/dT = 0, noncritical phase-matching can
be achieved by temperature tuning the crystal.

In addition, at�m = 90◦ there are no walk-off effects due to double refraction.
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TABLE 10.1. Properties of important nonlinear materials (data are for 1064 to 532 nm
conversion).

Effective Phase
Phase- nonlinear Refractive matching Angular

matching coefficient index angle Walk-off sensitivity
Material type [10−12 m/V] n0 �m angle � β�(mr-cm)−1

KDP a II 0.78 1.49 58.9 1.45◦ 2.53
KTP II 3.18 1.74 24.3◦ 0.26◦ 0.22
BBO I 1.94 1.65 22.8◦ 3.19◦ 11.1
LiNbO3

b I 4.7 2.23 90◦ 0 0.12

a Conversion of 1.054µm to 527 nm.
b With 5% MgO at 107◦ C.

10.2.3 Parameters Affecting the Doubling Efficiency

Second-harmonic conversion depends on parameters that are related to the laser
source, such as power density, beam divergence, and spectral linewidth, and pa-
rameters associated with the harmonic generator, such as the value of the nonlin-
ear coefficient and angular, thermal, and spectral sensitivity to deviations from the
exact phase-matching condition.

The most critical laser parameters are power density and beam divergence. In
general, one finds that Nd : YAG lasers have sufficiently narrow linewidths for ef-
ficient harmonic generation. In these lasers attention is focused mainly on obtain-
ing a diffraction limited beam, i.e., TEM00-mode operation. Nd : glass lasers and
tunable lasers require longitudinal mode selection for efficient harmonic conver-
sion. However, the large Nd : glass lasers used in fusion research employ Nd : YLF
oscillators which automatically solve the spectral linewidth problem.

The most important crystal parameters are the nonlinear index and the angular
sensitivity which are listed in Table 10.1 for several important materials.

Power Density

From (10.13) it follows that the conversion efficiency is proportional to the power
density of the fundamental beam, whereas the harmonic power itself is quadrat-
ically proportional to the fundamental power. At conversion efficiencies above
20%, the second-harmonic generation starts to deviate markedly from the linear
relationship of (10.13) because of depletion of the fundamental beam power. At
these high efficiencies, (10.11) should be used.

Figure 10.7 shows the experimental data and predicted performance for a har-
monic generator comprised of a 10 mm long KTP crystal. The fundamental beam
is derived from a Q-switched diode-pumped Nd : YAG laser at 1.064µm. The
laser had a maximum pulse energy of 40 mJ in a 12 ns pulse. At the peak inten-
sity of 175 MW/cm2 for the pump beam, the conversion efficiency approached
80%. The solid curve is obtained from (10.11) if one introduces the following
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FIGURE 10.7. Second-harmonic conversion efficiency versus power density for a KTP
crystal pumped by a Q-switched Nd : YAG laser at 1.06µm.

system parameters: crystal length l = 10 mm, effective nonlinear coefficient
deff = 3.2 pm/V, and fundamental wavelength λ1 = 1.064µm. The fundamental
beam was a weakly focused Gaussian beam with a spot radius of w0 = 0.75 mm.
The beam area is therefore A = πw2

0 = 1.8 × 10−2 cm2.
As will be demonstrated in the next section, phase-mismatch can be ex-

pressed as �k = β�(��/2), where β� is the angular sensitivity and ��
is the beam divergence of the fundamental beam. From Table 10.1 follows
β� = 0.2 (mrad cm)−1 for KTP at 1.06µm and type-II phase-matching. The
beam divergence of the weakly focused beam was about 22 mrad from which
follows �k = 2.4 cm−1. The value of K listed in Fig. 10.7 is obtained by
introducing the parameters for KTP from Table 10.1 into (10.12).

Walk-off reduces the region of overlap between the beams, thus reducing the
effective gain length of the crystal. From (10.19) we obtain for the aperture length
la = 290 mm if we use the beam walk-off angle from Table 10.1. Since the aper-
ture length is large compared to the crystal length, double refraction has only a
negligible effect on the conversion efficiency.

The theoretical doubling efficiency calculated using (10.11) gives quite ac-
ceptable agreement with the experimental data. As expected, the theory predicts
higher efficiency than can be achieved in practice due to the imperfect nature of
the pump beam and crystal quality.

Beam Divergence

When collinear phase-matched second-harmonic generation is used, the light
waves will have a small but finite divergence. It is necessary to consider the mis-
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match �k of the wave vector for small deviations δ� from the phase-matched
direction. An expansion for no

1 − ne
2(�) taken for a direction close to the perfect

phase-matching direction �m yields

no
1 − ne

2(�) = ∂[no
1 − ne

2(�)]
∂�

(�−�m). (10.25)

The expression given in (10.17) for the dependence of ne
2 on the angular direction

in the crystal can be very well approximated by [14]

ne
2(�) = no

2 − (no
2 − ne

2) sin2�. (10.26)

Introducing (10.26) into (10.25) gives

no
1 − ne

2(�) = δ�(no
2 − ne

2) sin 2�m, (10.27)

where we note that ∂no
1/∂� = 0 and ∂no

2/∂� = 0.
Introducing (10.27) into (10.10) yields

�k = β� δ�
′ = β�(��/2) (10.28)

where

β� = 4π

λ1n0
1

(no
2 − ne

2) sin 2�m (10.29)

is a material constant and expresses the angular sensitivity of the crystal, and��
is the full angle of the pump beam. The expression for β� has been divided by n0

1,
because δ�′ is the angular misalignment measured external to the crystal.

Under noncritical phase-matching conditions (�m = 90◦), we can make the
approximation sin 2(90◦ + δ�) ≈ 2δ� and, instead of (10.29), we obtain

β� = 4π

λ1(no
1)

2
(no

2 − ne
2)��. (10.30)

Properties of Nonlinear Crystals

Table 10.1 lists parameters for several important nonlinear materials for 1064 to
532 nm conversion. Frequency doubling of neodymium lasers is one of the major
applications of harmonic generation.

Since KDP is rather easily grown from a water solution, crystals with cross
sections of 30 cm square have been produced. Because of the availability of large
aperture harmonic crystal assemblies, KDP is the material of choice for the large
Nd : glass lasers employed in fusion research. Despite the lower nonlinear coeffi-
cient of KDP compared to other nonlinear crystals, conversion efficiencies as high
as 80% have been obtained. A high-conversion efficiency is actually the result of
material properties as well as pump source characteristics, the high-peak power,
narrow spectral bandwidth, small beam divergence, and clean spatial and tem-
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poral beam profiles obtained from Nd : glass lasers employed in fusion research,
make possible such high harmonic conversions even in crystals with modest non-
linearity.

The material β-BaB2O4 (BBO) is a new nonlinear optical crystal that pos-
sesses excellent properties for nonlinear frequency conversion in a spectral range
that extends from the ultraviolet to the mid-infrared. This material has a moder-
ately large nonlinear coefficient, a large temperature tolerance, low absorption,
and a very high damage threshold. The principal shortcoming of BBO is the low-
angular tolerance of 0.5 mr-cm, which requires a diffraction-limited beam for ef-
ficient frequency doubling. BBO is of particular interest for frequency doubling
into the blue region.

The crystals of lithium niobate are transparent in the region 0.42 to 4.2µm.
Temperature sensitivity of birefringence is such that, by varying the temperature,
phase-matching can be achieved at 90◦ to the optical axis. Unfortunately, LiNbO3
is particularly susceptible to photorefractive damage from propagation from visi-
ble or ultraviolet radiation. The relatively low-damage threshold has severely lim-
ited practical applications for this material.

The emergence of Periodically Poled LiNbO3 (PPLN), which will be discussed
in Section 10.2.2, has attracted renewed interest in this material. In PPLN, the
largest nonlinear index of LiNbO3 can be utilized. This allows efficient nonlinear
conversion at modest power levels which are well below the damage threshold.

At the present time, the leading candidate material for nonlinear experiments
with solid-state lasers is KTP since the crystal has a large nonlinear coefficient,
high-damage threshold, and large angular and temperature acceptance ranges. Its
major drawbacks are the limited size (about 1–2 cm3) and the high cost associated
with the difficult growth process. Although a few specific characteristics of other
materials are better, KTP has a combination of properties that make it unique
for nonlinear conversion processes. Figure 10.8 shows the crystal orientation for
the phase-match condition of the type-II interaction at 1.06µm. The phase-match
direction in KTP for second-harmonic generation of 1.06µm radiation results in a
walk-off angle of 4.5 mrad between the fundamental and second-harmonic beam.

KDP is superior to any other nonlinear crystal with regard to availability in
large sizes combined with an excellent optical quality. Crystals with diameters
as large as 27 cm have been fabricated. Crystals grown from the melt such as

FIGURE 10.8. Orientation of KTP for type-II interaction at 1.06µm. φ = 26◦ for hy-
drothermally and φ = 21◦ for flux-grown material.
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LiNbO3 or KTP are generally hard, chemically stable and can easily be polished
and coated. Solution grown crystals such as KDP and its isomorphs are soft and
hygroscopic. These crystals need to be protected from the atmosphere.

10.2.4 Intracavity Frequency Doubling

In the previous section we discussed frequency doubling by placing a nonlinear
crystal in the output beam of the laser system. Frequency doubling a cw-pumped
laser system in this manner results in an unacceptably low harmonic power be-
cause large conversion efficiencies require power densities that are not available
from a cw-pumped laser. One obvious solution to this problem is to place the
nonlinear crystal inside the laser resonator, where the intracavity power is ap-
proximately a factor (1 + R)/(1 − R) larger than the output power. The power is
coupled out of the resonator at the second-harmonic wavelength by replacing the
output mirror by one that is 100% reflective at the fundamental and totally trans-
mitting at the second harmonic. Functionally, the second-harmonic crystal acts as
an output coupler in a manner analogous to the transmitting mirror of a normal
laser. Normally the transmitting mirror couples out power at the laser frequency,
whereas the nonlinear crystal inside the laser couples out power at twice the laser
frequency.

Intracavity harmonic generation produces a beam of harmonic power in two di-
rections. If it is desired to obtain all the harmonic power in a single output beam,
it is necessary to employ a dichroic mirror to reflect one of the beams back in
the same direction as the other. Figure 10.9 shows a technique that combines into
a single output beam the second-harmonic power which is generated in both di-
rections by the frequency-doubling crystal. The frequency-doubled beam has a
polarization which is rotated 90◦ with respect to the polarization of the funda-
mental beam. The dichroic mirror M1 is designed to reflect the 1.06µm beam

FIGURE 10.9. Three-mirror, folded cavity configuration allows harmonic power generated
in two directions to be combined into a single output beam.



10.2. Harmonic Generation 359

completely and transmit virtually all the orthogonally polarized 0.53µm beam.
Mirror M2 is a 100% reflector for both 1.06 and 0.53µm mirrors. In this way the
forward and reverse green beams are combined into one.

The steady-state condition for intracavity doubling can be determined if we
equate the round-trip saturated gain of the laser to the sum of the linear and non-
linear losses [15]

2g0l∗

1 + I/Is
= δ + K ′ I, (10.31)

where g0 is the unsaturated gain coefficient, l∗ is the length of the laser medium,
I is the power density in the laser rod, and Is is the saturation power density of
the active material. All linear losses occurring at the fundamental frequency are
lumped together into the parameter δ, the quantity K ′ I is the nonlinear loss. The
nonlinear coupling factor K ′, defined by

I (2ω) = K ′ I 2(ω), (10.32)

is related to K in (10.12); it is K ′ = (Icrys/Irod)l2K , where (Icrys/Irod) accounts
for different power densities in the laser rod and nonlinear crystal in the case of
focused beams, and l is the crystal length.

From the theoretical treatment of intracavity doubling, it follows that a maxi-
mum value of second-harmonic power is found when

K ′
max = δ

Is
. (10.33)

The magnitude of the nonlinearity required for optimum second-harmonic pro-
duction is proportional to the loss, inversely proportional to the saturation density,
and independent of the gain. Thus, for a given loss, optimum coupling is achieved
for all values of gain and, hence, all power levels. As we recall from Chapter 3, in
a laser operating at the fundamental wavelength the optimum output coupling of
the front mirror is gain-dependent. The usefulness of (10.33) stems from the fact
that by introducing the material parameters for a particular crystal into (10.12)
and combining with (10.33) the optimum length of the nonlinear crystal is ob-
tained. For example, from (10.12) we obtain K = 5.1 × 10−8 W−1 for KTP and
λ = 1.064µm. With a saturation flux of 2.9 kW/cm2 for Nd : YAG and assuming
a 2% linear cavity loss, we obtain from (10.33) a nonlinear coupling factor of
K ′

max = 0.69 × 10−5 cm2/W. Focusing the intracavity beam to achieve a flux
enhancement of (Icrys/Irod) = 24, a crystal 2.4 cm long would be required to
optimally couple the second harmonic from the laser.

As an example, the performance of a typical intracavity doubled Nd : YAG laser
is illustrated in Fig. 10.10. The output at the harmonic wavelength is compared to
the TEM00 output available at 1.064µm from the same laser. The Nd : YAG laser
employed in these experiments was cw-pumped by diode arrays and intracavity
doubled with KTP. After measuring the output at 1.064µm, a KTP crystal was
inserted in the folded resonator (similar to the arrangement shown in Fig. 10.9)
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FIGURE 10.10. Comparison of fundamental and second harmonic output from a cw-
pumped intracavity frequency-doubled Nd : YAG laser for different KTP crystal lengths.

and the output coupler was replaced with a mirror of high reflectivity at 1.064 and
0.53µm. For the short crystals, the nonlinear coupling factor K ′ is too small and
far from optimum. A higher output at 532 nm would require an increase of inten-
sity by tighter focusing of the beam. However, this makes alignment very critical
and sacrifices mechanical and thermal stability of the laser. A longer nonlinear
crystal is therefore a better solution. However, a 15 mm long crystal is about the
longest crystal available for KTP.

From the theory presented in [15] it follows that if the loss due to the inserted
second-harmonic crystal is small compared to the total internal loss, the value of
K ′ is the same for fundamental and second-harmonic output coupling. Also, the
maximum second-harmonic power equals the fundamental power obtainable from
the same laser.

In most systems, the second-harmonic power is considerably below the output
power that can be achieved at the fundamental wavelength. Insertion losses of
the nonlinear crystal, or any other additional intracavity element, are often the
reason for the poor performance, or in the case of Nd : YAG, thermally induced
depolarization losses can have a major effect.

10.2.5 Third-Harmonic Generation

Efficient conversion of the output of a laser to the third harmonic is possible by
invoking a two-step process, namely second harmonic generation followed by
frequency mixing. In the first crystal (“doubler”) some fraction of the fundamen-
tal radiation is converted to the second harmonic, followed by a second crystal
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(“tripler”), in which unconverted fundamental radiation is mixed with the second
harmonic to produce the third harmonic.

The optimum situation is achieved if, for three photons at the fundamental fre-
quency ω entering the first crystal, two photons are converted to create a photon
at 2ω, and the third photon at ω is combined in the second crystal with the 2ω
photon to produce one 3ω photon. The 1 = 1 mix of an ω and a 2ω photon at
the exit of the doubling crystal represents a 67% conversion efficiency. Given this
ratio, in a lossless and perfectly matched crystal, a complete conversion of the
fundamental beam to the third harmonic is theoretically possible.

Third-harmonic generation is very important for frequency up-conversion of
high-energy Nd : glass lasers employed in fusion research. In these lasers the fre-
quency converters are constructed from two type-II potassium dihydrogen phos-
phate (KDP) crystals arranged in tandem. As illustrated in Fig. 10.6(b), in con-
ventional type-II doubling in KDP the polarization vector of the incoming beam is
oriented at 45◦ with respect to the x-axis. In this case an equal number of photons
are incident along the ordinary and extraordinary directions that may combine one
for one to create a second harmonic photon in the extraordinary direction.

In order to optimize the production of the third harmonic, the doubling crystal is
oriented at an angle of tan−1(1/

√
2) = 35◦ with respect to the x-axis of the KDP

crystal. This ensures that two photons in the ordinary direction are incident for
every photon in the extraordinary direction. Each e-photon will combine with one
o-photon to produce an e-photon at 2ω, leaving one o-photon at ω unconverted.
The doubler output of one o-photon atω and one e-photon at 2ω provides the input
to the frequency mixing second crystal. This situation is depicted in Fig. 10.11(a).

Third-harmonic generation has been analyzed starting with the general equa-
tion governing frequency mixing [16]

d E1/dz = − j K1 E3 E∗
2 exp(− j �k · z)− 1

2γ1 E1,

d E2/dz = − j K2 E3 E∗
1 exp(− j �k · z)− 1

2γ2 E2, (10.34a)

d E3/dz = − j K3 E1 E2 exp( j �k · z)− 1
2γ3 E3.

Here the E j ’s are the complex electric vectors of waves propagating in the
z-direction with frequencies ω j , where ω3 = ω1+ ω2. The electric field of wave j
is the real part of E j exp(iω j t−ik j z), and the phase mismatch�k = k3−(k1+k2)

is proportional to the deviation �θ of the beam path from the phase-matching
direction. The γ j ’s are absorption coefficients. For tripling, ω2 = 2ω1, ω3 = 3ω1,
K2 � 2K1, and K3 � 3K1 where

K1 = ω1d36

2cε0
(n2ωn3ω)

−1/2 sin rθm, (10.34b)

r = 1 or 2 for type-I or type-II interactions and θm is the corresponding phase-
matching angle. The solution of such an analysis for the phase-matched case
(�k = 0) of a type-II KDP crystal is shown in Fig. 10.11(b). The curves have
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FIGURE 10.11. Frequency tripling. (a) Orientation of polarization vectors for optimum
third-harmonic generation. (b) Tripling efficiency of a 9 mm thick phase-matched KDP
type-II crystal as a function of total input intensity, for various percentages M of the sec-
ond harmonic in the input. A small absorption of 0.04 cm−1 is included for the fundamen-
tal [16].

been calculated assuming a value of K1 = 1.4 × 10−6V−1, an absorption coeffi-
cient of γ = 0.09 cm−1 at 1.054µm, and a crystal thickness of 9 mm.

The parameter M is the ratio of second-harmonic power to total power in the
tripler

M = P2ω/(Pω + P2ω). (10.35)

If one ignores the small absorption in the doubling crystal, then M is essentially
the conversion efficiency of the doubler. If the input photons at ω and 2ω are
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matched 1 : 1, then P2ω = 2Pω and M = 0.67. In principle, complete conversion
of the input beams to the third harmonic can be achieved.

A deviation from the optimum photon ratio results in a reduction of the peak
conversion efficiency, which is approximately proportional to the ratio of the ac-
tual M value and M = 0.67. Also, as can be seen from Fig. 10.11(b) the crystal
thickness and beam intensity have to be carefully matched to avoid back con-
version of energy. For values other than M = 0.67, after a ray has propagated
an optimum distance zopt into the crystal, the number of photons in one of the
components depletes to zero, and as z increases beyond zopt the mixing process
reverses and the third-harmonic radiation reconverts.

10.3 Parametric Oscillators

As was mentioned at the beginning of this chapter, two beams with different fre-
quencies incident on a nonlinear crystal will generate a traveling polarization
wave at the difference frequency. Provided the polarization wave travels at the
same velocity as a freely propagating electromagnetic wave, cumulative growth
will result. For reasons that will soon become clear, the two incident beams are
termed “pump” and “signal” waves having a frequency of νp and νs, and the re-
sulting third wave is termed an “idler” wave with frequency νi. Under proper
conditions, the idler wave can mix with the pump beam to produce a traveling
polarization wave at the signal frequency, phased such that growth of the signal
wave results. The process continues with the signal and idler waves both growing,
and the pump wave decaying as a function of distance in the crystal.

Since each pump photon with energy hνp is generating a photon at the signal
(hνs) and idler frequency (hν i), energy conservation requires that

1

λp
= 1

λs
+ 1

λi
. (10.36)

In order to achieve significant parametric amplification, it is required that at each
of the three frequencies the generated polarization waves travel at the same ve-
locity as a freely propagating electromagnetic wave. This will be the case if the
refractive indices of the material are such that the k vectors satisfy the momentum-
matching condition kp = ks + ki. For collinearly propagating waves this may be
written as

np

λp
− ns

λs
− ni

λi
= 0, (10.37)

where ns, ni, and np are the refractive indices at the signal, idler, and pump fre-
quency, respectively.

Since the three indices of refraction depend on the wavelength, the direction
of propagation in the crystal, and on the polarization of the waves, it is generally
possible, by using birefringence and dispersion, to find conditions under which
(10.37) is satisfied.
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Tunability is a fundamental characteristic of all parametric devices. With the
pump providing input at the fixed wavelength λp, small changes of the refrac-
tive index around the phase-matching condition will change the signal and idler
wavelengths such that a new phase-matching condition is achieved. Tuning is pos-
sible by making use of the angular dependence of the birefringence of anisotropic
crystals.

Figure 10.12 illustrates different configurations that make use of the parametric-
interaction process of three waves. The simplest device is a nonresonant configu-

FIGURE 10.12. Configurations for parametric interactions. (a) Optical parametric ampli-
fier (OPA). (b) Singly resonant optical parametric oscillator (SRO). (c) Singly resonant
oscillator with pump beam reflected. (d) Doubly resonant OPO (DRO).
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ration, namely an optical parametric amplifier (OPA) exhibited in Fig. 10.12(a).
In this case, a pump beam and a signal beam are present at the input. If the output
of a Q-switched laser is focused into the crystal and if the intensity of the pump is
sufficiently high, and phase-matching conditions are met, gain is obtained for the
signal wave and at the same time an idler wave is generated. Typically, an OPA
is used if the signal obtained from an optical parametric oscillator (OPO) is too
weak and further amplification is desired.

The most common optical parametric device is the singly resonant oscillator
depicted in Figs. 10.12(b) and (c). In this device, the crystal is located inside a
resonator that provides feedback at either the signal or idler frequency. In the
example illustrated, the pump beam enters through a mirror that is highly trans-
mitting at the pump wavelength and highly reflective for the signal wavelength. In
Fig. 10.12(b) the opposite mirror, which is the output coupler, has typically 80–
95% reflectivity for the signal wavelength, and high transmission for the idler and
pump beam. Only the signal wavelength is resonant in the cavity, and a small frac-
tion is coupled out through the front mirror. In the configuration in Fig. 10.12(c)
the pump beam is reflected at the output mirror and makes one return pass through
the crystal. Since the input mirror through which the pump enters is highly trans-
missive for this wavelength, no resonance condition is set up for the pump wave-
length. However, threshold is lowered, because on the return path the pump beam
provides gain for the resonant signal wave.

Figure 10.12(d) depicts a doubly resonant oscillator (DRO), which provides
feedback at both the signal and idler wavelengths. The double-resonance condi-
tion, in which both the signal and the idler waves are simultaneously resonant
within the optical cavity, lowers the threshold significantly. However, this advan-
tage of a DRO is off-set by a reduction in stability and tunability. Maintaining
the doubly resonant condition in a common resonator requires that the pump be
single frequency and stable, and that the OPO cavity length be actively controlled
to maintain the resonance condition. The considerably lower threshold of a DRO
makes it possible to obtain parametric gain at the low-power densities achievable
under cw conditions.

10.3.1 Performance Modeling

Of greatest interest for the design of parametric devices are simple models that
describe gain, threshold, phase-matching, and conversion efficiency as a function
of device and input parameters.

For the amplifier depicted in Fig. 10.12(a) a parametric gain coefficient for the
amplification of the signal wave can be defined [17]

g = √
κ Ip, (10.38)

where Ip is the pump flux and κ is a coupling constant,

κ = 8π2d 2
eff

λsλinsninpε0c
. (10.39)
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The effective nonlinear coefficient deff connects the pump, signal, and idler fields.
The parameters np, ns, ni and λs and λi are the refractive indices of the three
waves, and the wavelengths of the signal and idler waves, respectively.

The single-pass power gain of the parametric amplifier in the high-gain limit
can be approximated by

G = 1
4 exp(2gl), (10.40)

where l is the length of the crystal.
A phase-mismatch between the waves can be expressed by

�k = kp − ks − ki, (10.41)

where k j = 2πn j/λ j , with j = p, s, i, are the propagation constants of the three
waves.

In the presence of phase-mismatch, the gain coefficient is reduced according to

geff =
[

g2 −
(

1
2 �k

)2
]1/2

. (10.42)

The reduction of gain resulting from momentum or phase-mismatch is clearly
evident. Maximum gain is achieved for �kl = 0. Typical values for the coupling
constant are on the order of κ = 10−8/W, as will be discussed later. Therefore,
a power density of at least 100 MW/cm2 is required to obtain a gain coefficient
of g = 1 cm−1 and a modest power gain of G = 1.8 in a 1 cm long crystal. At a
1µm wavelength, the propagation constant is k ≈ 105/cm in a material with an
n = 1.7 refractive index. In order to minimize the effect of phase-mismatch, we
require from (10.42) that �k/2 < g. This means that the propagation constants
have to be phase-matched to better than 10−5/cm.

From these very basic considerations, one can already draw several conclu-
sions that govern the design of parametric devices. The optimum configuration of
a parametric converter depends critically on the pump intensity in the nonlinear
crystal. There is a strong incentive to operate at the highest attainable levels for
a given pump source. However, the practical and acceptable pump intensity de-
pends strongly on the optical damage threshold of the crystal and its coatings. The
importance of a high nonlinear coefficient deff is also clearly evident from these
equations, as is the detrimental effect of phase-mismatch.

Figure 10.13 shows an optical schematic of an OPO designed to generate out-
put at the eye-safe wavelength of 1.6µm. The OPO contains a 15 mm long KTP
crystal as the nonlinear material which is pumped by a Q-switched Nd : YAG laser
at 1.064µm. The maximum output energy of the pump laser was 10 mJ, produced
in a 50 ns pulse. The crystal was positioned to achieve type-II noncritical phase-
matching for a pump wavelength of 1.06µm (Nd : YAG) and a signal wavelength
near 1.6µm; the idler wavelength was therefore near 3.2µm. Noncritical phase-
matching maximizes the effective nonlinear coefficient and essentially eliminates
walk-off. The crystal was positioned inside an optical cavity formed by a pair
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FIGURE 10.13. Plane-parallel resonator for optical parametric oscillator, showing mode-
matching of focussed pump to OPO cavity mode.

of plane-parallel mirrors. The input mirror, through which the pump enters, was
antireflection coated at the pump wavelength (1.06µm) and highly reflecting at
the signal wavelength (1.6µm); while the output mirror was highly reflecting at
the pump wavelength and 10% transmitting at the signal wavelength. The laser
output was focused by a 100 cm focal length lens, carefully positioned so as to
mode-match the waist of the pump to the cavity mode of the OPO resonator.

In this noncritically phase-matched configuration the wavelengths are λs =
1.61µm, λi = 3.2µm, λp = 1.06µm, and the respective indices of refraction are
ns = 1.7348, ni = 1.7793, and np = 1.7474. The effective nonlinear coefficient
of KTP for parametric conversion (as well as type-II harmonic generation) can be
approximated as follows [18]

deff ≈ (d24 − d15) sin 2φ sin 2θ − (d15 sin2 φ + d24 cos2 φ) sin θ, (10.43)

which reduces to |deff| = 0.15d15 + 0.84d24 for θ = 90◦ and φ = 23◦. With the
values of d24 = 3.64 pm/V and d15 = 1.91 pm/V, one obtains deff ≈ 3.3 pm/V.
Using these parameters we calculate from (10.39) κ = 1.2 × 10−8 W−1.

Saturation and Pump Beam Depletion

When the Q-switched pump pulse is incident on the nonlinear crystal, the signal
and ideal waves are amplified from the initial noise level. The number of round
trips in the optical cavity necessary to amplify the signal and idler waves, multi-
plied by the cavity round-trip time, determines the delay in achieving threshold.
This build-up time, required to achieve parametric oscillation, causes a temporal
compression of the OPO output with respect to the pump pulse. Above threshold,
after a short transition period during which a steady-state condition is established,
the pump power is limited at the threshold value. Any pump input power above
threshold is divided into power at the signal and idler beams. Since ν3 = ν1 + ν2,
it follows that for each input pump photon above threshold, one photon at the
signal and idler wavelengths is generated.

The oscilloscope trace in Fig. 10.14, taken from the OPO described on the
previous pages, shows the dynamics of signal generation very nicely. The dashed
curve is the input pump pulse. The two solid curves display the signal pulse and
the depleted pump pulse at the output of the OPO. During the early part of the
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FIGURE 10.14. Oscilloscope trace showing the depleted pump and the generated OPO
output at 1.61µm (solid curves) and the input pump (dashed curve).

pump pulse, there is a transient period during which the oscillation builds up from
noise. After the transient period, the pump beam is clamped at its threshold value
until the pump power falls below threshold.

Conversion Efficiency

In the plane-wave approximation, the conversion efficiency of an SRO for the
ideal case of perfect phase-matching and zero losses is given by [19]

ηpar = sin2 gl, (10.44)

where g and l have been defined in (10.38), (10.40). Using this expression, total
conversion of the pump can be achieved in theory. As the point of total conversion
is exceeded, power starts to couple back into the pump field at the expense of the
signal and idler fields and the conversion efficiency decreases.

The conversion efficiency in (10.44) is defined as the ratio of the sum of signal
and idler power to pump power. The energy or power between the signal and idler
beams is divided according to the ratio of the photon energies, that is,

hνs

hνi
= λi

λs
. (10.45)

From this follows the ratio of the energy of the signal compared to the total energy
converted by the OPO

hνs

hνs + hνi
= 1

1 + λs/λi
. (10.46)



10.3. Parametric Oscillators 369

In the so-called degenerate mode, for which λs = λi = 2λp, each pump photon
generates two photons at twice the pump wavelength. In this case, two orthogo-
nally polarized beams at the same wavelength are emitted from the OPO.

Phase-Matching

In order to achieve significant gain in the parametric device, the pump, signal, and
idler waves have to be phase-matched according to (10.37). In a medium without
dispersion, all waves propagate with the same velocity, hence �k = 0. In real-
ity, �k is not zero for different wavelengths, and just as in harmonic generation,
dispersion is compensated for by birefringence. The index of refraction at a given
wavelength is a function of the direction of propagation in the crystal as well as
orientation of polarization.

When the signal and idler waves are both ordinary rays, one has type-I phase-
matching. When either one is an ordinary ray, it is referred to as type-II phase-
matching.

In a uniaxial crystal, if the signal and idler are ordinary rays (type I) with indices
of refraction ns and ni, then the index of refraction for the pump wave necessary
to achieve phase-matching is

np = (λp/λs)ns = (λp/λi)ni. (10.47)

In uniaxial crystals, the index of refraction no for an extraordinary wave propa-
gating at an angle θ to the optic axis is given by

1

n(θ)2
= cos2 θ

(no)2
+ sin2 θ

(ne)2
, (10.48)

where no and ne are the ordinary and extraordinary indices of refraction, respec-
tively. The index n0 is thus limited by no and ne. If np falls between no and ne,
then an angle θm exists for which n0 = np. Propagation with �k = 0 results, and
all three waves travel at the phase-matching angle �m with respect to the optical
axis.

Phase-matching with a propagation direction normal to the optic axis (90◦
phase-matching) is preferred if possible. In that direction, the double refraction
angle is zero and the nonlinear interaction is not limited by the effective gain
length but by the crystal’s physical length. Non-90◦ phase-matching does, how-
ever, allow angle tuning.

Tuning curves for parametric oscillators can be determined by solving the
phase-matching equations (10.36), (10.37) for signal and idler frequencies at a
given pump frequency as a function of the tuning variable. The most common
tuning method is varying the direction of propagation with respect to the crystal
axes. To carry out the calculations, the indices of refraction must be known over
the entire tuning range. For most nonlinear crystals of interest, the indices can be
obtained from the Sellmeier equation.
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FIGURE 10.15. Tuning range of an OPO pumped by a 1.06µm neodymium laser and
employing a type-II KTP crystal.

Figure 10.15 exhibits the calculated phase-matching angles for a KTP opti-
cal parametric converter pumped at 1.064µm. The two curves correspond to the
signal and idler wavelengths for type-II phase-matching with φ = 0. The polar-
ization of the pump wave is along the y-axis (o-wave) of the crystal as is that
of the signal wave. The idler wave is polarized in the x–z-plane (e-wave). The
degenerate point at 2.12µm corresponds to a phase-matching angle of θ = 54◦.

Figure 10.16 illustrates a configuration of an intracavity doubled OPO designed
to produce output in the ultraviolet/blue wavelength region. The device generates
radiation between 760 and 1040 nm, which is internally doubled to produce tun-

FIGURE 10.16. Layout of intracavity OPO, showing the different pump wavelengths in-
volved: the 532 nm pump, the 760–1040 nm signal, and the 380–520 nm intracavity
doubled signal [20].
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able output from 380 to 520 nm. The OPO employs a 15 mm long KTP crystal, an-
tireflection coated at 911 nm, cut for normal incidence at φ = 0◦ and θ = 69◦. The
angles correspond to type-II phase-matching for a signal wavelength of 911 nm.
The pump source is a diode-pumped Nd : YAG laser that is frequency doubled by
a 1 cm long KTP crystal. The waist of the pump beam is positioned at the center
of the 5 cm long OPO cavity.

The 532-nm pulse enters the OPO cavity through a flat dichroic turning mirror
(M1; highly reflecting at 800–950 nm and highly transmitting at 440–540 nm).
The 532-nm pulse passes through the OPO crystal and is reflected off the flat rear
cavity mirror (M2; highly reflecting at 532 and 880–950 nm), to leave the cavity
through mirror M1 after making a second pass through the OPO crystal.

All mirrors have minimal reflectivity at the idler wavelength, making the OPO
singly resonant. The intracavity 911-nm flux is reflected by the turning mirror
(M1) to pass through a 3 mm long BBO type-I doubling crystal. The final cavity
mirror (M3) is highly reflective at both 880–950 and 410–480 nm, which allows
the doubled output to be extracted through the turning mirror (M1) after making
another pass through the doubling crystal. The use of two-pass nonlinear gen-
eration in both the doubler and the OPO significantly improves the conversion
efficiency of these processes. The advantage of this configuration is that the KTP
crystal is not exposed to the blue-ultraviolet flux, which could cause damage prob-
lems.

The output energies obtained at the various wavelengths are shown in Fig. 10.17
plotted as a function of electrical input energy to the diode arrays of the Nd : YAG
pump laser.

FIGURE 10.17. Output at various wavelengths of the OPO depicted in Fig. 10.16 as a
function of electrical input to the Nd : YAG pump laser.
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10.3.2 Quasi-Phase-Matching

In this subsection we will briefly review the concept of quasi-phase-matching
(QPM), and summarize the properties of Periodically Poled LiNbO3 (PPLN). Al-
though QPM is applicable to any nonlinear process, the subject is covered here
because of the importance of PPLN and its application in OPOs for the generation
of mid-infrared radiation.

PPLN is the first commercially available crystal in which efficient nonlinear
conversion processes, such as harmonic generation or parametric interactions,
are not based on birefringence phase-matching but on a periodic structure engi-
neered into the crystal. We will briefly explain this technique, termed quasi-phase-
matching, by referring to Section 10.1.1. An in-depth treatment of this subject can
be found in [21], [22].

As illustrated in Fig. 10.2 and expressed in (10.13) in a phase-matched con-
dition �k = 0 the harmonic power increases with the square of the interaction
length l. In the situation of a fixed phase mismatch �k, energy flows back and
forth sinusoidally between the fundamental and harmonic beams with a period of
�k�/2 = π as the waves propagate through the crystal. Half of this period is the
coherence length lc given by (10.14) which is the maximum distance over which
the second harmonic can grow. In a non-phase-matched condition, this distance
is on the order of 2–20µm for conversion processes of interest. The objective
of birefringence phase-matching is to make this distance as long as possible by
taking advantage of the wavelength and the polarization dependence of the re-
fractive indices in a crystal. By arranging proper balance between dispersion and
birefringence the technique of phase-matching increases lc by a factor of 103.

Even before the concept of birefringence phase-matching was invented, it was
proposed that a periodic structure in the crystal, which corrects the phase of the
propagating beams each time it reaches π , would enable continued energy flow
from the fundamental to the harmonic beam. An implementation of this concept is
a crystal where the sign of the nonlinear coefficient is reversed after each distance
lc. In this case the relative phase between the waves is inverted after the conver-
sion has reached its maximum. Therefore, on average, the proper phase relation-
ship between the beams is maintained, and the second-harmonic power increases
with the square of crystal length similar to the birefringence phase-matched case.
The nonlinear coefficient dQ for quasi-phase-matching is, however, reduced as
compared to the phase-matched interaction according to [21],

dQ = 2

π
deff. (10.49)

A phase reversal is the equivalent of slicing a crystal in thin wafers and stacking
the wafers by rotating alternate wafers by 180◦. The periodicity� of this structure
is twice that of lc, that is,

� = 2lc. (10.50)
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Because of the micrometer size thickness of alternating layers, the practical re-
alization of quasi-phase-matching had to wait until it was possible to engineer a
periodic phase reversal into a monolithic crystal. Only recently has the technique
of periodically reversed polarization domains in ferroelectric crystals, combined
with advances in lithography, made it possible to realize this concept. A rever-
sal of the ferroelectric domains corresponds to a sign reversal of the nonlinear
coefficient. In this process, standard lithography produces a patterned electrode
with a period between 5 and 30µm on the surface of a ferroelectric crystal such
as LiNbO3. A high-voltage pulse is applied to the crystal which is sandwiched
between the patterned electrode and a uniform electrode. The high-electric-field
strength of the voltage pulse permanently reverses the sign of the nonlinear coef-
ficient in a pattern determined by the electrode structure.

This electric-field poling technique is employed to reproducibly manufacture
periodically poled lithium niobate (PPLN) suitable for applications in infrared
parametric oscillators and second-harmonic generation.

We will now derive an expression for the quasi-phase-matching condition in
OPOs for periodically poled crystals. Parametric conversion requires energy con-
servation and momentum-matching conditions, as given by (10.36) and (10.37). A
momentum mismatch expressed as a phase mismatch between the pump, signal,
and idler waves has been defined in (10.41). In the frequency domain, a periodic
structure can be represented by a grating wave vector

kg = 2π/�, (10.51)

where � is the period of the grating. In the presence of a grating structure in the
crystal, the equation for phase mismatch (10.41) includes, as an additional term,
the grating wave vector kg [22]

�k = kp − ks − ki − kg, (10.52)

the first three terms being the conventional phase-matching condition. It is as-
sumed that all wave vectors are collinear with the grating vector.

The objective of high parametric conversion is to eliminate the phase-mismatch
caused by dispersion by selecting the appropriate crystal orientation, temperature,
and polarization such that k = 0 is achieved. The grating vector in (10.52) pro-
vides an additional adjustable parameter that is independent of inherent material
properties.

Differences in the three wave vectors kp, ks, ki can be compensated for by an
appropriate choice of the grating vector kg such that �k = 0 can be achieved.
Introducing (10.51) into (10.52) and with �k = 0 the grating period under quasi-
phase-matching conditions is given by

�g = 2π

kp − ks − ki
. (10.53)
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Equation (10.53) can also be expressed by

1

�g
= np

λp
− ns

λs
− ni

λi
. (10.54)

This equation is the equivalent of (10.37) which was derived for the birefringence
phase-matching case. If one substitutes �k in (10.10) with kg from (10.51) one
obtains the condition for harmonic generation

�g = λ1

2(n2ω − n1ω)
. (10.55)

The fact that the domain thickness is a free parameter, which can be customized
for a particular nonlinear process, offers significant advantages over birefringent
phase-matching. For example, quasi-phase-matching permits wavelength selec-
tion over the entire transmission window of the crystal, it allows utilization of the
largest nonlinear coefficient, and it eliminates problems associated with walk-off
since all interactions are noncritical.

For example, in LiNbO3 interactions with all waves polarized parallel to the
crystal optic axis utilizes the largest nonlinear coefficient d33 = 27 pm/V. PPLN
permits noncritical phase-matching with this coefficient. Birefringent phase-
matching requiring orthogonally polarized beams can only be accomplished with
the smaller coefficient d31 = 4.3 pm/V. Therefore, PPLN has a parametric gain
enhancement over single-domain material of (2d33/πd31)

2 ≈ 20.

10.4 Raman Laser

The Raman laser, which is based on stimulated Raman scattering (SRS), can pro-
vide access to wavelengths not directly available from solid-state lasers. In its
basic form, the Raman laser consists of a high pressure gas cell and resonator op-
tics. If this completely passive device is pumped by a high-power laser, a fraction
of the laser wavelength is shifted to a longer wavelength. The particular wave-
length shift depends on the gas in which SRS takes place. Also, if the power level
of the laser is increased, additional spectral lines will appear at longer, as well as
shorter, wavelengths with respect to the pump wavelength.

The basic Raman effect is an inelastic light-scattering process. The energy lev-
els of interest for Raman scattering are shown in Fig. 10.18. An incident photon
hνp is scattered into a photon hνs whereas the difference in energy h(νp − νs) =
hνR is absorbed by the material. In Fig. 10.18, u is the upper state of the molecule,
and i and f are the initial and final states. In principle, the excitation of the mate-
rial may be a pure electronic excitation or a vibrational or rotational excitation of
a molecule. Solid-state-laser-pumped Raman lasers typically employ gases such
as hydrogen or methane; therefore levels i and f are the vibrational levels of the
ground state of the molecule. The upper level u can be a real state or a “virtual”
upper state. The frequency νs is called a Stokes frequency and is lower than the
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FIGURE 10.18. Raman process. Generation of (a) first Stokes light and (b) first anti-
Stokes light.

incident light frequency νp. The difference between νp and νs,

νp − νs = νR, (10.56)

is the Raman shift which is characteristic of the material in which the Raman
process is observed.

If the system is in an excited state to begin with, it may make a transition
downward while the light is scattered. In that case the scattered light contains
anti-Stokes frequencies that are larger than the incident frequency.

In the stimulated Raman effect, the pump laser at frequency νp excites
molecules to level u, and if a population inversion exists between levels u and f, it
can produce lasing action. In this case the radiation νs becomes amplified, while
the pump radiation νp loses energy. The process has typical laser characteristics,
such as pump energy threshold, exponential gain, and narrow linewidth. The
emission in Fig. 10.18(a) is called the first Stokes line, usually written S1. If a
high-power laser is focused into a Raman medium, additional lines will appear at
the output. Actually, a single laser frequency interacting with molecules will pro-
duce a “comb” of frequencies, each separated from its neighbor by the frequency
spacing νR. These additional lines will be to the left and right of the wavelength
scale with regard to the laser pump wavelength.

The additional lines are produced by parametric four-wave mixing of the vari-
ous waves propagating in the Raman medium. As an example, Fig. 10.18(b) illus-
trates the generation of one such line, having a wavelength shorter than the pump
wavelength. This so-called anti-Stokes line is the result of the interaction of νp and
νs1 both propagating in the same direction. The parametric four-wave mixing pro-
cess does not require a population inversion between w and i, therefore there is no
well-defined threshold. The simplest way of looking at this interaction is that the
two frequencies beat together to produce polarization (induced dipole moments in
the molecules) at the difference frequency. This polarization then modulates the
laser–molecule interaction and produces light beams at the side frequencies.

Stokes lines have lower frequency (longer wavelength) and anti-Stokes lines
have higher frequency (shorter wavelength). In each case the line is labeled first,
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second, and so on, by counting the number of frequency shifts from the pump
laser.

SRS can be described as a nonlinear interaction involving the third-order non-
linear susceptibility χ3. At a medium’s Raman resonance, the third-order sus-
ceptibility reduces to the peak Raman susceptibility χ ′′

R, where the double prime
indicates the imaginary part of the total susceptibility.

The growth of the electric field E2 at the Stokes wavelength and depletion of
the pump field E1 is governed by the equations

∂E1

∂z
= − ωp

2cnp
χ ′′

R|E2|2 E1, (10.57)

∂E2

∂z
= ωs

2cns
χ ′′

R|E1|2 E2, (10.58)

where ωp − ωs = ωR are the frequencies, ns and np are the indices of refraction,
and c is the velocity of light. For a constant pump field, the Stokes field grows
exponentially with a power gain given by

Ps(l) = Ps(0) exp(gsl), (10.59)

where gs is the gain coefficient and l is the interaction length in the Raman
medium

gs = ωsχ
′′
R|Ep|2
nsc

= 4πχ ′′
R Ip

λSnsnpε0c
. (10.60)

If one expresses the third-order Raman susceptibility, χ ′′
R, in terms of sponta-

neous Raman scattering cross section, dσ/d , one obtains

gs = λpλ
2
S N (dσ/d )Ip

n2
s hcπ �νR

, (10.61)

where λS is the Stokes wavelength, Ip is the pump intensity, N is the number
density of molecules, h is Planck’s constant, and �νR is the full-width, half-
maximum Raman linewidth.

From these equations it follows that the gain for a single-pass Raman medium
is proportional to the incident intensity, the active media cross section (which
includes pressure and linewidth dependencies), and the length of the Raman cell.

The threshold of a Raman laser is usually defined as the gain required to achieve
an output power at the Stokes wavelength that is of the same order as the pump
radiation. For example, to achieve a 1 MW Stokes shifted power output, one re-
quires a gain length product of gsl = 36 in the Raman medium in order for
the radiation to build up from the initial spontaneous noise level which is Ps =
hνs�νs ≈ 10−19 W in the visible. Table 10.2 summarizes the data for the most
important Raman media.
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TABLE 10.2. Stokes shift and Raman
scattering cross section for several gases.

Medium νR [cm−1] dσ

d 

[
cm2

Ster

]

H2 4155 8.1 × 10−31

CH4 2914 3.0 × 10−30

N2 2330 3.7 × 10−31

HF 3962 4.8 × 10−31

The maximum theoretical conversion efficiency of a Raman laser is

ηRam = νp − νR

νp
. (10.62)

If one introduces into (10.62) the numbers given for νR in Table 10.2 it is obvious
that the conversion efficiency can be very high. For example, a frequency-doubled
Nd : YAG laser, Raman shifted with CH4, provides an output at 630 nm. With
νR = 2914 cm−1 and νp = 18,797 cm−1 one obtains ηRam = 84%.

A rigorous mathematical treatment of SRS can be found in [24], [25].
The simplest Raman laser is based on the single-pass emission in a gas-filled

cell, as shown in Fig. 10.19(a). The output beam quality is similar to that of the in-
put pump. Whereas the optics may be simply designed to prevent optical damage
to the windows at focal intensities high enough to produce significant energy con-
version, many nonlinear processes may occur to limit the conversion efficiency at
high energies. Copious second Stokes and anti-Stokes production may occur, as
well as stimulated Brillouian scattering and optical breakdown. The single-pass
cell does not provide discrimination against these other nonlinear processes at
high-energy inputs.

FIGURE 10.19. Raman laser configuration: (a) single pass cell and (b) Raman resonator.
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FIGURE 10.20. Schematic diagram of high-energy Raman cell [23].

By using mirrors at each end, feedback can be selectively enhanced at only the
first Stokes wavelength. A Raman laser utilizing a resonator is shown schemati-
cally in Fig. 10.19(b). The mirror coatings selected allow all pump light to pass
into the cavity, while inducing resonator action at the Raman shifted frequency.
The resonator transforms a multimode pump laser beam into a nearly diffraction-
limited output beam with a slightly narrower pulse width. The high-quality beam
is a result of keeping the pump intensity below single-pass threshold so that only
multiple reflections of the lowest-order mode will achieve sufficient intensity to
reach the stimulated scattering threshold.

A state-of-the-art hydrogen gas Raman laser that converts the frequency
doubled output of an Nd : YAG laser from 532 to 683 nm with an efficiency of up
to 40% is illustrated in Fig. 10.20. The Raman laser consisted of the gas-pressure
cell and the concentric resonator configuration comprised of two flat mirrors and a
pair of plano-convex lenses. The resonator length was 20 cm. The entrance mirror

FIGURE 10.21. Concentric resonator output energy for different pump input energies and
cavity lengths. The solid line corresponds to the concentric position. (Hydrogen pressure:
1000 psi, output reflector 50% at 683 nm, 20 cm resonator.)
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has high transmission at 532 nm and high reflection at 683 nm. The exit mirror
has high transmission for the pump wavelength at 532 nm and 50% reflectance at
the first Stokes wavelength. The reflectance for the second Stokes (954 nm) and
first anti-Stokes (436 nm) wavelengths was only a few percent at both mirrors.

Figure 10.21 exhibits the output versus input for the resonator at the exact
length for the concentric geometry (solid line) and for slight variations in length
[23].

10.5 Optical Phase Conjugation

Optical phase conjugation, also referred to as wave-front reversal, has been
demonstrated in solids, liquids, and gaseous media using a number of nonlinear
optical interactions, such as three- and four-wave mixing, stimulated Brillouin
scattering (SBS), stimulated Raman scattering (SRS), and photon echoes.

From the standpoint of solid-state laser engineering, phase conjugation via SBS
is particularly important because it provides a means to correct optical aberrations
produced by a laser amplifier stage. Comprehensive descriptions of the principle
of phase conjugation can be found in [26], [27].

Basic Considerations. From a mathematical point of view, phase-conjugation
can be explained by considering an optical wave of frequency ω moving in the
(+z)-direction,

E1(x, y, z, t) = A(x, y) exp{ j[kz + φ(x, y)] − jωt}, (10.63)

where E1 is the electric field of the wave with wavelength λ = 2π/k. The trans-
verse beam profile is given by the function A(x, y) and the phase factor φ(x, y),
indicating how the wave deviates from a uniform, ideal plane wave. In particular,
the phase factor carries all the information about how the wave is aberrated.

If the beam given by (10.63) is incident upon an ordinary mirror, it is reflected
upon itself and the sign of z changes to (−z), all other terms of the equation re-
main unchanged. However, if the beam is incident upon a phase-conjugate mirror
it will be reflected as a conjugated wave E2 given by

E2(x, y, z, t) = A(x, y) exp{ j[−kz − ϕ(x, y)] − jωt}. (10.64)

In addition to the sign change of z, the phase term has changed sign, too. The
conjugate beam corresponds to a wave moving in the (−z)-direction, with the
phase ϕ(x, y) reversed relative to the incident wave. We can think of the process
as a reflection combined with phase- or wave-front reversal. The phase-reversal
expressed by (10.64), for example, means that a diverging beam emitted from a
point source, after reflection at a phase-conjugate mirror, will be converging and
be focused back to the point of origin.

A practical application of phase-reversal in a laser system is depicted in
Fig. 10.22. Shown is an oscillator which produces an output with a uniform flat
wavefront that is distorted in the amplifier medium. An ordinary mirror merely
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FIGURE 10.22. Compensation for optical phase distortions caused by an amplifying
medium using nonlinear optical phase-conjugation. (a) Original wave, (b) ordinary reflec-
tion, and (c) phase conjugated reflection.

inverts the distortion as it reflects the beam, thereby keeping the distortion fixed
with respect to the propagation direction. With a second pass through the ampli-
fier, the distortion is essentially doubled. A phase-conjugate mirror, on the other
hand, reverses the wavefronts relative to the wave-propagation direction; hence,
the same region of the amplifier that originally created the distortion compensates
for it during the second pass through the amplifier.

However, it should be noted that although the wavefront is conjugated, the po-
larization state of the backward-going field is not conjugated. As far as the polar-
ization vector is concerned, the SBS mirror behaves like an ordinary mirror.

As already mentioned, SBS of laser radiation in liquids or gases is the pre-
ferred approach for designing phase-conjugate mirrors. SBS involves the scatter-
ing of light by sound waves, i.e., acoustic phonons or pressure/density waves. The
incoming laser radiation generates an ultrasound wave by electrostriction corre-
sponding to a spatial density modulation in the material. This modulation changes
the refractive index and, therefore, a refractive index grating is created in the ma-
terial.

The resultant Stokes scattered light is down-shifted in frequency by a relatively
small amount (≈ 109 to 1010 Hz). The gain of the Stokes-shifted wave is gener-
ally the highest in a direction opposite to that of the incident beam. The efficiency
of the SBS process (defined as the ratio of the Stokes-shifted, backward-going
energy or power, to the incident optical energy or power) can be as high as 90%.
SBS has been studied extensively in liquids, solids, and gases. The steady-state
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gain factor of SBS is generally large, making SBS the dominant simulated scat-
tering process in many substances.

Phase-conjugate mirrors can be employed to compensate thermal lensing in
double-pass amplifiers if the beam intensity is high enough to provide sufficient
reflectivity from the SBS process. An SBS mirror in its most common form con-
sists of a lens that focuses the incident beam into the bulk nonlinear material. Fig-
ure 10.22 illustrates the most common configuration of compensating thermally
induced lensing in amplifiers with an SBS mirror. The output from the oscilla-
tor passes through the amplifiers, is reflected by the SBS mirror, and propagates
a second time through the amplifier chain. Output coupling is realized by a po-
larizer and a 90◦ polarization rotation carried out by a λ/4 wave plate which is
passed twice. Conjugate reflectivities in this type of configuration are typically
50% to 80%, so that the efficiency of the amplifier stage is reduced by a fraction
that depends on the ratio of energy extraction between the first and second pass in
the amplifiers.

Material Properties. Pressurized gases such as CH4 and SF6, or liquids such
as CCl4, acetone, and CS2 are usually employed to provide efficient SBS for a
1.06µm pump. SBS materials can be characterized by a gain coefficient and an
acoustic-decay time. The gain coefficient g determines the threshold and slope of
the reflectivity curve. Materials with a lower gain show a higher threshold and a
slower increase of the reflectivity with increased pumping.

The acoustic-decay time τ establishes criteria for the coherence or linewidth
of the pump beam. For efficient interaction with the sound-wave grating, a co-
herent interaction on the order of the acoustic decay time is required. An inverse
bandwidth of the pump pulse, which is larger than the acoustic-phonon damping
time, describes the steady-state condition, that is, (�ν)−1 > τB. Maximum gain
is achieved if this condition is satisfied. Most calculations, as well as the simple
relationships for gain and threshold given below, are for this case.

Table 10.3 lists steady-state SBS gain coefficient g and acoustic decay time τB
of representative gases and fluids.

Quite noticeable is the longer phonon lifetime in gases compared to liquids.
Single longitudinal mode Q-switched lasers have a pulse length of 10 to 20 ns;

TABLE 10.3. Steady-state SBS gain
coefficients and acoustic decay time of
representative gases and fluids.

Medium g [cm/GW] τB[ns]
CH4 (30 atm) 8 6
CH4 (100 atm) 65 17
SF6 (20 bar) 14 17
SF6 (22 atm) 35 24
CCL4 6 0.6
Acetone 20 2.1
CS2 130 5.2
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therefore the coherence requirement for steady-state conditions, stated above, will
not be met in gases. SBS in gases will be highly transient, while in liquids it will
reach a steady state. This has the important implication that the effective gain for
gases is actually considerably lower than the values in Table 10.3. The effective
gain in a transient SBS process can be as much as 5 to 10 times less than the
value given in the table. The lower SBS threshold and higher gain is the reason,
while most current systems employ liquids as the nonlinear medium. Also, liquid
cells are not as long as gas-filled cells. Liquid cells are typically 10–15 cm long,
whereas gas cells are between 30–100 cm in length.

Gain and Threshold. Reflectivity is an important parameter in designing an SBS
mirror since it greatly influences the overall laser-system efficiency. The calcula-
tion of the reflectivity of SBS mirrors requires the solution of coupled differential
equations for the incident and reflected light waves and the sound wave grating.
The calculations of the scattering processes require a great numerical effort [28].

The reflectivities of SBS mirrors depend on the excitation condition and the
material properties of the nonlinear medium. Reflectivity versus pump power or
energy can be described by a threshold condition and a nonlinear power rela-
tionship. Threshold depends mainly on materials properties and cell geometry,
whereas the increase of reflectivity is a function of the pump-beam power.

The gain of an SBS process is a function of the frequency ν0 of the pump
radiation, the phonon lifetime τB, the electrostrictive coefficient γ , the velocity of
light and sound c and v, and the refractive index n0 and density ρ0 of the material
[28],

gB = ν2γ 2τB

c2v0n0ρ0
. (10.65)

The threshold pump power for SBS is a parameter of practical importance. If one
measures reflectivity versus pump power input, one observes that at a particular
input power, reflectivity changes over many orders of magnitude for just a few
percent increase in power. In this regime of rapid signal growth, a threshold is
usually defined if the gain has reached exp(30).

The gain of the backward reflected Stokes wave over a length l of the nonlinear
medium is exp(gB IPl) for a plane wave of pump intensity IP . If the threshold Pth
is defined as the condition when the gain reaches exp(30), then one obtains [29]

Pth = 30A/gBl, (10.66)

where A is the area of the pump beam.
For a Gaussian pump beam, one obtains [30]

Pp,th = λp

4gB

{
1 + [1 + 30/arctan(l/b)]1/2

}2
, (10.67)

where b is the confocal parameter defined in (5.8) and l is the length of the SBS
cell. If the cell is long compared to the confocal parameter l � b, the lowest



10.5. Optical Phase Conjugation 383

threshold is obtained, since arctan(l/b) = π/2 and (10.67) reduces to

Pth = 7.5
λp

gB
. (10.68)

The pump power has to be well above the threshold of the nonlinear reflectivity
curve. Otherwise, the fidelity of the reflected signal becomes small because the
parts of the beam away from the central peak, with energies below this threshold
value, are not reflected. The useful power range of the incident radiation is limited
by the SBS threshold at the lower limit and by optical breakdown at the upper end.

A typical curve for SBS reflectivity versus input energy is shown in Fig. 10.23.
These experimental data were obtained by focusing a Q-switched Nd : YAG laser
into a CCl4 cell with an 80 mm long focal length lens. Both threshold and the
slope of reflectivity depend on the coherence properties of the beam. There is a
minimum requirement on the coherence or linewidth of the incident beam such
that a coherent spatial and temporal interaction with the sound-wave grating is
possible.

First, the coherence length of the beam should exceed the longitudinal sound-
wave extension. If the pump beam has a Gaussian spatial profile, the sound wave
has a longitudinal extent given approximately by the confocal parameter. Second,
the coherence time (i.e., the inverse of the linewidth, 1/�ν), of the pump beam
should exceed the response time τB of the acoustic phonons. Typically, τB is on
the order of nanoseconds for liquids, and tens of nanoseconds for pressurized
gases. Therefore, high-efficiency SBS requires linewidth narrowing or preferably
single-longitudinal-mode operation.

FIGURE 10.23. SBS energy reflectivity of CCL4 as a function of pump energy for a Q-
switched Nd : YAG laser [31].
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Summary
One usually assumes a linear relationship between the induced electric polariza-
tion and the electric field strength. The term nonlinear optics refers to those phe-
nomena in which the polarization per unit volume is no longer proportional to
the electric field strength. Nonlinear effects can be described by a power-series
expansion of the induced polarization and electric field. The nonlinear response
of the medium can give rise to an exchange of energy between electromagnetic
waves of different frequencies (second harmonic generation, frequency mixing,
optical parametric intractions), or lead to an exchange of energy between electro-
magnetic waves and phonons in transparent media (stimulated Raman or Brillouin
scattering). In the first group of interactions that take place between electromag-
netic waves, crystals with large nonlinear coefficients are utilized as the nonlinear
medium, whereas high-pressure gas or a liquid is used as the nonlinear medium
for Raman or Brillouin scattering.

Second-harmonic generation takes place when two photons combine and a pho-
ton at twice the energy is created; in this case a wave at frequency ν1 is converted
to a wave at frequency 2ν1. In frequency mixing two waves at frequencies ν1 and
ν2 produce a wave at frequency ν3, such that ν1 + ν2 = ν3. In an optical para-
metric oscillator the reverse process takes place, namely, a strong pump beam
at frequency ν3 produces radiation at two lower frequencies ν3 = ν1 + ν2. In all
these processes the interaction of the various beams and the flow of energy among
them is critically dependent on a velocity match of the interacting waves in the
nonlinear crystal. Dispersion causes waves at different frequencies to propagate
at different velocities. Taking advantage of the birefringence of nonlinear crystals
is the most common approach to compensate for the effects of dispersion. In a
birefringent crystal the index of refraction and therefore the propagation velocity
of a wave at a given frequency depends on the propagation direction within the
crystal and its sense of polarization.

Besides the aforementioned nonlinear processes, stimulated Raman scattering
in a high-pressure gas cell is exploited in solid-state laser technology to expand
the frequency range. Stimulated Raman scattering is an inelastic scattering pro-
cess and involves interaction of light with the vibrational levels of the ground
state of the gas molecule. An incident pump photon is scattered, while the differ-
ence energy is absorbed in the gas raising the vibrational level of the molecule
to a higher level. The frequency shift is relatively large and is determined by the
different vibrational frequencies of the gas. At very-high pump levels additional
spectral lines will appear at longer as well as shorter wavelengths with respect to
the pump wavelength. Stimulated Brillouin scattering involves scattering of laser
radiation by sound waves. The incoming laser radiation generates an ultrasound
wave by electrostriction corresponding to a density modulation in the material.
This modulation changes the refractive index, and a refractive index grating is
created in the material. Stimulated Brillouin scattering is the nonlinear effect ex-
ploited in phase conjugation, which provides a means to correct for optical aber-
rations produced in a laser amplifier stage.
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Exercises

1. Use (10.17) and derive an expression for the type-I phase-matching angle for
second harmonic generation in a positive uniaxial crystal.

2. Consider the third harmonic generation system shown below:

Eoω 

L1 

SHG 

Type-I 

Eo
ω 

Ee
2ω 

L2 

SFG 

Type-II 

E3ω 

where SHG stands for second harmonic generator and SFG stands for sum
frequency generator. If the input beam is of the form

Iω(r, t) = Ioω exp

(
−
(

2r2

w2
+ t2

T 2

))
.

(a) What is the beam radius and pulse width of the third harmonic output?

(b) Why might one prefer to use a second harmonic generator and a sum
frequency generator to produce a third harmonic generator rather than a
single third harmonic generator?



Appendix A

Conversion Factors and Constants

In this Appendix we have listed some of the most frequently used conversion
factors and constants.

Physical Constants

h = 6.626 × 10−34 J s Planck constant
e = 1.602 × 10−19 A s Charge of an electron
k = 1.381 × 10−23 J K−1 Boltzmann constant
c = 2.998 × 108 m s−1 Speed of light in vacuum
ε0 = 8.854 × 10−12 A s V−1 m−1 Permittivity of free space
µ0 = 1.257 × 10−6 V s A−1 m−1 Permeability of free space
Z0 = √

µ0/ε0 = 376.7� Impedance of free space
g = 9.81 m s−2 Acceleration due to gravity

Force Conversions

1 dyne = 1 g cm s−2

1 N = 1 kg m s−2 = 105 dyne

1 kp = 9.81 kg m s−2

Energy Conversions

1 J = 1 W s
1 cal = 4.19 J

1 eV = 1.60 × 10−19 J

1 erg = 10−7 J

Pressure Conversions

1 Pa = 1 N m−2

1 MPa = 145.1 psi = 9.87 atm

1 atm = 1.013 bar = 1.033 kp cm−2

1 bar = 106 dyne cm−2 = 105 N m−2

1 torr = 133.3 N m−2
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Conversion of English Units into the MKS System

1 in = 2.540 cm

1 gal = 3.785 ltr

1 lb = 0.453 kg

1 atm = 14.7 psi

1 Btu = 1055.8 W s

T [◦ C] = 5
9 (T [◦ F] − 32)

�T [◦ C] = 5
9�T [◦ F]

1 cal cm−1 C−1 s−1 = 242 Btu/hr ft F

1 cal g−1 = 1.8 Btu/lb

Conversion of Angles

1◦ = 17.45 mrad, 1′ = 0.29 mrad, 1′′ = 4.85µrad

1 rad = 57◦ 17′ 45′′, 1 mrad = 3′ 26′′

Conversion of Wavenumber n [cm−1] to Energy

E = n hc

hc = 1.986 × 10−23 W s cm

n = 1/λ

Conversion of Linewidth Given in Wavelength (�λ) or Wavenumber (�n)
to Bandwidth (�ν)

�ν/ν = �λ/λ = �n/n

�ν = c�n

�λ = �nλ2 = �νλ2/c

Amplifier Gain

g (dB) = 10 log(E2/E1)

Optical Units

Wavenumber n[1/cm] ≈ 104/(λ [µm])
Frequency ν[Hz] ≈ 3 × 1014/(λ [µm])
Photon energy E[J] ≈ 1.987 × 10−19/(λ [µm])
Photon energy E[eV] ≈ 1.24/(λ [µm])



Appendix A. Conversion Factors and Constants 389

Conversion of Transmission, T , to Optical Density, D

D = log(1/T ); T = 10−D .

Conversion of the Nonlinear Refractive Index n2 (esu) to Nonlinear
Refractive Coefficient γ (cm2/W)

γ (cm2/W) = 4.19 × 10−3

n0
n2 (esu).
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Appendix B

Definition of Symbols

A21 Einstein coefficient (Chapter 1)
A∗ area
a aperture radius
b confocal parameter
B21, B12 Einstein coefficients (Chapter 1)
B beam breakup integral (Chapter 4)
Br brightness (Chapter 4)
c, c0 speed of light
C capacitance (Chapter 6)
CT, Cr, Cφ , CB combination of material constants (Chapter 7)
d thickness (Chapters 5, 9)
d, d14, deff coefficient of nonlinear polarization
D, D0 beam diameter
e electron charge
E Young’s modulus (Chapter 7)
E1, E2, E3, E0 energy levels (Chapter 1)
Est stored energy
�E energy difference
EEL electrical input energy
ESC scale factor energy (Chapter 8)
Ein, Eout, Eopt input-, output-, optical energy (Chapters 3, 4)
Eex flashlamp explosion energy
Ei, E0, Es input-, output-, saturation fluence
E1, E2, E3, E electric field strength (Chapter 10)
E j , Ez electric field strength (Chapter 8)
f , f ′, f ′′, fx , fy , fef focal length
F finesse of interferometer (Chapter 5)
f pulse repetition rate (Chapter 8)
g1, g2, g(n1), g(R1), g(R2) degeneracy of energy levels (Chapters 1, 2, 3)

∗Symbols whose definitions are not followed by chapter numbers are used throughout the
book.
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g(ν, ν0), g(ν0), g(ν), g(νs, ν0) atomic lineshape function (Chapters 1, 3)

g0, g gain coefficient
G, G0 gain

g, g1, g2 parameters of resonator stability
(Chapters 5, 9)

hν photon energy

h surface heat transfer coefficient (Chapter 7)
h Planck constant (Chapter 6)

I , IL, IR, Icirc, Iout, IIN, IP, I0 power density of laser beam

Iav, Iw power density of pump radiation (Chapter 3)
IASE fluorescence flux (Chapter 4)

Imn, Ipl intensity distribution of radial modes
Iac acoustic power density

IS saturation power density
i , iP, iS current

JST, Jth energy density (Chapters 2, 4)
K0 flashlamp parameter (Chapter 6)

K thermal conductivity
kT thermal energy

K , K ′ nonlinear coupling factor (Chapter 10)

K1, K2, K3 combination of parameters (Chapter 10)
kp, ks, ki, kW, k2W, �k wave number

l, l(r), l0 length of active medium
�l pathlength difference (Chapter 7)

L , LO, L1, L2 distances within resonator
lC, la coherence-, aperture length

L inductance (Chapter 6)
l, m, n, p higher order modes (Chapter 5)

M beam quality figure of merit (Chapter 5)

M power ratio (Chapter 10)
m magnification of unstable resonator

(Chapter 5)

Mac acoustic figure of merit (Chapter 8)
Mr, Mφ thermal lensing sensitivity (Chapter 7)

n0, nS, ni, np, nx, ny refractive index
�n0, �n(r), �nφ , �nr refractive index difference

n1ω, n2ω, n3ω index at harmonic frequencies
n0, ne ordinary-, extraordinary refractive index

n(r), nr, nφ index in radial-, tangential direction
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dn/dT temperature dependence of index

dn/dλ wavelength dependence of index

n(I ) intensity dependence of index

n2 nonlinear refractive index (Chapters 4, 9)

ng, n1 ground state-, lower laser level population
density

n2, n upper laser level population density

ntot total population density

ni, nt, nf, noo initial-, threshold-, final-, steady-state
population density

�n perturbation of population density (Chapter 3)

N1, N2, N0, Ntot, N (ν), �N population of energy levels

N , Neq Fresnel number (Chapter 5)

N number of axial modes (Chapter 9)

N number of flashlamp firings (Chapter 6)

Nph number of photons (Chapter 5)

N number density of molecules (Chapter 10)

Pin, Pout, Pth, P , Popt input-, output-, threshold-, intracavity-,
optimum power

Pav, Pp, Pcw average-, peak-, cw power

Pω, P2ω fundamental-, harmonic power

Pac acoustic power (Chapter 8)

Pa, Ph absorbed-, dissipated power

Pcr, Pf, Pλ critical-, fluorescence-, spectral power

Pavail, Pe available-, incident power

Piklm, pij photoelastic tensor, coefficients

P induced polarization (Chapter 10)

p gas pressure (Chapter 6)

p, pn, pL resonator modes (Chapters 1, 5)

Q resonator quality factor (Chapter 3)

Q heat per volume (Chapter 7)

q parameter (Chapter 7)

R1, R2, R, Ropt, Rth, R′ reflectivity

r , r0, rL, rR radius

R(z), R1, R2, R, Reff radius of curvature of resonator mirrors
(Chapter 5)

Rd electrical resistance (Chapter 6)

ri j electro-optic coefficients

RS thermal shock parameter (Chapter 7)
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rP pump intensity distribution
R(λ, T ) flashlamp radiation
s strain (Chapter 8)
s Kerr lens sensitivity (Chapter 9)
S, S1, S2, S0 combination of material constants (Chapter 7)
T , Topt, Tn, To, Ti, Tmax transmission
tp, tR pulsewidth, rise time
T , T (r), T (r0), T (o), TF temperature
t time
tr round trip time of photons
tLC time constant
u nonlinear loss coefficient
V volume (Chapters 3, 8)
V , V0, Vz, V1/2 voltage (Chapters 6, 8)
v, vs, vg velocity
W blackbody radiation (Chapter 1)
w width
Wp pump rate
W13, W03 pump parameter (Chapter 1)
Wav, Ws energy density (Chapter 3)
w0, w, w1, w2, wP, wpl, wm, wn beam radius
x , y, z distance
Z0, Z impedance
z parameter
α0, α0(νs), α0(E) absorption coefficient
α damping factor of current pulse (Chapter 6)
α pulse shape factor (Chapter 9)
α thermal expansion coefficient (Chapter 7)
αP angle (Chapters 6, 9)
β0 propagation constant (Chapter 8)
β combination of parameters (Chapter 4)
βθ angular sensitivity of doubling crystal

(Chapter 10)
β frequency chirp (Chapter 9)
β ′′ group dispersion in solids (Chapter 9)
χ susceptibility (Chapter 10)
χ heat deposition (Chapter 7)
δ, δm, δ0, δdepol resonator losses
δAM, δFM modulation depth
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�q , �(2p + l), �(m + n) frequency separation of axial modes
(Chapter 5)

ε(λ, T ) emissivity (Chapter 6)
ε resonator losses including output coupling

(Chapters 3, 8)
ε0, ε permittivity (Chapter 10)
φ, φ0, φ(r), φ(x, t) photon density
φ polar coordinate, azimuth angle
γ factor determining three- or four-level laser
γ nonlinear refractive coefficient (Chapters 4, 9)
γ electrostrictive coefficient (Chapter 10)
ηQ, ηS, ηd quantum-, quantum defect-, differential

quantum efficiency
ηP, ηa, ηsys pump-, absorption-, system efficiency
ηc, ηB, ηE coupling-, overlap-, extraction efficiency
ηSt, ηASE, ηEQ Q-switch efficiencies
ηh fractional heat load (Chapter 7)
ηamp, ηpar, ηRam amplifier-, parametric-, Raman efficiency
η, η′ combination of efficiency factors
ϕ, �ϕ, dϕ, ϕ(t) phase angle
κ combination of constants (Chapter 10)
κ Boltzmann factor (Chapter 2)
λ, λ0, λ1, λ2, λP, λs, λi, λL wavelength
�λ wavelength difference
� periodicity of grating (Chapter 10)
µ factor determining Bragg deflection

(Chapter 9)
µ0 permeability of free space
ν Poisson’s ratio (Chapter 7)
ν0, νs, νp, νL, νi, νR, νm, νrf frequency
�ν, �νL, �νc, dν bandwidth, linewidth
θ , θc, θD, θ ′, θm, �θ angle
ρ walk-off angle (Chapter 10)
ρ normalized beam radius (Chapter 5)
ρ0 mass density (Chapters 8, 10)
ρ(ν) radiation density per unit frequency

(Chapter 1)
σ stimulated emission cross section
σs slope efficiency of laser output versus input
σr , σφ , σz , σmax thermal stress (Chapter 7)
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σ12, σgs, σes absorption cross section

σ Stefan–Boltzmann constant (Chapter 1)

τf, τ21 spontaneous emission lifetime of upper laser
level

τc decay time of photon density in resonator

τB phonon lifetime (Chapter 10)

τR decay time of relaxation oscillations
(Chapter 3)

τi j spontaneous emission lifetime between states
Ei and E j

ω, ω0, ωp, ω1, ω2, ω3, ω4, ωs frequency

�ω bandwidth

� solid angle beam divergence (Chapter 4)

� pulsewidth–bandwidth product (Chapter 9)

ζ , ζmax, ζ(t, φ) cavity losses (Chapter 8)
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Partial Solutions to the Exercises

Chapter 1

5. (page 43) For simplicity we treat the case of equal degeneracies. We want to
find the temperature when

N2 A21 = B21ρN21,

where the photon density is given by the Planck law, Eq. 1.2. Thus, the equation
above becomes

A21 = (B21)
8πν2

c3

hν

exp

(
hν

kT

)
− 1

.

We know that A21/B21 = 8πν2hν/c3 from Eq. 1.20, so we can write

1 = 1

exp

(
hν

kT

)
− 1

or

exp

(
hν

kT

)
= 2.

Thus, hν/kT = ln 2 and so T = hν/k ln 2.

Chapter 2

4. (page 76) For a Lorentzian lineshape,

σ21 = A21λ
2
0

4π2n2�ν
.
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The radiative lifetime for R1 line is then

τ21 = 1

A21
= λ2

0

4π2n2�vσ21
= 69432 × 10−20

4π2 × 1.762 × 330 × 109 × 2.5 × 10−20 × 10−4

= 4.778 ms,

and so the nonradiative lifetime is obtained from the fact that both radiative and
nonradiative processes go on in parallel. Since the fluorescent lifetime is 3.0 ms,
we use

1

τ f
= 1

τr
= 1

τnr
⇒ τnr = τ f τr

τr − τ f
= 4.778 × 3.0

4.778 − 3.0
= 8.062 ms.

The fluorescence quantum efficiency is the ratio of the excited ions that emit ra-
diatively to the total number of ions that decay in any given period. In other words
it is the ratio of 1

τr
to the total lifetime 1

τr
+ 1

τnr
. In other words

ηQ = τ f

τr
= 3

4.778
= 0.63.

Chapter 3

5. (pages 119–120) Let T = 1 − R, and use the approximations that for highly
reflecting mirrors 1 + R ≈ 2 and ln(1 − T ) = −T . Then from Eq. 3.56, we have

Pout = AIS
T

2

(
2g0l

δ + T
− 1

)
.

Now differentiating this with respect to T :

d Pout

dT
= AIS

[
g0l

(
1

δ + T
− T

(δ + T )2

)
− 1/2

]
.

By letting d Pout
dT = 0 we find the value of T that maximizes Pout. We find

g0l

(
1

δ + T
− T

(δ + T )2

)
− 1/2 = 0

⇒ g0l(δ + T )

(δ + T )2
− g0lT

(δ + T )2
− 1/2 = 0

⇒ g0lδ

(δ + T )2
− 1/2 = 0

⇒ δ + T = √
2g0lδ

⇒ T =
(√

2g0l/δ − 1
)
δ.
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Substituting this value of T back into Pout, we have

Pout = AIS
1

2

(√
2g0l/δ − 1

)
δ ·
(

2g0l√
2g0l/δ

− 1

)

= AIS
1

2

(√
2g0l/δ − 1

) (√
2g0l/δ − 1

)
δ

= AIS
1

2

(√
2g0l/δ − √

δ
)2

= AIS
1

2

[√
2g0l ·

(
1 −√

δ/2g0l
)]2

= AISg0l ·
(

1 −√
δ/2g0l

)2
.

Chapter 4

3. (page 148) For Q-246 Nd : glass we find Is = hν/στ from the data in the text.
It is 1.8×108 W/m2. The saturated gain of the amplifier given by Eq. 4.11 is to be
10, and the small signal gain, G0 = exp(g0l) = 20. Since we will use Eq. 4.11,
we assume a square pulse with duration τp 	 τ . Thus

Es = ISτp and Ei = Iinτp.

We now insert these expressions into Eq. 4.11 and write

G = 10 = IS

Iin
ln

{
1 +

[
exp

(
Iin

IS

)
− 1

]
20

}
.

This gives Iin/IS as 0.137, and therefore Iin = 2.6 × 107 W/m2.
The output intensity is 10 times the input intensity.

Chapter 5

2. (page 185) The resonator is

L = 100 cm

R2= –1000 cmR1 = 1000

This means that g1 = 0.9 and g2 = 1.1, so that g1g2 = 0.99, indicating a stable
resonator.
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Now use Eqs. 5.29 and 5.30 to find the mode sizes on each mirror.
w1 = 1.876 mm and w2 = 1.697 mm. Eq. 5.13 gives the beam waist radius
as w0 = 1.258 mm, and Eq. 5.1 gives L1 as 5.5 m so that the waist is located
4.5 m to the right of mirror 2.

Since the beam is largest near mirror 1, that is where to put the laser rod for
maximum TEM00 mode size in the gain medium.

Chapter 6

1. (page 243) For an input energy of E0 = 10 J we use Eq. 6.3 to find the
explosion limit as

Eex = (1.2 × 104)l dt1/2
p ,

where L = 6 cm and d = 0.4 cm, tp = 300 µs. The explosion energy is then
Eex = 498.8 J. The expected lifetime (number of pulses) for 10 J pulses can be
calculated using Eq. 6.4,

N ∼=
(

Eex

E0

)8.5

as 2.76 × 1014 pulses.
This result does not agree with that in the example. The calculated expected

lifetime is larger than that in the example by 7 orders of magnitude. In this case
the input energy is only 2% of the explosion energy. There is another example
in Solid-State Laser Engineering, a large linear lamp employed to pump ruby
and Nd : glass laser rod; the lamp is 16.5 cm long and has a bore diameter of
13 mm. The lamp has explosion energy of 8450 J for a 1-ms-long pulse. If the
lamp is operated at an input energy of 2000 J, a flashlamp life of 150 (103 shots
can be expected using Eq. 6.4. In this case there is good agreement between the
calculated result and that in the example. So the formula seems to work.

Consider that there are other mechanisms for lamp failure besides explosion.
The lamp jacket can be eroded by the plasma in the discharge after many shots.
This weakens the jacket and lowers the explosion limit as use continues. The ero-
sion also clouds the lamp jacket, making the jacket absorptive to the pump light.
The lamp becomes progressively less efficient as a pump source. Thus, while not
at its originally calculated explosion limited life, the lamp must be replaced after
only 10 million shots because it is no longer as good a pump source as it was, and
its current explosion limit after 10 million shots is less than when it was new.

Chapter 7

1. (page 278) The material constant of the Nd : YAG laser crystal required for
this calculation are
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thermal expansion coefficient α = 7.5 × 10−6/◦C,

thermal conductivity K = 0.14 W/cm◦C,

Poisson’s ratio, ν = 0.25,

the refractive index n0 = 1.82, and

dn/dT = 7.3 × 10−6/◦C

Now substitute these parameters into Eqs. 7.20 and 7.21:

�nr = −1

2
n3

0
αQ

K
Crr2,

�nφ = −1

2
n3

0
αQ

K
Cφr2,

where Cr and Cφ are functions of the elasto-optic coefficients of Nd : YAG,

Cr = (17υ − 7)P11 + (31υ − 17)P12 + 8(υ + 1)P44

48(υ − 1)

Cφ = (10υ − 6)P11 + 2(11υ − 5)P12

32(υ − 1)
.

Here P11, P12, and P44 are −0.029, 0.0091, and −0.0615, respectively. Evalu-
ating Cr , Cφ , �nr , �nφ yields

Cr = 0.017,Cφ = −0.0025,

�nr = (−2.8 × 10−6) Qr2,

�nφ = (0.4 × 10−6) Qr2.

Eq. 7.34 is used to calculate the induced focal length considering the combined
effects of the temperature- and stress-dependent variation of the refractive index
and the distortion of the end-face curvature of the rod. It is

f = K A

Pa

(
1

2

dn

dT
+ αCr,φn3

0 + αr0(n0 − 1)

l

)−1

.

Ignoring the end effects, assuming the dimension of Nd : YAG laser rod used is 6
mm in diameter and 100 mm in length, and assuming the Nd : YAG laser rod is
uniformly pumped so the rod cross-section area is 0.2826 cm2, the focal length
can be expressed as

f = K A

Pa

(
1

2

dn

dT
+ αCr,φn3

0

)−1

.

If the total heat dissipated in the rod is 1000 W, the focal length of this laser rod
can be calculated as fr = 8.95 cm and fφ = 11.18 cm. These are very short focal
lengths, and clearly the rod is astigmatic.
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Chapter 8

2. (pages 306–307)

(a) If the motor speed is 24,000 rpm and the misalignment tolerance is 1
mrad, then the time for switching is the time it takes the mirror to move
through an angle of 1 mrad or

t = 10−3/(2π × 24000/60) sec = 3 × 10−7 sec.

(b & c) If instead of a mirror one used a 40-90-45 prism as the rotating cavity
reflector, the effect of the prism is to make the light require two round
trips to reflect back on itself. This is because the roof prism is a retro-
reflector in the plane perpendicular to its roof ridge. As indicated in the
figure below, the roof prism makes the cavity seem twice as long and
therefore makes it seem to have 0.5 mrad of alignment tolerance. In this
figure the paths have been displaced from each other slightly to show the
two round trips more clearly. However, the roof prism rotating about an
axis parallel to the ridge can align with the output coupler, perhaps coated
on the far end of the rod, over a wide range of angles (see sketch below).
It is therefore preferable to rotate the prism about an axis perpendicular
to the roof top ridge. In this manner one gains the faster Q-switching time
made possible by the rooftop reflector while gaining some insensitivity
to misalignments in the plane perpendicular to both the ridge and the
rotation axis.

<A> 

<B> 

<C> 

<D> Z 

X 

Y 
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<A>  

<B>  

<C>  
Z  

X  

Y  

Chapter 9

2. (page 338) The intensity as a function of time is from the preceding problem

I (t) = Imax
sin2 ( N�

2 tHWHM
)

sin2 (�
2 tHWHM

) .
To find the pulse width we first find the width at the base of each pulse, or in other
words, when the pulse amplitude first becomes zero after the peak. This occurs
when the numerator in the preceding equation is first zero. That is when

N�

2

tbase

2
= π.

So tbase = 4π/N� = 2π/N (2πc/2L) = 4L/Nc = 2tround trip/N and is exactly
correct. Thus, the pulse duration at the base for the described laser is 4×10−11 sec.

The time at which the half maximum is reached is the time that causes

Imax
sin2 ( N�

2 tHWHM
)

sin2 (�
2 tHWHM

) = Imax

2
.

This is a transcendental equation in tHWHM and must be solved numerically for
precise results. When it is solved numerically, the result for tFWHM is the result in
Eq. 9.4 but divided by 1.128. Thus Eq. 9.4 is off by about ∼13% in this problem.

Another approximation is to consider that since the half width at half maximum
time should be much less than the interpulse period we can approximate it by
finding the time when

sin

(
N�

2
tHWHM

)
= 1√

2
.

Here the approximation is that the numerator in the expression for I changes much
more quickly than the denominator. This is so, but the denominator does change
from 0 to some finite value necessitating the numerical solution for a precise an-
swer. However, the approximation may be useful. We have in this approximation

tHWHM = 2

N�
sin−1

(
1√
2

)
= 2

N�

π

4
= π

2N 2πc
2L

= 1

4N
troundtrip.
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The full width at half maximum is twice this number or tround trip/2N and for
the cavity described we have 0.5 × 10−11 sec. In this approximation instead of
1.13 we have 2.00 in the denominator. While it is not precisely correct, it gives a
useful estimate of the pulse duration at tFWHM.

Chapter 10

2. (page 386)

(a) The intensity going in is

Iω(r, t) = I0ω exp

(
−
(

2r2

w2
+ t2

T 2

))
.

This squared is proportional to the intensity going out of the SHG as

I2ω(r, t) ∝ (I0ω)
2 exp

(
−2

(
2r2

w2
+ t2

T 2

))
.

When this light and the fundamental light interact in the SFG to produce the
third harmonic, we have I3ω proportional to Iω I2ω so

I3ω(r, t) ∝ (I0ω)
3 exp

(
−2

(
2r2

w2
+ t2

T 2

))
exp

(
−
(

2r2

w2
+ t2

T 2

))

or

I3ω(r, t) ∝ (I0ω)
3 exp

(
−3

(
2r2

w2
+ t2

T 2

))
,

Therefore the radius at which the intensity is 1/e2 of the peak on axis intensity
of the third harmonic is w3ω = wω/

√
3, and the pulse duration corresponding

to the 1/e height of the intensity in time of the third harmonic is T3ω =
Tω/

√
3.

(b) Using a SHG first and then an SFG allows one to have large intensities at both
w and 2w in the SFG so that it works efficiently. That is, it is better to sum two
high-intensity beams than to triple one high-intensity beam. In each nonlinear
device we deal only with a second-order nonlinearity not the much smaller
third-order nonlinearity. It is also easier to find phase-matching conditions for
a second-order process than it is for a third-order process.
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Absorption, 18, 21, 25, 61, 64, 71, 72
coefficient, 27, 57
cross section, 27, 57
efficiency, 89, 91, 197, 199, 209

Acousto-optic modulator, 322–326
Acousto-optic Q-switch, 295–302
Actinide, 52
Alexandrite laser, 70–72
Amplified spontaneous emission, 94,

142–144
Amplifier

Nd: glass, 136–142
Nd: YAG, 128–136

Amplitude fluctuation; see Output
fluctuation

Angular divergence; see Beam
divergence

Aperture length, 353
Arc lamp; see Flashlamps
Atomic energy level; see Energy level
Atomic lineshapes, 21–25
Axial modes; see Longitudinal modes

Bandwidth; see Linewidth
Beam divergence definition, 155, 156,

162, 163
Beam overlap efficiency, 92, 93
Beta-barium borate, 354, 357, 370
Biaxial crystal, 348
Birefringence

electrically induced, 289–294
thermally induced, 248, 258–264,

267, 268
Blackbody radiation, 15, 16, 191
Bleachable dye; see Saturable absorber
Bohr’s frequency relation, 12

Boltzmann distribution, 16, 17
Bragg scattering, 296–299, 328
Brewster angle, 269, 270, 271
Brightness, definition, 123
Brillouin scattering, 343–345, 379–383
Broadening of atomic transitions; see

Line broadening effects

Cerium, 52
Circulating power, 86–88
Close-coupled pump cavity, 214, 215
Coherence length

frequency doubling, 347, 348
laser radiation, 176, 383

Collision broadening, 22
Concave-convex, resonator, 159, 160,

169
Concentric resonator, 159, 378
Confocal parameter, 156
Confocal resonator, 159, 160
Confocal unstable resonator, 180–182
Continuous arc lamp, 189, 197, 198
Conversion efficiency, 345–347, 362,

368, 377
Cooling, 219–228, 239–241, 249, 271
Cr: Forsterite laser, 53, 331
Cr: GSGG laser, 47
Cr: LiSAF laser, 53, 331
Critical phase matching, 352
Cross section, stimulated emission, 28,

56, 58, 62, 65, 66, 70, 73

Decay time, resonator, 38, 81, 82
Degeneracy, energy levels, 16, 17, 20,

28
Degenerate mode, 370

405
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Depolarization loss, 261, 262
Depopulation losses, 142–144
Diffraction losses, resonator, 163–165
Diode arrays; see Laser diodes
Dipolar broadening, 23
Disk amplifier, 137–140, 221, 225–229,

265–271; see also Slab laser
Dispersion compensation, 233–235
Doppler broadening, 24
Dye Q-Switch; see Saturable absorber
Dysprosium, 52

Efficiency factors, 89–95, 115, 117,
126, 127, 136, 198, 211,
217–219, 230, 240

Einstein coefficients, 17, 20
Electronic feedback loop, 329, 330
Electro-optic effect, 289–294
Electrostriction, 146, 344
Elliptical cylinder, pump cavity,

214–219
Emissivity, 190
End-pumped lasers, 116–118, 230–239,

271–276, 319, 323, 327, 329,
332, 367, 377

Energy extraction, efficiency, 93, 99,
125–127, 283

Energy level
diagram, 29–31, 33, 55, 59, 63, 64,

67, 69, 71
nomenclature, 48–51

Energy storage, 125–128
Energy-transfer mechanisms, 88–95
Erbium, 50, 51
Er: glass laser, 67, 68
Er: YAG laser, 51
Etalon, 171, 176
Europium, 52
Excited state absorption, 72, 304, 305
Explosion energy, flashlamp, 192, 193

Fabry–Perot interferometer, 170–173
Fabry–Perot resonator; see Resonator,

optical
Faraday effect, 178
Faraday isolator, 131, 132
Femtosecond lasers, 331–336
Fiber coupling, 236–238
Finesse, 172, 173, 176

Flashlamps, 188–197
Fluorescence, 18, 27, 32, 33, 40
Fluorides, laser host, 48
Forbidden transition, 34
Fourier transform, 313, 314
Four-level laser, definition, 33, 34
Frequency chirp, 313, 333–335
Frequency doubling; see

Second-harmonic generation
Frequency stability, 179
Fresnel number, 164–166, 180, 182
Fundamental mode, 151–162; see also

Gaussian beam

g parameters, resonator, 162–167, 169,
170

GaAlAs laser diodes, 111–118, 188,
189, 197–213

Gadolinium, 50, 52
Gain coefficient, 56, 57, 80–82, 85–96,

98–102, 125–128, 133, 282,
365, 366, 376, 382

Gain saturation, 84–86, 125–127
Garnet, laser host, 47; see also Nd:

YAG, YB: YAG lasers
Gaussian beam, 155–157
Gaussian lineshape, 25
Gaussian temporal profile, 313, 314
Giant pulse; see Q-switch
Glass, laser host, 46, 60–63, 67, 68
Ground level, 31–34
GSGG, laser host, 47

Harmonic generation; see
Second-harmonic generation

Heat removal; see Cooling
Heat-transfer coefficient, 249, 250
Hemispherical resonator, 159–161
Hermite polynomial, 151, 153
Hole burning; see Spatial hole buming
Holmium, 50–52
Homogeneous broadening, 22, 23
Host materials, 46–48

Idler wave, 363–366, 368, 373, 374
Indicatrix, 291, 292, 348–352
Inhomogeneous broadening, 23–25
Interferometer; see Fabry–Perot

interferometer
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Intracavity frequency doubling,
358–360

Inversion reduction factor, 41
Isolator, 136, 147

KDP, 291–293, 348, 350–354, 357,
361, 362

Kerr effect, 146, 147, 290, 317–322,
331, 343, 344

Kerr lens mode locking, 317–322,
331–336

Kerr lens sensitivity, 318
Krypton arc lamp, 188, 189, 197, 198
KTP, 354, 355, 357, 359, 360, 366, 367,

370, 371

Laguerre polynomial, 151, 152
Large-radius mirror resonator, 158, 160
Laser amplifier; see Amplifier
Laser diode pumped systems, 111–118,

131–136, 221–241
Laser diodes, 197–213; see also

GaAlAs laser diodes
Laser threshold; see Oscillator,

threshold condition
Lifetime broadening, 22
Light-pipe mode, 145
LiNbO3, 291–294, 353, 354, 357,

372–374
Line broadening effects, 22–25
Linewidth, 21–26, 58, 62, 66, 73, 81,

173–176, 178, 179, 381
Longitudinal mode selection, 176–179
Longitudinal modes, 150, 173–176
Lorentzian lineshape, 23, 25
Loss modulation, 322–325

Metastable level, 34, 35
Mode locking, 308–336
Mode locking, active, 322–326
Mode locking, passive, 315–317
Mode matching, 92, 93, 116
Mode patterns, 152, 154
Mode radius, resonator modes, 153,

155, 156, 162, 163, 166, 167,
169, 170, 232

Mode selection
longitudinal, 176–179
transverse, 167–170

Monolithic laser, 177
MOPA design, 123, 137

Nd: Cr: GSGG laser, 47
Nd: glass laser, 60–63

amplifier, 136–142
Nd: YAG laser, 57–60, 106–118, 177,

287, 288
amplifier, 128–136
thermal effects, 250–263

Nd: YLF laser, 48
Nd: YVO4 laser, 65–67
Neodymium; see Nd: glass, Nd: YAG,

Nd: YLF, Nd: YVO4, Nd: Cr:
GSGG lasers

Noncritical phase matching, 353
Nonlinear coefficient, 346, 351, 354,

366, 367
Nonlinear crystals, 354
Nonlinear optical effects, 340–345
Nonlinear refractive index, 138, 139,

147, 318, 331
Nonspherical aberration, 363

Optical parametric oscillator, 363–374
Optical phase conjugation, 379–384
Optical resonator; see Resonator,

optical
Organic dye; see Saturable absorber
Oscillator, threshold condition, 80–84,

97
Oscillator loop, electronic feedback,
Output coupling, 95, 98, 99, 108, 109,

110, 111
Output fluctuation, 102–107
Output vs input calculation, 95–102

Parasitic modes, 145
Passive mode locking; see Mode

locking, passive
Passive Q-switch, 302–305; see also

Dye Q-switch
Periodically poled crystals, 372–374
PFN; see Pulse-forming network
Phase coherence, stimulated emission,

19
Phase matching, 345–356, 363, 366,

369, 370, 372–374
Phase modulation, 329–331
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Picosecond lasers, 326–331
Planck’s constant, 12
Planck’s law, 15
Plane-parallel resonator, 159, 160
Plane wave impedance, 346
Plano-concave resonator, 160
Plastic Q-switch, 302
Pockels cell Q-switch, 290–295
Polarization, induced, 340–343
Population inversion, 13, 28–35, 82,

124
Potassium titanyl phosphate; see KTP
Power supplies, 194–197, 213
PPLN, 372–374
Praseodymium, 50, 52
Prelasing, 145–147
Pulse-forming network, 194–197
Pump band, 31, 33
Pump cavity, 214–221
Pump source efficiency, 89
Pumping rate, 37, 83–86, 94, 102,

104

Quasi phasematching, 372–374
Q-switch devices

acousto-optic, 295–302
electro-optical, 289–295
mechanical, 288
passive, 302–305

Q-switch theory, 280–288
Quality factor Q, 81, 279
Quantum efficiency, 37, 40
Quantum noise, 178
Quantum well, 201, 202

Radiation transfer efficiency, 89,
90

Raman laser, 374–379
Raman–Nath scattering, 296
Rare earth ions, 49–52
Rate equations, 35–40
Rectangular slab laser, 265, 268
Relaxation oscillation, 102–106
Resonant reflector, 171–173
Resonator, optical, 150–183

configuration, 157–160
modes, 150–154
unstable, 179–183

Ring laser, 177, 178

Ruby laser, 54–57

Samarium, 52
Saturable absorber, 302–305
Saturation fluence, flux, 85, 86,

125–127
Second-harmonic generation, 345–360

intracavity, 358–360
theory, 345–353

Self-focusing, 145–148
Self mode locking; see Kerr lens mode

locking
Semiconductor, pump source, 197–213
Sensitivity factor, thermal lensing, 257,

258
Sensitizer, 52, 67, 68
Servo loop; see Electronic feedback

loop
Side-pumped active material, 107–116,

214–230
Simmer triggering, 195
Slab laser, 185, 221, 225–229, 265–271
Slope efficiency, 96, 97
Spatial filter, 137
Spatial hole burning, 177
Spectral characteristic, laser output,

173–176
Spiking; see Relaxation oscillation
Spontaneous emission, 18
Spot size, definition, 155, 156, 162,

163
Stability diagram for resonator, 161,

162, 167, 321
Stefan–Boltzmann equation, 16, 17
Stimulated emission, 19, 25

cross section, 28
Stimulated Raman scattering, 344,

374–379
Stokes factor, 91, 92
Stokes shift, 375, 377
Storage efficiency, 94
System efficiency, 88, 115, 117, 136

TEMmnq , TEMplq modes, definition,
150–154

Thermal beam distortion, 245,
255–263, 267, 268, 275

Thermal broadening, 23
Thermal effect, laser rod
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birefringence, 258–263
fracture, 245, 252
lensing, 255–258

Third-harmonic generation, 360–363
Three-level laser, 31, 32, 36–39
Threshold condition; see Oscillator,

threshold condition
Threshold input, 97
Thulium, 52
Ti: sapphire laser, 72–74, 319–322,

331
Tm: YAG, 52
Transition metals, 53, 54
Transverse mode selection; see Mode

selection, transverse
Transverse modes, 150–156
Travelling wave oscillator; see Ring

laser
Trigger circuit, flashlamp, 191
Tunable lasers, 70–74
Tungstate, laser host, 45
Type I, II phase matching, 351, 352,

354

Uniaxial crystal, 348
Unstable resonator, 179–183
Upper state efficiency, 89, 92

Vanadate, laser host, 47
Variable reflectivity mirror, 183, 184
Vibronic lasers, 70–74

Waist, Gaussian beam, 155, 156
Wavefront distortion, 139, 380
Whisper modes, 145
Wien’s displacement law, 16

Xenon arc, spectral data, 190, 191

YAG, laser host, 47, 57–60, 68–70; see
also Nd: YAG, Er: YAG, Yb:
YAG lasers

Yb: YAG, 68–70
YLF, laser host, 48, 63–65
Ytterbium, 52

Zig-zag slab laser, 185, 268–270




